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Abstract 

Since discovery of graphene in 2004 as a truly one-atom-thick material with extraordinary 

mechanical and electronic properties, researchers successfully predicted and synthesized many 

other two-dimensional materials such as transition metal dichalcogenides (TMDCs) and 

monochalcogenide monolayers (MMs). Graphene has a non-degenerate structural ground state that 

is key to its stability at room temperature. However, group IV monochalcogenides such as 

monolayers of SnSe, and GeSe have a fourfold degenerate ground state. This degeneracy in ground 

state can lead to structural instability, disorder, and phase transition in finite temperature. The 

energy that is required to overcome from one degenerate ground state to another one is called 

energy barrier (Ec). Density Functional Theory (DFT) has been used to calculate energy barriers 

of many materials in this class such as monolayers of SiSe, GeS, GeSe, GeTe, SnSe SnS, SnTe, 

PbS, and PbSe along with phosphorene.  Degeneracy in the ground state of these materials leads 

to disorder at finite temperature. This disorder arises in the form of bond reassignment as a result 

of thermal excitement above a critical temperature (Tc). Tc is proportional to Ec/KB where KB is 

Boltzmann’s constant. Any of those materials that have a melting temperature larger than Ec/KB 

such as SnSe, SnS, GeSe, and GeS will undergo an order-disorder phase transition before melting 

point. This order-disorder phase transition will have a significant effect on properties of these 2D 

materials. 

The optical and electronic properties of GeSe and SnSe monolayers and bilayers have been 

investigated using Car-Parrinello molecular dynamics. These materials undergo phase transition 

from an average rectangular unit cell below Tc to an average square unit cell above Tc where Tc is 

well below the melting point. These materials will remain semiconductors below and above Tc. 

However, the electronic, optical, and piezoelectric properties modify from earlier predicted values. 
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In addition, the X and Y points of the Brillouin zone become equivalent as the materials passes Tc 

leading to a symmetric electronic structure. The spin polarization at the conduction valley 

vanishes. The linear optical absorption band edge changes its polarization and makes this structural 

and electronic transition identifiable by optical means. 
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1 Chapter One: Introduction 

Two-dimensional materials are considered a great opportunity for future devices due to 

two facts. First, since the electronic charge of two-dimensional materials is confined in 2D, their 

properties are different from that of their bulk form. Second, the properties of two-dimensional 

materials are correlated to their shape and geometry [1,2]. This fact leads to the possibility of 

tuning optoelectronic and mechanical properties by inducing strain or curvature in these materials 

[2]. Phosphorene is a two-dimensional material that acquired more attention in 2014 [3-5]. Black 

phosphorus, the bulk form of phosphorene, has been known to humans for almost a century [6]. 

Phosphorene has a band gap which makes it a potential optoelectronic material. However, this 

material is reactive and degrades with oxygen.   

The excitement about phosphorene led to discovery of a new class of materials which is 

compounds of elements in group IV and VI of the periodic table [5]. These materials are called 

monochalcogenide monolayers (MMs). MMs are semiconductors with suitable band gap value for 

optoelectronic applications. In addition, they possess a piezoelectric effect [7,8] and photostriction 

[9]. 

 Most numerical calculations on phosphorene and MMs are performed at zero temperature. 

However, one of the main results from the present dissertation is that the movement of ions at 

finite temperature will have effects on the promising properties of these materials. In addition, the 

reduced symmetry in the rectangular unit cell of these materials will cause the unit cell to have at 

least two choices to place in the structure of the material, vertical or horizontal.  This fact may 

cause disorder at finite temperature for some of the materials in this class because some unit cells 

will stand vertically and some horizontally [10,11]. The main part of this dissertation focuses on 

the structure of phosphorene and MMs and the evolution of these structures by temperature. In 

 

addition, as the structure changes at finite temperature, the electronic, optical, and piezoelectric   
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properties of these materials become altered. These modifications to mentioned properties of 

phosphorene and MMs are discussed as well.  

The ground state structure and electronic properties of crystalline materials are to calculate 

by solving a many-body Schrödinger equation. Solving Schrödinger many-body problem will 

result in a wave-function which can be used to obtain all the properties of the material. However, 

due to the complexity of this equation, Density Functional Theory (DFT) method has been used to 

approximate ground states and properties of crystalline materials. The principles of the DFT 

method were established five decades ago by Walter Kohn, Lu Sham and Pierre Hohenberg 

[12,13].  In DFT, instead of solving the many-body problem for wave-function, the objective is to 

find a fictitious potential for the material to have the same effect as all the electrons of the material. 

This non-interacting potential is only a function of electron density. Finding the effective potential 

is one of the challenges of the DFT method. The fast improvement in computation tools and 

modification of effective potentials have made DFT a reliable and popular method to predict the 

electronic, chemical, and mechanical properties of materials.  

To outline this dissertation, in Chapter Two the DFT methodology (which contains a brief 

description of Schrödinger many-body problem) will be explained. In addition, the types of 

pseudo-potentials that have been used in this dissertation will be discussed. In Chapter Three, a 

literature review on two-dimensional class of materials with a focus on chalcogen compounds is 

presented.  

Chapter Four is devoted to the atomic structure of phosphorene and monochalcogenide 

monolayers. In this chapter, the atomic structure of these materials is discussed. This contains the 

results of DFT calculations to find the lattice parameters and basis vectors of these materials. In 

addition, the results of Car-Parrinello molecular dynamics calculation are used to study possible  

order to disorder phase transition in monochalcogenide monolayers at finite temperature.  
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Chapter Five is the continuation of Chapter Four, with more emphasis on the effect of 

temperature on the electronic and piezoelectric properties of germanium selenide (GeSe) and tin 

selenide (SnSe) monolayers and bilayers. The reason behind choosing these materials from the 

monochalcogenide family is that the transition temperature of these materials is close to room 

temperature, and well below their melting points. Car-Parrinello molecular dynamics (i.e, where 

forces are computed from DFT) is used to explore the structure and properties of four mentioned 

materials at different temperatures ranging from 0 K to 1000 K with steps of 25 K. In this chapter, 

signatures of two-dimensional structural phase transitions in GeSe and SnSe monolayers and 

bilayers are derived from comprehensive molecular calculations. In addition, the effect of 

structural phase transitions, on the electronic properties such as the band gap are presented. The 

structural phase transition also alters optical absorption and piezoelectricity of these materials 

which is discussed at the end of Chapter Five.  
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2 Chapter Two: Review and motivation.  

For a long time, the existence of two-dimensional materials was considered impossible due 

to structural instability [14]. Therefore, it was deemed that two-dimensional materials are unstable 

and cannot be synthesized. However, in 2004, by exfoliating one sheet of graphite (graphene), 

Novoselov and Geim demonstrated not only that two-dimensional materials are stable, but they 

also possess extraordinary properties [15].  Graphene was considered a viable candidate to replace 

silicon in transistor-based devices due to extremely high carrier mobility [16,17], flexibility, and 

high mechanical strength. In addition, much excitement arose when the possibility of using 

graphene in optical devices, sensors, batteries, and so on was suggested. Graphene’s band structure 

has a linear behavior around the K point, so that its carriers behave as massless Dirac fermions 

[18]. This leads to phenomena such as a quantum Hall effect at room temperature [19] and provides 

a new field as Fermi-Dirac physics. Although graphene is only one atom thick, it has very high 

electronic and thermal conductivity [20-22]. Graphene properties become altered in presence of 

different substrates [23,24], mechanical deformation [25-27], and external electronic field [28,29].  

Graphene is comprised of only one element of the periodic table. The possibility of 

fabricating other two-dimensional materials with novel physical properties provides extensive 

opportunities for research. 

2.1 2D materials  

Many 2D materials have been synthesized and characterized after the discovery of 

graphene. Most of these 2D materials originate from exfoliating van der Waals materials. A van 

der Waals material in two-dimensions has strong covalent or ionic bonds and weak van der Waals 

interaction in the third dimension. Table 1 shows a summary of different types of 2D materials. A  

brief introduction to different types of 2D materials is provided afterward.       
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Table 1. Common 2D materials. 
Graphene Familly  graphene HBN Fluorographene BCN 
monochalcogenides  
and puckered single 
element 2D 
materials 

GeSe, SnSe, SnS, 
GeS, 
 phosphorene 

stanene, germanene  
GaS, GaSe, InSe, 
GaTe, Bi2Se3 

  

Transition metal 
Dichalcogenides 

MoS2, WS2, 
MoSe2, WSe2 

MoTe2, WTe2 
NbSe2, NiSe2, 
NbS2,  

  

Trichalcogenides 
CrSiTe3, 
CrGeTe3, MnPS3 

      

Oxides Mo3, WO3 
Proveskite: 
Ca2Ta2TiO10, Bi4Ti3O12 

Hydroxides: 
Ni(OH)2,  

  

 

2.2 Graphene family  

This group consist of graphene, graphene bilayer, graphene oxide, and chemically modified 

graphene. Hexagonal boron nitride (HBN) can also be placed in this family. This group will be 

selected from its hexagonal honeycomb unit cell.  

Graphene has semimetal properties with high intrinsic carrier mobility of 200,000  
ୡ୫మ

୚∙ୱ
 

[30], a high Young modulus of approximately 1.0 TPa [31], and high thermal conductivity of 5000 

ௐ

୫∙୏
 [22]. Bernal bilayer (AB) graphene consists of two layers of graphene stacked together in an 

AB pattern which means the top layer of graphene is shifted with respect to the lower layers 

by	ሺ Ԧܽଵ ൅ Ԧܽଶሻ/3, where  Ԧܽଵ and Ԧܽଶ are the lattice vectors. 

AB graphene maintains semimetal properties of graphene and can synthesized by graphite 

exfoliation [32] or CVD [33]. The zero-band gap of AB graphene can be modified by applying an 

electric field [34]. Fluorographene is a graphene derivative with sp3 hybridized carbon atoms 

bonded to a fluorine atom. Fluorographene has a wide band gap of 3.8 eV [35]. Hexagonal boron 

nitride (HBN) in bulk form is a van der Waals material very much like graphite. The weak 

interaction between layers allows it to be synthesized down to a monolayer. HBN has a wide band 
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gap of 5.9 eV and is widely used as an insulator in production of ultrahigh mobility 2D 

heterostructures. The structure of graphene and HBN are illustrated in Figure 1. 

 

2.3 Two-dimensional materials based on chalcogens 

Chalcogens are elements in the sixth column of the periodic table (oxygen, sulfur, 

selenium, and tellurium).   Bulk chalcogenide compounds have become a great material choice as 

an electronic material. For example, the best thermoelectric materials, such as PbTe and Bi2Te3, 

are chalcogenides [36,37]. Interestingly, many good topological insulators, such as Sb2Te3 and 

Bi2Se3 [38] are compounds of chalcogenides. The next generation of solar cells are very likely to 

be made of direct band gap compounds of CdTe and other chalcogenide compound. 

Superconductivity and magnetism are also other applications of chalcogenide compounds. FeS and 

FeSe are two examples of chalcogenides with superconducting properties at atmospheric pressure 

[39-41]. Most of these chalcogenides have weak van der Waals interaction between layers, which 

means they can be exfoliated mechanically and possibly down to a monolayer. Therefore, one can 

expect to predict many stable 2D materials based on chalcogens.  

