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Abstract

For analytical solution of breakdown waves with a
large current behind the wave front, we employ a one-
dimensional, steady-state, three-component (electrons,
ions, and neutral particles) fluid model. This project
involves breakdown waves propagating in the opposite
direction of the electric field force on electrons, anti-
force waves (return stroke in lightning); and the electron
gas partial pressure is considered to provide the driving
force for the propagation of the wave. The basic set of
equations consists of the equation of conservation of
mass flux, equation of conservation of momentum,
equation of conservation of energy, plus Poisson’s
equation. The waves are considered to have a shock
front. In this study, we examine the possibility and
validity of large currents measured and reported by few
investigators. Existence of a relationship between wave
speed and peak current values is investigated as well.

Existence of a large current behind the wave front
alters the equation of conservation of energy and
Poisson’s equation, as well as the shock boundary
condition on electron temperature. Considering a
current behind the shock front, we have made
appropriate modifications in our set of electron fluid
dynamical equations. Using the modified set of
equations and the shock condition on electron
temperature, we have been able to integrate the set of
electron fluid dynamical equations for current bearing
anti-force waves. For a range of wave speeds and with
the largest current possible for a specific wave speed,
we present the wave profile for electric field, electron
velocity, and the ionization rate within the dynamical
transition region of the wave for anti-force waves.

Introduction

In the late 17th to early 18th century, scientists
discovered a phenomenon in which mercury gives off a
glow when shaken in an evacuated glass vessel.
Hauksbee (1705) was among the first to examine closely

the occurrence of such luminous pulses in evacuated
containers and in 1705 was able to recreate and
experiment with these pulses, but focused mostly on the
effects of air pressure with little regard to electrical
effects. Thomson (1893) observed a moving luminous
pulse in an evacuated chamber and estimated that it
moved at about half the speed of light. Observations
made by Beams (1930) supported this estimation.
Beams explained that this phenomenon arose from the
conductivity of the gas behind the pulse and that this
conductivity allows the pulse to carry a potential.

In later experiments Beams, Snoddy, and Dietrich
(1936) were able to find how the velocity and form of
the wave varied with applied potential and air pressure.
They also found that it took longer for the initial wave
to propagate from the electrode to ground than for the
return wave that followed to get from ground to the
electrode.

Schonland (1950) made progress on determining
the speed of lightning pilot streamers, though the
conditions of lightning discharges differ from those in
evacuated chambers. Loeb (1965) worked on corona
discharge, a similar phenomenon to breakdown waves
in evacuated tubes, led to further progress in
understanding the propagation of such waves.

Loeb’s (1965) model involves excited-state atoms
emitting photons as well as the excitation of new atoms,
which will in turn emit photons, continuing the process.
Later this model proved not to be accurate. Observations
from experiments done by Fowler and Hood (1962) with
higher velocity shock waves led to a mathematical
model based on fluid dynamical equations. This model
led Paxton and Fowler (1962) to a theory of breakdown
wave propagation in which the wave front is an electron
shock wave and the partial pressure of electron gas is the
primary source of motion. Their model explains wave
velocity and the effects of electric fields on wave
propagation in positive and negative directions.

A convention was adopted by Paxton and Fowler
(1962) that separated the electron fluid dynamical waves
into two different types of waves. According to this
convention, if the direction of the electric field force on

1

Journal of the Arkansas Academy of Science, Vol. 71 [2017], Art. 7

Published by Arkansas Academy of Science, 2017



M. Hemmati, J. Griffiths, and M. Bowman

Journal of the Arkansas Academy of Science, Vol. 71, 2017
2

electrons is in the opposite direction of wave
propagation, the wave is designated to be an antiforce
wave. Conversely, if the direction of the electric field
force on electrons is in the same direction as the wave
propagation, the wave is referred to as a proforce wave.
Paxton and Fowler (1962), proposed existence of two
distinct regions in breakdown waves.

The two regions of the wave are the Debye sheath
layer, a thin section directly behind the shock front,
where in antiforce waves, the electric field reaches a
maximum but falls to a negligible value, and a thicker
quasi-neutral region that comes after the Debye sheath.
In this quasi-neutral region the electron gas temperature
is decreased due to continued ionization while the ion
and electron densities come to equilibrium.

With the two distinct categories of waves and the
two regions being known, Shelton and Fowler (1968)
modeled the proforce wave mathematically. This model
assumes a condition of zero current behind the shock
front of the breakdown wave. Fowler et al. (1984),
trying to integrate the set of electron fluid-dynamical
equations with the aim of meeting the physically
accepted conditions at the trailing edge of the sheath
region, investigated numerous approximations for the
proforce wave case. This analysis led them to the
conclusion that a heat conduction term must be
incorporated into the conservation of energy equation.
The group also concluded that there was a discontinuity
in the temperature derivative at the shock front of the
wave. Elastic collisions between heavy particles and
electrons were also found to be resulting in a loss of
energy for the electrons.