Figure 1. Hexagonal lattice structure of HBN and graphene. 
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2.3.1 Transition metal dichalcogenides (TMDCs):  

With the formula of TX2 where T is a transition metal element (Ti, Zr, Hf, V, Nb, Ta, Mo 

and W) and X represents a chalcogen (S, Se and Te), TMDCs are a large group of 2D materials. 

The structure of these 2D materials has three sublayers. The middle sublayer is formed by metal 

elements which is sandwiched by two chalcogen sublayers. A feature of these materials is the 

electronic band gap increases by moving from multilayer to monolayer. In addition, the indirect 

band gap in the bulk form transforms to a direct one in the monolayer.  These materials have a 

suitable band gap, decent carrier mobility, high on/off ratio, and can be easily exfoliated. High 

performance transistors are fabricated and characterized using monolayers of molybdenum 

disulfide [42-44]. Transition metal dichalcogenides (TMTCs) also have very good catalytic 

activities and have lower cost compared to noble metals [45]. Figure 2 shows the structure of 

MoS2, an example of these materials.  

 

Figure 2. Lattice structure of MoS2 from different views. 

y 

x 

y 

z 
y 

x 
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2.3.2 Monochalcogenides  

Among other 2D materials, phosphorene (one layer of black phosphorus) has an 

orthorhombic structure that differs from that of graphene and LMDCs [2,3]. This structure allows 

phosphorene to withstand very high strain, and shows a tunable band gap with the number of 

stacked layers. The discovery and synthesis of phosphorene led to a new class of 2D materials 

based on chalcogenides, called group IV-monochalcogenides (SnS, SnSe, GeS, and GeSe with a 

structure shown in Figure 3). These monochalcogenides have the same anisotropic structure as 

phosphorene. This class of materials are shown to have a four-fold degenerate ground state at zero 

temperature that is different from other 2D materials like graphene and LMTDs with only one 

ground state at zero temperature. This fact suggests that phosphorene and monochalcogenides 

experience structural disorder at finite temperature and, consequently, have unexplored properties 

at room temperature.  

To identify exotic properties in two-dimensions, a reasonable starting point is to review the 

properties of the bulk form of these materials. Therefore, in this section a brief review of properties 

of black phosphorus and bulk forms of group IV monocalcogenides are also presented.  

Figure 3. Monochalcogenide monolayers atomic structures a) GeSe b) PbTe. 

a) b) 
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Black phosphorus: Phosphorus is an element of group V of the periodic table with 

semiconducting properties and an indirect band gap of 0.3 eV [46].  The electronic configuration 

of phosphorus is 1ݏଶ2ݏଶ2݌଺3ݏଶ3݌ଷ, which allows up to five bonds with other elements. 

Phosphorus has many allotropes, among them red phosphorus, white phosphorus, and black 

phosphorus are the most common forms. Although black phosphorus is more stable than white 

phosphorus, it was discovered in 1914 by heating up white phosphorus under pressure [6]. Black 

phosphorus is a layered material with strong in-plane covalent bonds and weak van der Waals 

interaction between layers similar to graphite and other layer materials. However, black 

phosphorus has five electrons in its outer shell, which makes the structure less symmetric 

compared to sheets of graphite (graphene). From the top view, black phosphorus has a hexagonal 

lattice structure with two different bonds between phosphorus atoms. The longer one is 2.244 Å 

long and the shorter is 2.224 Å long as illustrated in Figure 4. 

Black phosphorus is a semiconductor but during the 20th century, there was not enough 

interest in studying this material mainly due to much more excitement in silicon based devices. In 

2014 [47] the rediscovery of black phosphorus in the context of two-dimensional materials gave a 

Figure 4. One layer of black phosphorus and its unit cell. 

5.3 Å 
2.244 Å 

2.224 Å 
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lot of momentum to the research on this material and its 2D allotropes as candidates for 

optoelectronic devices. The two-dimensional form of black phosphorus is called phosphorene, 

which will be discussed later.  

Group IV Monochalcogenides in the bulk form: These materials are compounds of the 

fourth and sixth column of the periodic table. The elements of these two groups are illustrated in 

Figure 5.  The examples of these compound materials are SnS, SnSe, GeS and GeSe. The bulk 

forms of Group IV monochalcogenides have semiconducting properties and have been the subject 

of studies for decades [48, 49]. The structure of these materials can be classified into two groups. 

PbTe, PbSe, PbS and SnTe have Fm3m space group with a rock-salt crystalline structure. On the 

hand, SnSe, SnS, GeSe, and GeS are classified into the Pcmn space group with an orthorhombic 

structure. The structure of the latter group forms a layered structure with strong in-plane covalent 

or ionic bonds and weak van der Waals bonds between layers. These materials have been studied 

extensively because of their unique properties. The nanocrystals of tin and germanium 

monochalcogenides have proved to have suitable photo absorption properties which makes them 

a suitable alternative for lead-free photovoltaic materials [50,51]. Tin selenide exhibits a very high 

thermal figure of merit of equal to 2.6 at 923 K along one direction and 2.3 along another direction 

[52]. This value for the figure of merit is comparable to the best known thermoelectric materials 

[53].  Thermoelectric properties are also seen in SnS and since it is an abundant material, it has 

been investigated as potential candidate for commercial piezoelectric devices. This material is also 

investigated for the next generation of solar cells [54-56]. PbS and PbSe have been used as an 

infrared detector in military applications. PbTe has thermoelectric properties with ZT of 1.5 at 773 

K [57]. The atomic structure of GeSe in the bulk form is shown in Figure 6. 

Phosphorene: An electronic band gap is required to switch computer circuits on and off. 



11 

Though graphene possesses unique properties such as a very high electron mobility, it lacks a 

natural band gap. By applying electric field to AB graphene, the band gap increases from zero to 

mid-infrared energies [58]. Graphene nanoribbon also has been reported to have a non-zero band 
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Figure 6. Some elements of group IV and VI of the periodic table. 

Figure 5. Group IV monochalcogenides. 
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gap. The band gap of graphene nanoribbons increases as the width of ribbon decreases [59]. 

Despite all these efforts, the band gap is still not suitable for most applications, where a larger band 

gap is needed.  This fact limits graphene usage as a replacement for silicon in computer circuits.  

Unlike graphene, few-layer black phosphorene has a natural semiconducting band gap. The 

electronic band gap of black phosphorus depends on the number of stacked layers and it ranges 

from 0.3 eV in the bulk to 2 eV in the monolayer limit [46]. In addition to the thickness to tune 

electronic properties, strain is also an effective tool to alter the properties of black phosphorus. 

Studies show that compressive strain can change the direct band gap of black phosphorus to an 

indirect one and reduce the band gap to the limits of a metal [60]. The transport properties of black 

phosphorus are somewhere between those of graphene and transition metal dichalcogenides. The 

electron mobility of phosphorene is around 1000 cm2/V∙s and hole mobility is in the order of 286 

cm2/ V∙s, which makes it a viable candidate for electronic applications [46]. Rather than electronic 

band gap and transport properties, perhaps the most celebrated property of phosphorene is its in-

plane anisotropic behavior. Phosphorene has an armchair structure along one direction and zigzag 

structure along the other perpendicular direction. Along the armchair direction, atoms are puckered 

and along the zigzag direction, atoms form a “bilayer” structure as seen in Figure 7.  

This unique structure is responsible for angle dependent properties of phosphorene. For 

instance, the anisotropic Raman response of few layer phosphorene enables one to determine its 

orientation much easier without using scanning tunneling microscopy or tunneling electron 

microscopy[61]. The mobility and electron effective mass of phosphorene and few layer black 

phosphorus, and their optical properties, also depends on the angle [62-64].  

Challenges of phosphorene: The main challenge of using black phosphorus in real devices 

is its tendency to degrade by oxygen and water [65]. Nevertheless, a dimer of oxygen requires 10 
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eV (250 kcal/mol) energy to be added to an ideal phosphorene structure [66]. This value is much 

higher than the energy of visible light and suggests that ideal phosphorene does not degrade in 

ambient light. However, this chemisorption barrier is reduced to the energy of visible light (3.2 

eV) in presence of structural defects and the curvature of the phosphorene sheet [66]. The 

promising optical and electronic properties of phosphorene and other single element 2D materials 

in group V intrigue researchers to investigate their counterparts which are compounds of group IV 

and VI elements of the periodic table.  

Group IV Monochalcogenides Monolayers (MMs):  Investigating phosphorene’s 

isoelectronic counterparts is similar to broadening the scope of silicon by investigating compounds 

of group III and group V elements. The bulk form of these materials exhibits unique properties.  

In early works on MMs in 2011, nano sheets of SnSe, but not necessarily monolayers, were 

Figure 7. One layer of black phosphorus. Zigzag and armchair direction are shown. 
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synthesized and characterized [67]. However, the single layer of SnSe [68] and GeSe [69] were 

synthesized. Due to promising properties of group IV monochalcogenides, numerical calculations 

predicted the stability of their two-dimensional forms [5,70]. In addition, MMs were considered 

as phosphorene’s isoelectronic counterparts. Most of MMs are semiconductors with electronic 

band gaps ranging from 0.9eV to 1.7eV. These band gaps are mostly indirect, except for GeSe, 

which has a direct band gap. The application of some of MMs, such as GeS and GeSe as cathode 

catalysts in Li-O2 batteries [71] and in the photocatalytic splitting of water [72], are explored 

numerically. In addition, these materials are potentially desirable for efficient oxygen reduction 

reactions [71] and developing photostriction effects [9] . Thermoelectricity has been observed in 

the bulk form of these materials, with great promise due to high a figure of merit. DFT calculations 

show that the MMs exhibits better thermoelectric properties than their bulk form [73]. For 

example, the thermoelectric figure of merit (ZT) is 2.63 for a SnSe monolayer, which is more than 

its value of 2.43 for the bulk form. The same results have been observed for other compounds of 

MMs such as SnS, GeSe, and GeS [73]. Great interest in these materials arose when numerical 

calculations showed that MMs have piezoelectric properties[7,8]. It is numerically predicted that 

all four compounds of GeS, GeSe, SnSe, and SnS have piezoelectric coefficients one or two orders 

of magnitude larger than that of other 2D materials [8]. These numerical calculations have been 

performed at zero temperature. However, it is essential to investigate whether these materials 

maintain their large piezoelectricity effect at finite temperature. This fact is discussed with more 

detail in Chapters Four and Five.  

Ferroelectricity has also been observed experimentally in some of these materials such as 

SnTe. The bulk form of SnTe exhibits ferroelectric properties at temperatures below 98 K. The 

SnTe monolayer retains its ferroelectricity at 270 K which is near room temperature[74]. SnTe 
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monolayer makes a transition from a ferroelectric material to paraelectric material at 270 K. This 

transition can be explained as a result of phase transition from a rectangular unit cell to a square 

one. This fact is discussed in more detail in Chapters Four and Five.  
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3 Chapter Three: Computational methodology 

In this chapter, the computational methodology used in the dissertation is discussed. Density 

functional theory (DFT) is the main method that is used here. DFT is used in a wide range of 

applications such as molecular properties and structures, ionization energies, and magnetic and 

electronic properties.  In Chapters Four and Five of this dissertation, Car-Parrinello molecular 

dynamics calculations are used to find the structural behavior and electronic properties of SnSe 

and GeSe monolayers and bilayers. 