To derive their set of electron fluid-dynamical
equations Shelton and Fowler (1968) considered the net
current behind the shock front to be zero. This is known
as the zero current condition:

where e, Ni, V, n, and v are the charge of an electron, ion
number density inside the sheath region, wave velocity,
electron number density, and electron velocity,
respectively. Fowler et al. (1984) developed equations
for the conservation of mass, momentum and energy
coupled with Poisson’s equation for the proforce wave
case. These equations are:

, (1)

, (2)

, (3)

, (4)

in these equations, E, x, β, K, V, M, Eo, k and Φ are the
electric field and position in the wave profile, ionization
frequency, elastic collision frequency, wave velocity,
neutral particle mass, electric field at the wave front,
Boltzmann’s constant and ionization potential
respectively. Also m and Te are electron mass and
electron gas temperature respectively. With the
assumption that the net current behind of the wave front
is zero, equation (4) reduces to

(5)

Fowler et al. (1984) applied a set of non-
dimensional variables to the set of electron fluid
dynamical equations to reduce the set to non-
dimensional form. The variables are:

Where, the dimensionless variables v, ψ, θ, µ, η and ξ 
are defined as electron number density, electron
velocity, electron temperature, ionization rate, net
electric field, and position inside the sheath region of the
wave, respectively. and represent wave parameters.
Therefore, in dimensionless form, the complete set of
equations for the proforce case are

(6)

, (7)
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(8)

(9)

With the proforce wave case equations completed
and solved, attention shifted to the antiforce case.
However, there were many problems in formulating a
set of equations for antiforce waves similar to the set of
equations describing proforce waves. To apply the set of
electron fluid-dynamical equations to antiforce waves,
modification of the equations is required. Additional
changes must be considered and modifications must be
made to the non-dimensional variables used in the
proforce case in order for application to the antiforce
case to be accurate.

In order for the set of electron fluid dynamical
(EFD) equations to be non-dimensional, the following
dimensionless variables were derived by Hemmati
(1999) to the EFD equations (1-3, 5):

It was previously assumed by Sanmann and Fowler
(1975) that µ, the ionization rate, was purely a function
of θ, electron temperature. Fowler et al. (1984) 
concluded that this was not the case. In fact, calculating
the ionization rate within the sheath region of the wave,
random and directed electron motions must be taken
into account. Shelton assumed that µ was constant and
it would later be determined by Fowler et al. (1984) that
the ionization rate does indeed remain substantially
constant near the front of the sheath region, though it
changes later. It was thought by Shelton that heat
conduction was negligible in the sheath region and
throughout the quasi-neutral region. It was determined
by Fowler et al. (1984) that this was an error in the
formulation of the equations and a term for heat
conduction was included in the equations.

In the laboratory frame, ion motion is considered
negligible due to the fact that no Doppler shift has been
observed in the analysis of radiation emitted from the
propagation of breakdown waves. In the wave frame,

heavy particles will be moving in the negative x
direction. Therefore, heavy particle speed, V, is
negative, while E0 is positive, and are therefore both
negative.

After applying these dimensionless variables, the
EFD equations (1-3, 5) become the non-dimensional set
of equations describing the antiforce wave case. The
following equations are the complete set of non-
dimensional EFD equations developed by Hemmati
(1999) for the antiforce wave:

(10)

(11)

(12)

(13)

Letting represent the current behind the wave
front we get

(14)

Solving for gives

(15)

Substituting this in equation (4) results in

(16)

Substituting the dimensionless variables in previous
equation results in

(17)

Finally, letting be the dimensionless current

representation of gives

(18)
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Equation (18) can be solved for and the result
can be substituted into equation (12) giving the final
form of the conservation of energy equation.

The preceding equations derived by Hemmati et al
(2011) give us our final form of the EFD equations for
antiforce waves:

(19)

, (20)

(21)

(22)

All quantities in this set of equations are intrinsically
positive, including, . Equations (19-22) describe the
final set of EFD equations with a large current behind
the wave front for antiforce waves.

It was assumed by Shelton and Fowler (1968) that
ionization rate was constant, and then later thought by
Sanmann and Fowler (1975) to be a function of electron
temperature only. A study by Fowler (1983) showed that
in the calculation of ionization rate, ionization from both
random and directed electron motion must be
considered. Therefore, we have used an expression
derived by Fowler (1983) to calculate the ionization rate
within the sheath region of the wave that takes into
account ionization from both directed and random
electron motions. Thus,

where and .