3.1 Effective Schrödinger single-particle problem 

All the information about a given system lies in quantum mechanical wavefunctions. In order 

to get the wavefunctions, one should solve Schrödinger equation (Equations 1 and 2).  

݅԰ డ

డ௧
Ψሺݎ, ሻݐ ൌ ቂି԰

మ

ଶఓ
ଶ׏ ൅ ܸሺݎ, ,ݎሻቃΨሺݐ  ሻ   time dependent form (Equation 1)ݐ

ቂ԰
మ

ଶఓ
ଶ׏ ൅ ܸሺݎሻቃΨሺݎሻ ൌ  ሻ                     time independent form (Equation 2)ݎΨሺܧ

ሻݎΨሺܪ ൌ  ሻ compact form  (Equation 3)ݎΨሺܧ

where ݅ is the imaginary unit, ԰ is the Planck constant over π, 
డ

డ௧
 is the partial derivative with 

respect to time, ߤ is the particle’s reduced mass, ܪ	is the Hamiltonian, V is the effective potential 

energy that may include the effects from other electrons, ׏ଶ is the Laplacian operator and Ψ is the 

position-space wavefunction.  

Equation 4 shows the Schrödinger for many body problems:  

ሺ ேܸே ൅ ேܸா ൅ ாܸா ൅ ேܶ ൅ ாܶሻ	߰ ൌ  (Equation 4)  ߰ܧ

where ேܸே is the interaction between nuclei, ேܸா is the interaction between nuclei and electrons,  
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 ாܸா is the electron-electron interactions, ܶ ே is the kinetic energy of nuclei, ܶ ா is the kinetic energy 

of electrons, and  ߰ is the wave-function; they will be described in more detail later. ߰ is function 

of the positions of all atoms and nuclei and the spin states,  

߰ ൌ ߰ሺݎଵሬሬሬԦ	, ,	ଶሬሬሬԦݎ ,	ଷሬሬሬԦݎ … , ,	పሬሬԦݎ ଵܵ, ܵଶ, … , ௟ܵሻ       l=N+M (Equation 5) 

Each of the five terms in the above Hamiltonian operator in Equation 4 can be expanded. 

Starting from ாܶ as the kinetic energy of electrons, one can write ாܶ as: 

ாܶ ൌ ෍
԰ଶ

2݉௘௙

ே

௜ୀଵ

ቆ
߲ଶ

௜ଵଶݎ߲
൅

߲ଶ

௜ଶଶݎ߲
൅

߲ଶ

௜ଷଶݎ߲
ቇ (Equation 6) 

where ݅ is the index that reflects each electron and r vector is the position of each electron. ݉௘௙ is 

the effective mass of electrons. ேܶ in Equation 4 is the kinetic energy of nuclei and can be 

expressed as in Equation 7. 

ேܶ ൌ ෍
԰ଶ

2݉௣

ெ

௣ୀଵ

ቆ
߲ଶ

௣ଵଶݎ߲
൅

߲ଶ

௣ଶଶݎ߲
൅

߲ଶ

௣ଷଶݎ߲
ቇ (Equation 7) 

where ݉௣ is the mass of nuclei, and vector r is the position of each nuclei and index ݌ runs over 

all the nuclei. ேܸா operator is the interaction between nuclei and electrons and can be expanded as 

in Equation 8.  

ேܸா ൌ െ෍෍݁ଶ
ܼ௣
଴߳ߨ4

ே

௜ୀଵ

1
௜௣ݎ

ெ

௣ୀଵ

 (Equation 8) 

 where ݁ is the electron charge, ߳଴ is vacuum permittivity constant and ܼ௣ is atomic number of 

nucleus ݌. The electron-electron Coulomb interaction are expressed as ܸ ாா which can be calculated 

by Equation 9.  
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ாܸா ൌ෍෍
݁ଶ

଴߳ߨ4

ே

௝ୀଵ
௝ஷ௜

1
௜௝ݎ

ே

௜ୀଵ

.
1
2

 (Equation 9) 

where ݎ௜௝ is the distance between two electrons ݅ and ݆, and factor of  
ଵ

ଶ
  takes care of double 

counting. The Coulomb intercation between nuclei is shown as ேܸே and can be expressed as 

ேܸே ൌ ෍෍
ܼ௣ܼ௤݁ଶ

଴߳ߨ4

ெ

௤ୀଵ
௣ஷ௤

1
௣௤ݎ

ெ

௣ୀଵ

.
1
2

 (Equation 10) 

In Equation 10, ݎ௣௤ is the distance between two nuclei and Z represents the atomic number of each 

one of them.  

Equation 4 with all terms as defined here cannot be solved explicitly for many body problems 

and only can be solved for trivial cases like a hydrogen atom. Therefore, it requires other 

approximations. In the following, some of these approximations and simplifications will be 

discussed.  

3.2 Born-Oppenheimer approximation 

The first simplification to the many-body Schrödinger equation is the Born-Oppenheimer 

approximation [75]. This approximation assumes that the motion of atomic nuclei and electrons 

can be separated. Therefore, the wavefunction can be written as a product of two terms. One term 

is the electronic wavefunction and the other is the nuclear wavefunction. The nuclear wavefunction 

also may be divided into two terms, one for rotational motion of the nuclei and the other one 

correspond to the vibrational component of the motion. The justification of this approximation 

comes from the huge difference between the mass of electrons and nuclei. That means, that a small 
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movement of nuclei may have an “instantaneous effect” on electrons. Therefore, it is reasonable 

to fix the position of nuclei and only consider the movements of electrons under a fixed potential 

exerted by the nuclei. Mathematically, this means ignoring Tn and Vnn due to existence of large 

masses of nuclei in the denominators.  

Therefore, after the Born-Oppenheimer approximation the many-body problem will reduce 

to a many-electron problem. That means, one only needs solve for wavefunctions of the electrons 

for given positions of nuclei. Equation 11 shows the reduced Hamiltonian of the many-electron 

Schrödinger equation. 

ܪ ൌ෍
԰ଶ

2݉௘௙

ே

௜ୀଵ

௜ݎଶ׏ ൅෍෍
݁ଶ

଴߳ߨ4

ே

௝ୀଵ
௝ஷ௜

1
௜௝ݎ

ே

௜ୀଵ
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൅	െ෍෍݁ଶ

ܼ௣
଴߳ߨ4

ே

௜ୀଵ

1
௜௣ݎ

ெ

௣ୀଵ

 (Equation 11) 

Therefore, the Hamiltonian can be summarized into three terms: Kinetic energy ாܶ, Coulomb 

interaction between electrons ாܸா, and Coulomb interaction between electrons and nuclei ாܸே. 

These terms are shown in Equation 12. 

ሺ ாܶ ൅ ாܸா ൅ ாܸேሻ߰௡ே ൌ  ௡ே  (Equation 12)߰ܧ

 

where the super-index ܰ in the wave-function indicates the fact that this remains a many-body 

problem. This form of Schrödinger equation is still hard to solve because the interaction between 

electron-electron and nuclei-electron is complicated. Two main approaches have been used to 

tackle this problem. One is the Hartree-Fock ansatz, and the other approach is density functional 

theory. Hartree and Fock presented a method to further simplify this equation by replacing 

Coulomb interactions by an effective potential. The Hartree-Fock approximation has been used 

since the beginning of quantum mechanics [76]. 
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3.3 Hartree-Fock approximation 

In Equation 4, the wavefunction has the general form of  

߰ሺݎଵሬሬሬԦ, ,ଶሬሬሬሬԦݎ	 … , ,	ேሬሬሬሬԦݎ ଵܵ, ܵଶ, … , ܵே	ሻ 
(Equation 13) 

where r is the position of each electron and S is the spin of the of each electron in z direction. As 

mentioned before, the solution of Schrödinger equation in this form is complicated.  Hartree-Fock 

sets the trial wavefunction as a determinant of single-particle wavefunctions. Each of these 

wavefunctions is the solution of a one electron system with an effective potential coming from 

other particles.  

߰ ൌ
1
ܰ!
ተ

߰ଵሺݎԦଵݏଵሻ ߰ଵሺݎԦଶݏଶሻ
߰ଶሺݎԦଵݏଵሻ ߰ଶሺݎԦଶݏଶሻ

⋯
߰ଵሺݎԦேݏேሻ
߰ଶሺݎԦேݏேሻ

⋮ ⋱ ⋮
߰ேሺݎԦଵݏଵሻ ߰ேሺݎԦଶݏଶሻ ⋯ ߰ேሺݎԦேݏேሻ

ተ 
(Equation 14) 

Each ߰ in Equation 14 satisfies the following form of Schrödinger equation where 

௘ܸ௙ሺݎሻthe effective potential. 

൭െ
԰ଶ

2݉
௜׏
ଶ ൅ ௘ܸ௙ሺݎሻ൱߰௜ሺݎሻ ൌ  ሻ (Equation 15)ݎ௜߰௜ሺܧ

3.4 Density Functional Theory (DFT) 

DFT is an approximation to deal with the ground state many-electron problem. Initially, 

Thomas and Fermi introduced the electron density to deal with many-body problem [77]. They 

proposed a functional for determining the energy of the system based on the uniform electron gas 

and shown in Equation 16. 
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݊ሺݎԦଵሻ. ݊ሺݎԦଶሻ

ଵଶݎ
 Ԧଶ (Equation 16)ݎԦଵ݀ݎ݀

where ܧ௧௢௧ the total energy is expressed solely as a functional of density which is expressed as 

݊ሺݎԦଶሻ and C is: 

ܥ ൌ
3݄ଶ

10݉௘
൬
3
ߨ8
൰

ଶ
ଷ
 (Equation 17) 

where ݉௘ is mass of an electron and h is Planck’s constant. 

Many years later, Kohn and Hohenberg proved the possibility of using the electron density 

to solve the many-electron problem [78]. In this method, instead of solving the many-electron 

problem for wavefunctions, the focus is to find the electron density as a function of three spatial 

dimensions. The reason is that although the wavefunction has the complete information of the 

system, it depends on 4N variables where N is the number of electrons. In DFT, all the variables 

are expressed in terms of electron density. This method avoids dealing with a wavefunction with 

high dimension variables. In two works in 1964 and 1965 [12,13], two theorems suggested that 

the ground-state total energy of a solid can be expressed in terms of electron density due to all 

electrons at every single point. Therefore, one can find the ground state of a material by minimizing 

the functional ܧሺ݊ሺݎԦሻሻ with respect to electron density, which leads to 

݊ሺݎሻ ൌ෍නߜሺݎԦ െ ,ԦଵݎԦ௜ሻ|߰ሺݎ ,Ԧଶݎ … , ԦଶݎԦଵ݀ݎԦேሻ|ଶ݀ݎ … Ԧேݎ݀	

௡

௜ୀଵ

 (Equation 18) 

In addition, the mentioned theorems demonstrate that, for the purpose of electronic ground-

state, one can work with the solution of a one electron problem with an effective potential and 

avoid the burden of working with electron density from a many-electron wavefunction. The basic 
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idea is to use the total energy functional to produce an effective potential for one electron, and use 

this potential to find a density equal to the ground state density of the many-electron problem. This 

equation is called Kohn-Sham equation and shown below.  

൫ܶ ൅ ௘ܸ௙൯߰௜ሺݎԦሻ ൌ  Ԧሻ (Equation 19)ݎ௜߰௜ሺܧ

where T is kinetic energy operator and ܸ ௘௙ is an effective potential for a single electron state which 

has the same effect as the many-electron state. 

It is important to find the effective potential in Equation 19. This effective potential can be 

determined as the functional derivative: 

௘ܸ௙ሺݎԦሻ ൌ
ߜ

ሻሻݎሺ݊ሺߜ
ሾܧு൫݊ሺݎԦሻ൯ ൅ Ԧሻ൯ݎ௫௖൫݊ሺܧ ൅  Ԧሻ൯ሿ (Equation 20)ݎ௘ே൫݊ሺܧ

where ܧு is the classical Hartree function, ܧ௘ே is the electrostatic interaction between electrons 

and nuclei, and ܧ௫௖ corresponds to the part of interactions which deviates from Hartree’s term. 

Each of the terms on the right-hand side of the Equation 21 is part of the total energy. Adding the 

kinetic and ionic terms this energy can be expressed as: 

Ԧሻݎሺ݊ሺܧ ൌ ܶ൫݊ሺݎԦሻ൯ ൅ Ԧሻ൯ݎு൫݊ሺܧ ൅ Ԧሻ൯ݎ௫௖൫݊ሺܧ ൅ Ԧሻ൯ݎ௘ே൫݊ሺܧ ൅  ேே (Equation 21)ܧ

where ܶ ൫݊ሺݎԦሻ൯	is the kinetic energy of one-electron, ܧு൫݊ሺݎԦሻ൯ is the (Hartree) electrostatic energy 

between electron charges,  ܧ௘ே൫݊ሺݎԦሻ൯ is the interaction energy between nuclei and electrons, ܧேே 

is the interaction energy between nuclei, and, finally ܧ௫௖൫݊ሺݎԦሻ൯ is the exchange correlation term 

that goes beyond classical Hartree term, but which also appears in the Hartree-Fock approach.  

Equations 22-26 show how each term is defined. 
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(Equation 25) 

Ԧሻ൯ݎ௫௖൫݊ሺܧ ൌ න݊ሺݎԦሻߝ௘௫௖௛	ሺ݊ሺݎԦሻ݀ݎԦ 
(Equation 26) 

By looking at these terms, one can see that Kohn and Sham placed all the complexity of the energy 

into functional exchange-correlation energy.  

3.5 Exchange-correlation energy approximations 

The only unknown term in Kohn-Sham energy term is the exchange-correlation term. 

Estimating exchange interactions is one of the fundamental parts of density functional theory. The 

first step to find exchange correlation energy is to divide it into two terms, one is related to the 

exchange term and the other related to the correlation term. 

Ԧሻሻݎ௘௫௖௛ሺ݊ሺܧ ൌ Ԧሻሻݎ௫ሺ݊ሺܧ ൅  Ԧሻሻ (Equation 27)ݎ௖ሺ݊ሺܧ

The idea here is to find the exact form for the large part and make an estimate for the smaller 

part. There are many methods that approximates this term. Local density approximation (LDA) 

[79], and generalized gradient approximation (GGA) [80,81] are two popular methods to 

approximate exchange-correlation energy, and further development permit taking care of van der 
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Waals interactions in the layered materials that are of concern in the present dissertation.   

3.6 Local density approximation (LDA) 

The LDA assumes that the density of a solid as a function of homogeneous electron gas:  
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(Equation 28) 

and the correlation part are estimated by quantum Monte-Carlo simulation [82]. In cases where the 

density undergoes sharp spatial changes this method has limitations. Examples of limitations are 

magnetism in iron, and overestimating the dielectric constant.  LDA can be improved by including 

the gradient of the electron density in approximating the ground state exchange correlation energy, 

and the generalized gradient approximation is an example of this approach. 

3.7 Generalized Gradient Approximation (GGA) 

In GGA, the exchange correlation energy is written not only as a function of density 

functions, but of the gradient of the density as well, which is calculated numerically. One example 

of this method is the Perdew–Burke–Ernzerhof (PBE) exchange-correlation functional [83], which 

has been used in many DFT calculations in this dissertation. 

3.8 Van der Waals   

LDA gives an appropriate approximation to simple dense homogeneous systems like metals 

and semiconductors. GGA and other methods of the semi-local family are reliable for more 

complicated compounds like transition metals and interfaces [84]. However, in many systems, the 

long-ranged van der Waals interactions, where electron interactions are sparse, play a significant 

role. Local or semi-local density functionals fail to describe these interactions effectively. To 
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tackle this issue, van der Waals exchange correlations are proposed to deal with non-local electron 

density interactions[84-86]. Van der Waals method describes the exchange correlation in three 

terms: 

Ԧሻ൯ݎ௘௫௖௛൫݊ሺܧ ൌ Ԧሻሻݎ௫ீீ஺ሺ݊ሺܧ ൅ Ԧሻሻݎ௖௅஽஺ሺ݊ሺܧ ൅  Ԧሻሻ (Equation 29)ݎ௖௡௟ሺ݊ሺܧ

where ܧ௫ீீ஺ is the exchange energy and it is approximated by GGA. The correlation part consists 

of a local part ܧ௖௅஽஺ and a non-local part ܧ௖௡௟.  

The non-local part can be written as: 

ሻ൯ݎ௖௡௟൫݊ሺܧ ൌ
1
2
	ඵ݀ଷݎԦଵ݀ଷݎԦଶ݊ሺݎԦଵሻ݊ሺݎԦଶሻ݂ሺݍଵ, ,ଶݍ Ԧଵݎ	| െ  Ԧଵ|ሻݎ

(Equation 30) 

where function f is a general kernel and can be written as a function of ݍଵ and ݍଶ and the position 

vectors. ݍଵ and ݍଶ	are obtained using the general function: 

,Ԧሻݎ଴ሾ݊ሺݍ  Ԧሻ| (Equation 31)ݎሺ݊׏|

The non-local correlation energy in the Equation 30 can be directly calculated by 

integration. This equation has been used effectively in many systems [87].  However, the double 

spatial integration is not efficient for large systems which requires more approximations. 

Reference [85] provides an approximation to the non-local part of correlation energy by fixing  ݍଵ 

and ݍଶ and expanding the kernel f in Equation 30 as:  

݂ሺݍଵ, ,ଵݍ ଵݎ| െ ଶ|ሻݎ ൌ 	෍݂൫ݍఈ, ,ఉݍ ଵݎ| െ ଶ|൯ݎ
ఈఉ

 ଶሻݍఉሺ݌ଵሻݍఈሺ݌
(Equation 32) 

where ݍఈ and ݍఉ are interpolation points. For more information on this method, and how to 

perform interpolation, readers can refer to reference [85]. In this dissertation, the molecular 
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dynamics calculations on GeSe and SnSe monolayers and bilayers are performed with SIESTA 

code with van der Waals interactions.  Figure 8 shows a schematic of different steps of solving 

Kohn-Sham equation also known as the self-consistent method.  

3.9 Package codes and other considerations 

In this dissertation, the ground state and lattice parameters of phosphorene and MMs are 

calculated using first principles calculations as implemented in plane-wave, density-functional 

Not converged 

Guess the initial density function n(r) 

Calculating the effective potential 

Solving the Kohn-Sham Equation 19. 

Calculating the Kohn-Sham energy and electron 
density 

Check whether the density is converged 

Calculate material properties (energy, forces, 
wavefunction, and eigenvalues) 

Yes, converged 

Figure 8. Self-consistent method used in DFT method. 

Start 

End 
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theory VASP code [88,89]. In addition, SIESTA[90-92] code has been used to perform MD 

calculations on monochalcogenide monolayers to predict the behavior of material at finite 

temperatures. For the pseudo-potentials, LDA and Pedrew-Burke-Ernzerhof (PBE) exchange-

correlation functional are used in ground state calculations [81] and van der Waals exchange 

potential are used in molecular dynamics calculations. For the k-point sampling, Monkhorst Pack 

scheme [93] has been used. The k-point samplings that were used were different for different 

materials. For most MMs, 18x18x1 k-points were chosen. All structures were optimized until the 

force tolerance was smaller than 0.001 eV/Å. To ensure the interaction between layers of material 

did not interfere with in-plane properties, large value at the third lattice constant were considered. 

This vacuum space is 21 Å for phosphorene and MMs. did not interfere with in-plane properties, 

large value at the third lattice constant were considered. This vacuum space is 21 Å for 

phosphorene and MMs.  
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4 Chapter Four: Two-dimensional disorder in phosphorene and group IV 
monochalcogenide monolayers 

4.1 Introduction  

The focus of this chapter is on 2D materials with a rectangular unit cell, such as 

phosphorene, and group IV monochalcogenide monolayers (MMs) which have a lower symmetry 

when compared to graphene. The rectangular unit cell of phosphorene and MMs adds degeneracy 

to the ground state of these materials. The ground state of the hexagonal structure of graphene is 

non-degenerate, because atoms return to their original position upon three-fold rotations or mirror 

reflections. However, degeneracy is observable in materials with rectangular unit cells because the 

choice of the rectangular unit cell orientation (horizontal, vertical) changes the location of atoms.  

Phosphorene and MMs have an additional two-fold degeneracy. The source of this 

additional two-fold degeneracy comes from the choice of atomic bonds in the unit cell. In fact, the 

choice of atomic position in the unit cell creates two additional phases.  

In the following, the degeneracy in the ground state of phosphorene and MMs are discussed 

by exploring the effect of lattice shape and atomic number on the energy of these materials. In 

addition, the energy required for each compound to transition from one elastically ground state to 

the other are calculated. This energy is called energy barrier, and it depends on chemical species 

in the compound.   

In this chapter, the structural parameters of monochalcogenide monolayers, and the 

correlation of the shape of the unit cell with atomic number are also discussed.  

The consequence of all degeneracies mentioned for MMs and phosphorene is a four-fold 

degenerate ground state. This four-fold degenerate ground state leads to an order-disorder 
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structural phase transition. The effect of temperature on the structure of MMs and phosphorene is 

corroborated by Car-Parrinello molecular dynamics calculations.  

4.2 Lattice parameters of phosphorene and MMs 

As mentioned before, phosphorene has a rectangular primitive unit cell. The real space unit 

vectors of phosphorene in Cartesian coordinates are: 

Ԧܽଵ ൌ ሺ4.628	, 0	,0ሻ	Հ	,   Ԧܽଶ ൌ 		 ሺ0	, 3.365	,0ሻ	Հ	 (Equation 33) 

These results are obtained by DFT calculation with VASP code and PBE pseudo potential.  

In addition, the reciprocal space unit cell is described by vectors ሬܾԦଵ and ሬܾԦଶ. 