Results and Discussion

Uman et al. (2000) reported return stroke wave
speeds as low as 0.46 X 108 m/s. Similarly, Rakov
(2000) in his study of positive and bipolar lightning
discharges measured a range of wave-speeds in
agreement with other experimental works. His reported
wave speed values were between 0.3X108 m/s – 1.7X108

m/s. Rakov (2000) also reported in the study of the
characteristics of positive and bipolar lightning that the

return stoke current ranged from 10 kA – 40 kA
depending upon experimental location. While studying
rocket triggered lightning strokes, Wang et al. (1999)
observed a peak current value of around 12 kA – 21 kA.
During the investigation of the time derivative of the
electric field in triggered lightning strokes, Uman et al.
(2000) observed current values for return stokes as large
as 30.4 kA.

For lightning return strokes, the current values
generally reported by investigators lie within the range
of 10-40 kA. However, few investigators report
existence of currents as high as 300 kA (Rakov, 2000).

A trial and error method was used to integrate
equations (19 – 22) through the sheath region of the
wave. The largest current, , that led to successful
solutions was chosen for given wave speeds, and
values for the wave constant, , electron velocity, , and
electron number density, , were chosen so that
integration of the set of equations led to a conclusion
consistent with the expected conditions at the trailing
edge of the sheath. This was done by repeatedly
adjusting , , and until integration led to results that
were in agreement with the expected conditions at the
end of the dynamical transition region of the wave.

Certain boundary conditions must be met in order
for integration to be successful. Namely, η2, the electric
field at the end of the sheath region, must approach 0
and, ψ2, the dimensionless electron velocity at the end
of the sheath region, must approach 1.

The following initial variable values lead to
successful integration of the set of electron fluid
dynamical equations and were found to satisfy the
boundary conditions at the end of the sheath region of
the wave:

α = 0.001, ɩ = 7, κ = 0.144, ψ1 = 0.4721, ν1 = 0.2161

α = 0.01, ɩ = 5, κ = 0.13, ψ1 = 0.7, ν1 = 0.7696

α = 0.1, ɩ = 1, κ = 0.44, ψ1 = 0.8321, ν1 = 0.71

α = 1, ɩ = 0.25, κ = 0.18, ψ1 = 0.75, ν1 = 0.7

In figure 1 the electric field intensity, η, is shown as 
a function of the electron velocity, ψ. The gaps in the 
curves α = 0.001 and α = 0.01 are due to the fact that 
only one out of ten data points calculated were plotted.
In this figure we can clearly see that the electric field is
falling to 0 and the electron velocity is approaching 1,
which satisfies the conditions at the trailing edge of the
wave.
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Figure 1: Dimensionless electric field, η, as a function of 
dimensionless electron velocity, ψ, within the sheath region of the 
wave.

Figure 2: Dimensionless electric field, η, as a function of position, ξ, 
within the sheath region of the wave.

In figure 2 the electric field intensity, η, is shown as 
a function of the position, ξ, within the sheath region of 
the wave. The fall of the electric field to zero marks the
end of the sheath region of the wave. Sanmann and
Fowler (1975) applied fluid dynamic techniques to
antiforce waves and for a wave speed of 107 m/s found
a total sheath thickness of 0.5 m. Fujita et al. (2003), in
measuring electron densities behind shock waves,
reported a sheath thickness of 0.05 m. Our data for ξ for
waves at speeds of 3 X 107 m/s show a sheath thickness
of 0.025 m.

In figure 3, the dimensionless ionization rate, μ, is
shown as a function of the dimensionless position, ξ,

within the sheath region of the wave. To reduce the
computation time, ionization rate was kept constant for
ten integration steps and calculated every tenth step. To
keep track of variable changes while integration and
computation occur, only every tenth integration step is
printed so that all previous data lines can be displayed
simultaneously on the computer screen. Therefore,
regarding change in ionization rate, every hundredth
integration step is displayed. The sharp changes in the
graphs are an unavoidable consequence of keeping the
ionization rate constant and displaying the change in
ionization rate only every hundredth step. Shelton and
Fowler (1968) assumed that the ionization rate would
remain constant through the sheath region of the wave.
We see here that ionization rate remains constant for a
short time behind the wave front, but generally changes
as we move through the sheath region of the wave.

Figure 3: Dimensionless ionization rate, μ, as a function of position, 
ξ, within the sheath region of the wave. 

For return lightning strokes, some investigators
have suggested the existence of a relationship between
the peak current values and wave speed values (Wagner
1963); however, some others, (Willett et al. 1989),
especially researchers investigating triggered lightning
in Florida, disagree with the existence of such a
relationship. For lightning return strokes, our solutions
indicate, as the wave speed increases, the current values
that it can support increases as well.

Conclusions

We have considered the existence of a large current
behind the wave front and found a range of wave speeds
and their corresponding maximum current values for
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which integration of the electron fluid-dynamical
equations led to results in agreement with the boundary
conditions at the trailing edge of the sheath region. For
lightning return strokes, our solutions also confirm the
existence of large currents. Agreement between the
results of the solutions of the electron fluid-dynamical
equations with experimental evidence such as wave
velocity and electron number density are conformations
of the validity of the fluid model.
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