ሬܾԦ
ଵ ൌ ߨ2 ௔ሬԦమൈ௔ሬԦయ

௔ሬԦభ.ሺ௔ሬԦమൈ௔ሬԦయሻ
ൌ ߨ2

|௔ሬԦమ|ఫ̂ൈ௞෠

|௔ሬԦభ|.|௔ሬԦమ|
ൌ ଶగ

|௔ሬԦభ|
	ଓ̂ ൌ 1.867Հ	ଓ̂	  (Equation 34) 

ሬܾԦ
ଵ ൌ ߨ2

Ԧܽଷ ൈ Ԧܽଵ
Ԧܽଶ. ሺ Ԧܽଷ ൈ Ԧܽଵሻ

ൌ ߨ2
| Ԧܽଵ| ෠݇ ൈ ଓ̂
| Ԧܽଵ|. | Ԧܽଶ|

ൌ
ߨ2
| Ԧܽଶ|

	ଔ̂ ൌ 1.358	Հ	ଔ̂		 
(Equation 35) 

The primitive unit cell and lattice vectors of phosphorene are shown in Figure 9 from 

different views. Each primitive unit cell of phosphorene and MMs contains four atoms. The 

structure of phosphorene from the top view is hexagonal. In one direction, the structure forms an 

armchair pattern and from the other side it has a zigzag pattern. This anisotropy in the structure of 

phosphorene and MMs is the source of many interesting phenomena in these compounds. For 

instance, phosphorene is flexible along the armchair pattern and stiff along the zigzag direction. 

The thermal conductivity of phosphorene along the zigzag direction is 40% larger than that along 

the armchair direction [94-96].  

The rectangular unit cell of phosphorene is also generic to all group IV-monochalcogenides 
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where each unit cell contains four atoms. However, the aspect ratio of the unit cell depends on 

atomic number, with lighter elements displaying the largest aspect ratio. The atomic structure of 

GeSe is illustrated in Figure 10a, and it is similar to that of phosphorene. The atomic structure of 

PbTe is shown in Figure 10b. Being heavier than GeSe, PbTe and other MMs with large atomic 

number have square unit cells.  

The first step to study these materials is to find the lattice parameters and lattice vectors. 

Therefore, a series of DFT calculations with VASP code on 12 MMs were performed to determine 

the lattice parameters and basis vectors of SiS, SiSe, SiTe, GeS, GeSe, GeTe, SnS, SnSe, SnTe, 

PbS, PbSe, and PbTe. In these DFT calculations, both PBE and LDA pseudo-potentials were used.   

The results of these calculations along with the atomic numbers and melting points of bulk form 

of these compounds are summarized in Table 2 and 3. 

ܽଵ ൌ 	4.628	Հ		 

ܽଶ ൌ 	3.365	Հ		 

ܽଵ		 

ܽଶ		 

Figure 9. The structure of phosphorene from different views. A single unit cell and lattice vectors 
are also shown.  

In Tables 2 and 3,  
௔భ
௔మ

 is the aspect ratio of the primitive unit cell which shows the deviation 
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Table 2. The lattice parameters of MMs using VASP code and PBE pseudo-potentials.  
 a1 (Å) a2 (Å) Atomic number a1/a2 Melting point of bulk (K) [97] 
phosphorene 4.628 3.365 60 1.375 883 
SiS 4.820 3.340 60 1.44 1173 
SiSe 4.780 3.600 96 1.352  
SiTe 4.290 4.110 132 1.044  
GeS 4.337 3.739 96 1.16 888 
GeSe 4.473 4.074 132 1.098 940 
GeTe 4.411 4.231 168 1.043 998 
SnS 4.329 4.157 132 1.041 1153 
SnSe 4.702 4.401 168 1.068 1134 
SnTe 4.681 4.586 204 1.021 1063 
PbS 4.350 4.349 196 1.00 1391 
PbSe 4.417 4.417 232 1.00 1351 
PbTe 4.650 4.650 268 1.00 1197 

 

 

Figure 10. a) The atomic structure of GeSe from different views and b) the atomic structure of 
PbTe from different views. 

a) GeSe b) PbTe 

of the unit cell from a square unit cell. Based on the calculated lattice constants, for all group IV 

monochalcogenide compounds, one can see that there is a correlation between atomic number of 

the compound and aspect ratio of the unit cell. Furthermore, additional calculations with SIESTA 
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Table 3. The lattice parameters of MMs using VASP code and LDA pseudo-potentials. 
 a1 (Å) a2 (Å) Atomic number a1/a2 Melting point of bulk (K) [97] 
phosphorene   60  883 
SiS 4.460 3.300 60 1.352 1173 
SiSe 3.980 3.780 96 1.053  
SiTe 4.120 4.040 132 1.020  
GeS 3.960 3.720 96 1.065 888 
GeSe 4.020 3.900 132 1.031 940 
GeTe 4.200 4.140 168 1.014 998 
SnS 4.040 4.000 132 1.010 1153 
SnSe 4.20 4.200 168 1.000 1134 
SnTe 4.440 4.440 204 1.000 1063 
PbS 4.120 4.120 196 1.000 1391 
PbSe 4.280 4.280 232 1.000 1351 
PbTe 4.520 4.520 268 1.000 1197 

 

code that include vdW correction are consistent with the results of LDA and PBE pseudo-

potentials.  

To illustrate this correlation better, Figure 11 shows the variation of the primitive unit cell 

aspect ratio versus the mean atomic number of the compound ܼ̅ where  

ܼ̅ ൌ
1
2
ሺܼூ௏ ൅ ܼ௏ூሻ (Equation 36) 

These aspect ratios range from about 1.40 for the cases of phosphorene and silicon sulfide 

(with small atomic numbers) to 1.00 for heavier compounds such as PbTe and PbSe, which means 

as the atomic number increases the unit cell of the compound becomes closer to a square unit cell. 

Consequently, the unit cells of materials with large atomic number such as PbSe and PbTe have a 

square shape. 

4.3 Degeneracy and energy barrier calculations in phosphorene and MMs 

Graphene has a non-degenerate ground state; its structure does not change under a three-  
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fold rotation nor upon mirror reflections along any of three-fold axes. Figure 12 illustrates these 

transformations. This fact leads to non-degeneracy its the ground state and is one reason behind 

its structural stability. On the other hand, 2D materials with lower symmetries have degenerated 

structural ground states. For example, phosphorene and MMs have a Pnma structure with an 

orthorhombic unit cell. As shown in Figure 13, these structures will change upon mirror 

transformation or rotation about symmetric axes. This leads to a four-fold degeneracy. As 

illustrated in Figure 13, two of these degeneracies comes from exchange of lattice parameters along 

cell. Each unit two in-plane axes and the other two degeneracies come from the choice of atomic 

bonds in the unit cell consists of two atoms in upper sub-layer (shown in green) and two atoms in 

lower sublayers (shown in gray). In Figure 13a and 13c the larger lattice parameters are along the 

x-direction but the choice of atomic bonds is different. In Figure 13b and 13d the larger lattice 

ܼ̅ 

 

ܽଵ
ܽଶ
െ 1 

SiSe 

GeS 

BP 

SiS 

VASP, PBE 

SIESTA, vdW-BH 
SIESTA, PBE 

PbSe 
PbTe 

Figure 11. The correlation of the aspect ratio of rectangular unit cell with MMs  mean atomic 
number.  

vector is along the y-direction, with two different choices of atomic bonds. 
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vector  

Reflection along y  

a) 

b) 

Figure 12. The structure of graphene remains unchanged upon a) three-fold rotations and b) 
reflection about symmetric axis. 

Reflection along x  

+120˚ ‐120˚ 

Figure 13. The structure of MMs and phosphorene changes upon mirror transformation about
symmetric axis.  

a) 

b)  d) 

c) 



35 

4.4 Energy landscape 

The degeneracy in the ground state of MMs and phosphorene, which comes from the 

orientation of rectangular unit cell, can be investigated using elastic energy landscape [98].  The 

elastic energy landscape (E(a1 , a2)) is the energy of a unit cell at zero temperature as a function of 

the length and width of the rectangular unit cell. The range of lattice parameters are determined in 

a way that contains the two ground states of the material. For instance, for GeS, unit cell energy 

was calculated when a1 and a2 changes from 3.5 Å to 4.7 Å with small steps of 0.02 Å. This energy 

landscape is illustrated in Figure 14.  

Figure 14 shows that the elastic energy landscape contains two minima which are labeled 

A and B. These two points are separated by an energy barrier, which is the energy that must be 

overcome to move from point A to point B in Figure 14. Point C on the Figure 14 is a saddle point 

that corresponds to the minimum energy of the structure when the two lattice constants are equal 

(square unit cell). The energy barrier is EC-EB. This energy is calculated for all the compounds and 

shown in Table 4 as ܧ௖ ݇஻
ൗ (K) per unit cell.  

Figure 14. The energy landscape of GeS. Two ground states are labeled A and B. The barier is of 
the order of 500 K  
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The energy barrier has a wide range, from 5159 K for phosphorene to 0 K for lead-based 

compounds, which implies wide tunability. 

Two groups of MMs based on their energy barrier: Comparing the wide range of energy 

barrier with the experimental melting points shown in Table 4 allows the phosphorene and MMs 

to be categorized into two groups: (i) those compounds with melting points much smaller than the 

energy barrier i.e. ܧ௖ ൒ 	݇஻ ௠ܶ such as phosphorene and SiS; and, (ii) those with an energy barrier 

less than their melting point i.e. ܧ௖ 	൑ ݇஻ ௠ܶ such as GeTe.  

The value of energy barrier plays a significant role in the structure of phosphorene and MM 

compounds at finite temperature. Most of theoretical studies on phosphorene and MMs are 

performed at zero temperature and under the assumption that the atomic structure does not change 

at finite temperature before the melting point. However, in the case that the ground state is 

degenerate, one can expect that materials change structurally at finite temperature and this is the 

main point of the present dissertation. 

Table 4. Energy barrier of MMs using VASP code.  
 Atomic 

number 
a1/a2 ܧ௖

݇஻
ൗ (K) Melting point of bulk (K) 

[97] 
phosphorene 60  5159 േ 75 883 
SiS 60 1.352 3536 േ 462 1173 
SiSe 96 1.053 730 േ 446  
GeS 96 1.020 653 േ 221 888 
GeSe 132 1.065 220 േ 76 940 
SiTe 132 1.031 154 േ 24  
GeTe 168 1.014 95 േ 9 998 
SnS 132 1.010 63 േ 0 1153 
SnSe 168 1.000 87 േ 79 1134 
SnTe 204 1.000 10 േ 14 1063 
PbS 196 1.000 0 1391 
PbSe 232 1.000 0 1351 
PbTe 268 1.000 0 1197 
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The energy barrier of phosphorene as calculated in this study is 5100 K which is thermally 

driven much higher than its melting point. As a result of this huge barrier, one cannot expect to 

see 2D structural phase transition in phosphorene. However, those materials (GeSe, GeS, SnSe, 

SnS) which have energy barriers smaller than melting points will undergo a 2D phase transition. 

To see the effect of these structural changes on properties of MMs, it is essential to investigate the 

effect of temperature as a cause of structure changes on material properties. Chapter Five of this 

dissertation focuses mainly on the effect of temperature and consequently structural changes on 

properties of MMs. 

4.5 More on the second source of degeneracy 

The second source of degeneracy comes from the choice of bonding in the unit cell, which 

can be explained using Figure 16. The structure of MMs has two sublayers. In Figure 16, the upper 

Figure 15. The logarithm of the energy barrier for different MMs unveils exponential dependence
of the energy barrier with the mean atomic number. 

 

ܼ̅ 

PbS 

SnTe

SiTe 

GeSe 

SnS 

GeTe 

SnSe 

 

 

 

௖ܧ
݇஻

ሺܭሻ 
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sublayer is shown in darker color. A single rectangular unit cell of the structure is shown within 

black dashed lines. The atom labeled 0 shown in bright color has four different choices of 

combinations to create bonds with its neighbors. In structure A1, atom 0 is bonded to atom 1 and 

2 while in structure A2 it is bonded to atoms 3 and 4. In the same pattern in configuration B1, atom 

0 is bonded to atoms 1 and 3 and in B2, 0 is bonded to 2 and 4. Each of these atoms is also bonded 

to an atom in the lower sublayer. The lower sublayer bonds follow the trend described for the 

upper sublayer, leading to four combinations in total.  

4.6 Effect of temperature on the atomic structure by MD calculation 

As a first attempt to see the effect of temperature on the structure of phosphorene and MMs, 

a series of Car-Parrinello molecular calculations with the SIESTA code were performed at T = 30 

K, 300 K, and 100 K. These calculations were run for 1000 fs on a periodic supercell containing 

576 atoms within NPT ensemble. Periodic images have a separation of 20 Å. In these calculations, 

a total of 500 fs time is required for the structure to equilibrate. Initially, all unit cells have atomic 

Figure 16.  Atomic decoration of four degenerate ground state on MMs. 
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decoration of A1 as shown in Figure 16. These calculations already validate categorizing MMs and 

phosphorene into two groups based on the value of energy barrier and melting point that were 

discussed earlier. Figure 17 shows snapshots of the MD calculation on phosphorene and different 

MMs at 300 K. For a better understanding of the snapshots of MMs, only the upper sublayer is 

depicted. These snapshots are taken after 500 fs and show what happens at room temperature to 

these materials. In Figures 17a and 17b phosphorene and SiSe at T = 300 K show no major 

structural changes. This is in agreement with the fact that phosphorene and SiSe have a very high-

energy barrier. The snapshot of GeS in Figure 17c shows few bond reassignments. While in the 

initial condition all unit cell followed A1 configuration, two bond reassignments occurred which 

are shown in the figure with arrows in different directions than A1. Based on Table 4, the energy 

barrier of GeS is 653 K, still higher than 300 K. 

However, when the simulation temperature is higher than the energy barrier, bond 

reassignment happens which leads to disorder in the structure of the material: Figure 17 d-f shows 

the MD snapshot of GeSe, SnS, and SnSe, respectively, for which Ec < 300 K. In these snapshots, 

the number of bond reassignments increases, which is consistent with their energy barrier being 

smaller than the simulation temperature. Orange lines correspond to the initial configuration of 

atomic bonds.  

The behavior of these material at higher temperature can be discussed by looking at 

snapshots of MD calculations at T = 1000 K. Figure 18a shows phosphorene retains its Pnma 

structure at 1000 K.  

4.7 Evolution of average lattice parameters a1 and a2 with temperature 

  
Figures 17 and 18 provide visual evidence of order-disorder transition of some MMs. 
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However, the evolution of average lattice parameters of the 12x12 supercell with temperature 

provides initial credence for such a transition. As discussed before, the transition starts by bond 

reassignment of nearest neighbors. The temperature increases and becomes closer to the value of 

௖ܧ
݇஻
ൗ  per unit cell as more bond reassignments between nearest neighbors occurs, leading to a 

macroscopic effect on the value of average lattice parameters, by increasing the smaller lattice 

parameter and decreasing the larger one. Finally, at a macroscopic level and at a temperature above  

௖ܧ	
݇஻
ൗ , the average of the two lattice parameters becomes equal, which signals the occurrence of 

a structural phase transition. Although a full description of the transition is reserved to Chapter 

Five, it is important to begin making a case for it. The value of average lattice vectors and the ratio 

of  
௔భ
௔మ

  at temperatures of 0 K, 30 K, 300 K, and 100 K are shown in Table 5, for that purpose. 

Based on these results, phosphorene and SiSe retain a ratio of lattice parameters 
௔భ
௔మ
൐ 1  in all four 

sampled temperatures, which means their rectangular unit cell does not alter up to melting point. 

This is consistent with their high value of	ܧ௖. Phosphorene and SiSe maintain their two-

dimensional Pnma structure up to 1000 K.   

In case of PbS, the ratio of  
௔భ
௔మ
	  is equal to one for all the four sampled temperatures, which 

is consistent with the value of ܧ௖ ൌ 0	previously mentioned in Table 5. In all other cases, bond 

reassignment at finite temperature happens, which is a sign of an order-disorder transition before 

the melting point [99]. In fact, GeS shows a significant reduction of  
௔భ
௔మ

 ratio from 1.156 ± 0.106 

to 1.048 ± 0.541 between T = 300 K and T = 1000 K. GeSe also shows a drastic change of  
௔భ
௔మ

, 

from 1.084 ± 0.116 at T = 300 K, down to 1.016 ± 0.541 at T = 1000 K. These are evidence 

showing order-disorder transition happens for these materials between T = 300 K and T = 1000 K 
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and agrees with their value of Ec = 653 ± 221 and Ec = 220 ± 76 for GeS and GeSe, respectively.  

Along similar lines, the lattice ratio of SnSe, SnTe, and GeTe has a sudden change between 

30 K and 300 K which may imply that SnSe, SnTe, and GeTe will have an order-disorder transition 

between 30 K and 300 K. According to Table 4, SnS has ܧ௖ ൌ 63 േ 0, which implies that a drastic 

change of a1/a2 ratio should happen between 30 K and 300 K as a result of order-disorder transition. 

Accordingly, Table 5 shows a decrease of a1/a2 ratio from 1.041 ± 0.027 to 1.003 ± 0.096 from 30 

K to 300 K. 

Table 5. Average lattice parameters for phosphorene and MMs at four temperatures.  

T(K) a1 (Å) a2 (Å) a1/a2 a1(Å) a2 (Å) a1/a2 

  phosphorene SiSe 

0  4.628 ± 0.000  3.365 ± 0.000  1.375 ± 0.000  5.039 ± 0.000  3.728 ± 0.000 1.352 ± 0.000 

30  4.625 ± 0.050  3.364 ± 0.033 1.375 ± 0.028  5.029 ± 0.058  3.733 ± 0.077 1.347 ± 0.042 

300  4.628 ± 0.181  3.368 ± 0.103 1.374 ± 0.096  5.054 ± 0.187  3.748 ± 0.272 1.348 ± 0.140 

1000  4.632 ± 0.388  3.384 ± 0.207 1.369 ± 0.198  5.090 ± 1.298  3.861 ± 1.302 1.318 ± 0.780 

  GeS GeSe 

0  4.337 ± 0.000  3.739 ± 0.000 1.160 ± 0.000  4.473 ± 0.000  4.074 ± 0.000 1.098 ± 0.000 

30  4.338 ± 0.069  3.744 ± 0.044 1.159 ± 0.032  4.475 ± 0.071  4.073 ± 0.051 1.099 ± 0.031 

300  4.351 ± 0.228  3.764 ± 0.148 1.156 ± 0.106  4.474 ± 0.266  4.128 ± 0.197 1.084 ± 0.116 

1000  4.478 ± 1.304  4.271 ± 0.960 1.048 ± 0.541  4.942 ± 1.349  5.019 ± 1.386 1.016 ± 0.541 

  GeTe SnS 

0  4.411 ± 0.000  4.231 ± 0.000 1.043 ± 0.000  4.329 ± 0.000  4.628 ± 0.000 1.041 ± 0.000 

30  4.414 ± 0.052  4.230 ± 0.055 1.043 ± 0.026  4.330 ± 0.061  4.628 ± 0.050 1.041 ± 0.027 

300  4.408 ± 0.199  4.266 ± 0.175 1.033 ± 0.089  4.258 ± 0.218  4.628 ± 0.190 1.003 ± 0.096 

1000  4.479 ± 0.720 4.415 ± 0.645 1.014 ± 0.311  4.837 ± 1.109  4.628 ± 0.171 1.028 ± 0.492 

  SnSe SnTe 

0  4.702 ± 0.000  4.401 ± 0.000 1.068 ± 0.000  4.681 ± 0.000  4.157 ± 0.000 1.021 ± 0.000 

30  4.695 ± 0.075  4.406 ± 0.060 1.066 ± 0.032  4.686 ± 0.060  4.159 ± 0.057 1.022 ± 0.026 

300  4.687 ± 0.282  4.468 ± 0.254 1.049 ± 0.123  4.630 ± 0.219  4.245 ± 0.220 1.008 ± 0.094 

1000  4.826 ± 0.595  4.585 ± 0.474 1.052 ± 0.238  4.908 ± 0.875  4.704 ± 0.854 1.026 ± 0.366 

  PbS    
0  4.350 ± 0.000  4.349 ± 0.000 1.000 ± 0.000    
30  4.355 ± 0.049  4.354 ± 0.044 1.000 ± 0.021    
300  4.372 ± 0.179  4.371 ± 0.174 1.000 ± 0.081    
1000  4.416 ± 0.397  4.427 ± 0.375 1.002 ± 0.175    

 



44 

Thermal evolution of the total energy: Table 5 builds general evidence of 2D transitions 

in MMs. Signatures of this transition can also be observed in the energy behavior with temperature. 

However, finding the evolution of specific heat by temperature requires MD calculations at 

intermediate temperatures.  For this reason, extra MD calculations are performed on GeS and 

GeSe. These MD calculations were performed with SIESTA package with temperature ranging 

from 0 K to 1000 K with steps of 50 K within the NPT ensemble, and P set to standard atmospheric 

pressure. For these MD calculation, an 8x8 supercell (256 atoms) was chosen. E(T) is the total 

energy of the structure which is achieved by averaging over 500-1000 fs of MD calculations. E(T) 

consists of both kinetic and potential energy terms: 

ሺܶሻܧ ൌ ܷሺܶሻ ൅  ሺܶሻ, (Equation 37)ܭ

where E(T) is the total energy as a function of temperature and U and K are potential and kinetic 

energy, respectively. Based on the equipartition theorem, the kinetic energy linearly depends on 

temperature. Therefore, one can write the potential energy as: 

ܷሺܶሻ ൌ ሺܶሻܧ െ  (Equation 38) ܶߙ

where ߙ is a proportional constant.  

The evolution of the potential energy of GeSe and GeS are shown in Figure 19. By looking 

at the trend of the potential energy versus temperature, it is seen that the rate of change of the 

potential energy reduces around 510 K for GeS and 380 K for GeSe. These are further evidence of 

phase transition in these materials. This concept is more apparent by looking at the evolution of 

the specific heat (derivative of total energy over temperature) at constant pressure. 

 ܿ௣ ൌ
݀൫ܧሺܶሻ൯
݀ܶ

ൌ 	
݀൫ܷሺܶሻ൯
݀ܶ

൅  (Equation 39) ߙ
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which is illustrated in Figure 20. 

Figure 20 shows that there are two sudden changes in the specific heat of both GeS and 

GeSe. One of these sudden changes is related to the melting point, around 900 K. The other sudden 

change corresponds to the 2D phase transition of these materials, which is being introduced in this 

dissertation. The sudden change is around 510 K for GeS and 380 K for GeSe. These temperatures 

Figure 19. The evolution of internal potential energy U of a) GeS and b) GeSe with temperature. 

(a) (b) 

Figure 20. The evolution of the rate of the change of internal energy of a) GeS and b) GeSe with 
temperature.  
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are in agreement with previously mentioned results of order-disorder transition temperatures in 

Table 4 and Figures 15 and 16.  

Aspect ratio of the unit cell: Another sign of transition in these materials is the change in 

the aspect ratio of the rectangular unit cell. That means the rectangular unit cell of these materials 

becomes a square at temperatures larger than Ec, as demonstrated in Figure 21. The ratio of  
௔భ
௔మ

   is 

an order parameter which can be used to determine the structural transition. A sudden change of 

this order parameter at a small temperature interval is a sign of such transition. The change of this 

order parameter over temperature can be calculated using Equation 40.  

∆൫ܽଵ ܽଶൗ ൯

∆ܶ
 

(Equation 40) 

A sudden change of this rate at temperatures close to Ec for GeS and GeSe is shown in 

Figure 21. To be consistent with showing MD results at 300 K and 1000 K in Figures 17 and 18, 

the trajectories of GeS and GeSe on an 8x8 supper-cell are shown in Figures 22 and 23. The upper 

sublayer of the MMs has a zigzag pattern at zero temperature. However, at finite temperature, the 

zigzag pattern changes because of reassignment of atomic bonds between nearest neighbors. These 

bond reassignments are shown in Figures 22 and 23 with arrows.  Figure 22 is snapshots of the 

atomic temperature at 100 K, 200 K, and 300 K. At these temperatures, the bond reassignments 

are minimum. However, as temperature increases, the number of sites for which bond 

reassignment occurs increases until the crystal becomes completely disordered as illustrated in 

Figure 23. These results are generic for all MMs. 
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4.8 Discussion and summary 

Graphene has a degenerate ground state which makes it a stable material. However, most two-

dimensional materials have lower symmetric crystalline structures which adds degeneracy to their 

structural ground state. Along these lines, MMs and phosphorene have a four-fold degenerate 

ground state. Two of which can be obtained by exchange of the two lattice parameters and two 

come from the position of atoms in the unit cell. The required energy to move from one ground 

state to the other is called the energy barrier. This value can be normalized by Boltzmann’s 

constant which will have a Kelvin unit per unit cell. In this chapter, phosphorene and MMs were 

categorized into two groups based on their energy barrier: i) the energy barriers of phosphorene 

Figure 19. The evolution of the ratio of the two lattice parameters by temperature (top) and its rate 
of change (bottom). 
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and SiS are much higher than their melting points; and ii) GeSe, GeSe, SnSe, SnS and Pb 

compounds have energy barriers much less than their melting points.  

The energy landscape of a single unit cell of GeS as a function of the two lattice parameters 

was plotted and discussed. This energy landscape shows two minima which corresponds to the 

two ground states of the material. In addition, the energy barrier was calculated by comparing the 

ground state energy with the minimum energy of the unit cell when the two lattice parameters are 

equal. The energy barrier for phosphorene and 12 compounds of MMs were calculated and 

tabulated.  

The crystal structure of the first group remains intact by increasing the temperature until it 

reaches the melting point. However, the second group undergoes 2D transitions in the crystalline 

structure before the melting point, signified by abrupt change of a1/a2 into unity. 

 Various evidence of this 2D transition was investigated and is listed below. 

 Snapshot of MD calculations at temperatures well below the melting point show 

visual evidence of disorder in the crystalline structure of the second group by bond 

reassignments.  

 The evolution of the specific heat of these materials by temperature shows a 

significant change at a critical temperature close to the barrier energy.  

 The average of the two lattice parameters becomes equal at critical 

temperature which means the unit cell changes from a rectangular unit cell to a square 

one.  
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5 Chapter Five: Structural phase transition in group IV monochalcogenide monolayers 
and bilayers 

5.1 Introduction: phase transitions in crystalline materials 

Phase transitions are very important in physics. Very exciting phenomena such as 

multiferroicity, ferromagnetism, ferroelectricity, superconductivity, ferroelectricity, liquid crystals 

and magnetoresistance are directly related to phase transitions. Different types of phase transitions 

exist in crystalline materials: 

 Structural phase transitions 

 Metal-insulator phase transitions 

 Superconducting-normal phase transitions 

 Superfluid-normal phase transitions 

 Magnetic phase transitions 

 Quantum phase transitions, which are non-thermally driven. 

In the previous chapter, the four-fold degeneracy in the ground state of monochalcogenide 

monolayers was introduced. The degeneracy of the structural ground state leads to a structural 

two-dimensional order-disorder phase transition in these materials. The ferroelectric properties 

[74, 100] observed in these materials are the consequence of their structural degeneracies [74].  

In this chapter, SnSe and GeSe monolayers and bilayers are the focus of investigation: 

more evidence of phase transitions by means of new structural order parameters are given, along 

with effect of the 2D phase transition on their optical, electronic, and piezoelectric properties.  

Most of the results are based on Car-Parinnello MD calculations with SIESTA package on the 

NPT ensemble.  
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5.2 Car-Parrinello MD calculations 

According to Figure 15, the structural phase transition in MMs happens at a material 

dependent critical temperature, Tc. Therefore, it is essential to investigate the structure of these 

materials at different temperatures before the melting point. For this purpose, among different 

MMs, SnSe and GeSe were chosen. The reason for this selection is the fact that the value of Tc for 

these materials is close to room temperature. In addition to monolayers of SnSe and GeSe, the 

same investigation was performed on AB bilayers of SnSe and GeSe which are anti-

ferromagnetically coupled. The sample size of MD calculations for monolayer materials contained 

a supercell with 256 atoms (8x8 unit cell) and the bilayer materials were built by putting two layers 

of single layer material on an AB stacking configuration. These, MD calculations were run for 

20,000 steps by Professor Barraza-Lopez, with a step size of 1.5 fs. This leads to a total 30 ps 

simulation of the structures. MD calculations were performed with a 25 K resolution.  

Thermal equilibrium requires obtaining thermal averages which is ranging from 1000 fs to 

5000 fs. Figures 24 and 25 show the change of Kohn-Sham energy versus time at 200 K, 300 K, 

and 425 K for SnSe and GeSe monolayers. Thermal fluctuations are also depicted in Figures 24 

and 25. 

5.3 Transition temperature from MD calculations. 

New structural order parameters: In this section, the transition temperature, Tc, of 

monolayers of SnSe and GeSe is determined from the structural evolution in MD calculations.  

Sudden changes in order parameters show the transition temperature and the nature of the transition. 

These order parameters are: 
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Sudden changes in order parameters show the transition temperature and the nature of the        

Figure 24. Time evolution instantaneous temperature and energy of the structure (GeSe ML). 
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Figure 25. Time evolution instantaneous temperature and energy of the structure (SnSe ML). 
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1- The average of two in-plane lattice parameters of the materials. Since a sign of the 

structural transition is a change from a rectangular unit cell to a square one, the evolution 

of the two lattice parameters can show the transition temperature. The lattice parameters a1 

and a2 are obtained by finding the average of four distances between similar atoms of two 

neighbor unit cells on the entire supercell, as shown in Figure 26.  

2- Interatomic distances up to the third nearest neighbor, d1, d2, and d3, shown in Figure 26. 

One of the signatures of structural transition of these materials is when the distance 

between the second and third nearest neighbors becomes identical.  

3- The other order parameters are related to bond angles of the structure. ߙଵ is the angle 

between a given atom and its third nearest neighbors; ߙଶ is the angle between second and 

third nearest neighbors; and, ߙଷ represents the angle between an atom and its second 

nearest neighbors. These angles are illustrated in Figure 26 too.  

Evolution of order parameters with temperature: Figure 27 shows the values of order 

parameters as a function of time in monolayer GeSe at 200 K, 300 K, and 425 K, while Figure 28 

illustrates the evolution of these order parameters as a function of time for GeSe bilayers at 200 

K, 350 K and 450 K. 

In Figures 27 and 28, the two lattice parameters a1 and a2 remain almost constant at T = 30 

K and a2 is smaller than a1 in all time steps of the simulation. In addition, the order of all other 

parameters remains constant, that means in the entire MD steps d3 > d2 > d1 and ߙଷ ൐ ଶߙ	 ൐  .ଵߙ

This fact is generic for a bilayer at low temperature and suggests that there are no structural 

changes at low temperature for a monolayer and a bilayer of GeSe. However, at an intermediate 

temperature, 300 K for GeSe monolayer and 350 K for GeSe bilayer, the order parameters start to 

fluctuate and become equal on average.  
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However, the value of d1 remains unchanged, even at a higher temperature of 425 K for 

both monolayer and bilayer of GeSe throughout the entire simulation. Physically, d1 = constant 

means the distance between two upper and lower sublayers of the material remains constant, which 

allows this to be called a two-dimensional phase transition. This fact is crucial for the 

understanding the nature of this phase transition. The evolution of order parameters for SnSe 

monolayer at 100 K, 175 K, and 300 K is illustrated in Figure 29 and in Figure 30 for SnSe bilayers 

Figure 26. Structural order parameters. a1 a2 are lattice parameters, d1, d2 and d3 are the first, 
second, and third nearest neighbor distances.  

a1 a2 

d2 
d3 

d1 

Angle 

at 100 K, 200 K, and 350 K. The trend of the order parameters of SnSe is similar to GeSe but the 

transition temperature is smaller.  
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Figure 27.  Time evolution of order parameters for GeSe ML. 
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Figure 28. Time evolution of order parameters for GeSe BL. 
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Figure 29. Time evolution of order parameters for SnSe BL. 
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Figure 30. Time evolution of order parameters for SnSe ML. 
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Evolution of order parameters by temperature: For a better illustration of the transition 

temperature, the average of each order parameter was calculated over the last 15,000 time-steps of 

the MD calculations. Figures 31 and 32 show the trend of time-averaged order parameters by 

temperature for monolayer of GeSe, bilayer of GeSe, monolayer of SnSe, and bilayer of SnSe, 

respectively, and which constitute the most important results of this dissertation.   

Figure 31 shows that the average of the two lattice parameters of a monolayer of GeSe 

collapses to a single value at about Tc = 300 K. This also can be confirmed by d2, d3, and the three 

angles shown in Figure 31. It is worthwhile to emphasize that the nature of these transition is 

different from melting, as melting transition would be signaled by an isotropic change of all three 

distances, d1, d2, and d3.  

For GeSe bilayers, the behavior of order parameters show that the transition temperature is 

slightly higher than the single layer and is Tc = 350 ± 16 K.   

The averages of order parameters of SnSe show Tc = 175 ± 11 K for monolayers and Tc = 

225 ± 9 K for bilayers. The value of Tc for bilayers is higher than that of monolayers. This is 

consistent with the value of phase transition in the bulk which is of the order of 800 K. It was 

beyond the scope of this research to calculate the phase transition of the multilayer form of these 

materials.  

5.4 Material properties of monolayers and bilayers of GeSe and SnSe  

  Strain is a method to modify the properties of crystalline materials, which means change in 

the structure of crystalline materials will have effects on their properties. Since temperature changes 

lattice parameters, one can investigate the properties of materials before and after transition 

temperature in an effect similar to strain. Therefore, the electronic and optical properties of these 



59 

materials were investigated above and below the transition temperature.  

MD sample structures: The estimation of optoelectronic properties was performed on 

averaged single unit cells. A sampling approach to find the appropriate unit cells at each 

temperature was used.  All the samples must be chosen from the frames after the material is 

Figure 31. The evolution of averaged order parameters by temperature for GeSe monolayer and
bilayers.  

equilibrated. 150 samples were chosen with steps of 100 fs at times given by: 

ݐ ൌ 100݅ ൅ 5000							1 ൑ ݅	 ൑ 150 (Equation 40) 
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equilibratedequilibratedequilibratedequilibratedq.  

5.5 Electronic band gap and density of states  

The band structure calculations were performed with SIESTA code along the highly 

symmetric points indicated in Figure 33. 

After calculating band structure of all 150 sample unit cells at three different temperatures, 

they were superimposed on a single figure for each temperature which shows an effective electron 

coupling. Figure 34 shows these band structures of SnSe monolayer and bilayer at three 

Figure 32. The evolution of averaged order parameters by temperature for SnSe monolayer and 
bilayer. 
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temperatures, 0 K, 100 K, and 200 K. Figure 35 shows these band structures of GeSe monolayer 

and bilayer at three temperatures, 0 K, 200 K, and 400 K.  

All four investigated materials will remain semiconductors below and above Tc as can be 

seen from the wide gap between conduction and valence bands in Figures 34 and 35.  The density 

of states on the full, non-averaged supercell also show no occupied bands between the conduction 

band and valence band. 

The values of band gap for these materials at different temperatures are shown in Table 6. 

Upon increasing the material temperature, the magnitude of the band gap changes. The band gap 

of all four materials are indirect at temperatures below the transition temperature going from kpoint 

X in the valence band to Y in the conduction band. There is a considerable amount of spin 

polarization in the conduction and valence bands of these materials at temperature below Tc. As 

the temperature becomes close the Tc, the value of band gap decreases and the indirect band gap 

of the material becomes direct. Due to the change from a rectangular unit cell to a square one, X 

and Y in the reciprocal space become equal resulting in a more symmetric band structure.  

Ky 

Kx 

Γ X 

Y M 
ߨ
ܽଶ

 

ߨ
ܽଵ

 

Figure 33. Highly symmetrical points of MMs structure. 
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Figure 35. Band structure and density of states of GeSe monolayer and bilayer. 
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Figure 34. Band structure and density of states of SnSe monolayer and bilayer. 
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In addition, increasing temperature will cause the spin polarization to be degraded, because the 

spin up and down bands become broader. Therefore, for the rest of the results, the spin orbit 

coupling effect was neglected. For the bilayer, because the materials have an AB stacking 

configuration, the spin polarization is zero due to inversion symmetry.  

Table 6. The band gap of SnSe and GeSe monolayers and billayers at T = 30 K, T = Tc and T > Tc 
  SnSe ML GeSe ML SnSe BL GeSe BL 
T = 30 K Band gap (eV) 1.096 1.195 0.910 1.104 

Direct value (eV) 1.0961 1.195 0.911 1.104 
Type of band gap (eV) direct direct indirect direct 

T = Tc Band	gap	ሺeVሻ	 0.916 േ 0.031 1.02
േ 0.054 

0.873
േ 0.025 

1.07
േ 0.022 

Direct value (eV) 0.958 േ 0.037 1.11
േ 0.033 

0.894
േ 0.0191 

1.08
േ 0.015 

Type of band gap (eV) indirect indirect indirect indirect 
T > Tc Band gap (eV) 0.854 േ 0.038 0.854

േ 0.038 
0.798
േ 0.039 

0.100
േ 0.041 

Direct value(eV) 0.931 േ 0.035 0.934
േ 0.035 

0.835
േ 0.029 

1.05
േ 0.041 

Type of band gap (eV) indirect indirect indirect Indirect 
 

5.6 Optical absorption 

Another signature of the structural transition is the linear polarized optical absorption 

spectra shown in Figure 36. In this figure, dashed red lines show the linear optical absorption along 

the a1-line and black lines along a2. The gray line is the confidence interval for the black line, and 

the orange dashed line is the confidence interval for the dashed red line.  At T < Tc, the valleys X 

and Y are not equal. Therefore, their optical absorption plot versus photon energy are different. 

However, as the temperature becomes Tc and above, the optical absorption for both horizontally 

and vertically polarized light becomes identical.  
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5.7 Piezoelectricity and pyroelectricity 

Piezoelectricity: Recently, group IV monochalcogenide monolayers were shown to 

exhibit a high piezoelectric effect [7,8]. All the mentioned studies were performed at zero 

temperature. However, it is essential to investigate the effect of temperature on the piezoelectricity 

of these materials especially for T > Tc. For this purpose, calculations were performed on the 150 

averaged unit cells acquired from molecular dynamics calculations. To see the evolution of the 

piezoelectric effect with temperature, the electronic and ionic dipole moment of GeSe and SnSe 

monolayer were calculated and plotted in Figure 37.  

The magnitude of the dipole moment as a function of temperature at T < Tc, is consistent 

with previous studies showing large piezoelectric response at zero temperature. However, there is 

a sudden change in the value of dipole moment as the temperature becomes close to Tc. For T > 

Figure 36. The evolution of optical absorption of four investigated materials. 
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Tc the dipole moment becomes zero or very close to zero. Due to the transition, the average 

orientation of dipole moments in the supercell becomes zero. Consequently, the piezoelectric 

effect vanishes at T > Tc. 

 Pyroelectricity: Pyroelectricity is the ability of certain crystals to produce temporary 

voltage upon change in their temperature. Pyroelectric materials are naturally polarized and by 

change in their temperature, a large electric field will be created which creates temporary voltage 

in these materials. If the material stays at a temperature for some time, the electric field vanishes 

due to leakage current. Pyroelectricity is different from thermoelectricity in which the material is 

conducting heat between two unequal temperatures and, consequently, creates voltage. The 

pyroelectric coefficient is the change of the spontaneous polarization vector by temperature as 

shown in Equation 37: 

Figure 37. The temperature evolution of the dipole moment and pyroelectric response of GeSe 
and SnSe monolayers.  
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௜݌ ൌ
݀ܲ
݀ܶ

 
(Equation 37) 

 The lower plots of Figure 37 show the pyroelectric response of monolayers of GeSe and SnSe.  

5.8 Summary and discussion  

In this chapter, structural changes in group IV monochalcogenides were described. To 

exemplify, monolayers and bilayers of GeSe and SnSe were selected. These materials undergo a 

2D phase transition, which is the main contribution of this dissertation. This phase transition is due 

to the degeneracy in the structural ground state of these materials, which was discussed in Chapter 

Four. The phase transition transforms the average unit cell of these materials from a rectangular 

unit cell to a square one. This 2D phase transition also changes the properties of these materials. 

The effect of this phase transition on properties of these materials were investigated using Car-

Parrinello molecular dynamics. The 2D phase transition for SnSe monolayer and bilayer happens 

at 200 K and 225 K, respectively. Phase transition for monolayer and bilayer of GeSe occurs at a 

higher temperature of 300 K and 350 K, respectively.  

The electronic band gap of these materials below Tc has two distinct valleys in the 

conduction bands and two different valleys in the valence bands near the X and Y points in the 

Brillouin zone.  Upon the 2D phase transition, the X and Y valleys in the conduction band become 

equal and X and Y valleys in the valence band also become equal. This fact is an additional 

signature of the phase transition, and it shows the effect of phase transition on the electronic 

properties of the material.  

Below Tc, GeSe ML and SnSe ML have dipole moments equal to 2.6 x 10 -10 C/m and 2.3 x 

10-10 C/m, respectively. Consequently, these materials exhibit a large piezoelectric response. 



67 

However, at temperatures close to and above Tc, the dipole moment of these materials vanishes. 

This reduces the piezoelectricity of these materials near and above critical temperature, and 

induces a pyroelectric response.     
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Appendix A: Description of research for popular publication 

Title: structural phase transitions in 2-D atomic materials 

By: Mehrshad Mehboudi 

Two-dimensional materials which are made of one or few atom thick regular bulk materials 

have many unique properties that are different and more desirable compared to their bulk parents. 

For example, graphene – one layer of graphite – is harder than steel and has much higher thermal 

and electronic conductivity. Recently a new class of two-dimensional materials was predicted to 

be stable as the next candidates of optoelectronic devices. These materials which have only one 

sheet of atoms are compounds of group IV and group VI of the periodic table, for example, tin 

selenide (SnSe) or germanium sulfide (GeS). The crystalline structure of these materials can be 

built by putting together small and equal rectangular cells called unit cells. Each rectangle consists 

of four atoms (two of each element). This research predicted that this class of material acts 

differently than other 2D materials because there are four ways to create their atomistic 

arrangement. These four ways compete with each other and may cause disorder in the structure at 

room temperature. In addition, it was numerically predicted in this research that at a certain 

temperature, the rectangular unit cell of some of these materials will convert to square ones. These 

changes in the structure will modify properties of these materials and lead to unforeseen 

optoelectronic properties. Therefore, temperature can be used to modify the properties of these 

materials. A change in electronic properties of these materials upon passing the transition 

temperature is also predicted. For example, piezoelectric properties (capability to produce 

electricity by applying mechanical deformation to the material) of these materials reduces 

significantly due to phase transition. 

The study of 2D materials will revolutionize many fields of study such as electronics, 
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lasers, transistors, filters, digital screens and sensors. The essential part of these applications are 

semiconductors. Semiconductors are used in most of electronic devices from computers to cell 

phones. In order to have faster computers and cell phones, we need to use a material that has high 

electronic mobility and can be integrated into nano-scaled transistors.  While most electronic 

devices are made of silicon, search for new alternative materials with higher electron mobility is 

always desirable.  For many years, the main approach to increase the speed of computers was to 

reduce the size of silicon transistors. However, this approach has reached physical limitations 

which has led researchers to find alternative materials for silicon. 2D materials such as 

phosphorene and monochalcogenide monolayers are viable alternatives for silicon due to many 

unique electric properties. The surface of 2D materials are very sensitive because almost every 

atom of these materials is on the surface. Therefore, sensors made from 2D materials potentially 

can detect very small changes that cannot be detected by current sensors.  

 The variety of 2D materials with extraordinary properties has made these materials one of 

the most investigated class of materials which can be new arsenal for future industries. 
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Appendix B: Executive summary of newly created intellectual property 

The following intellectual property was created in this research: 

1.  2D structural phase transition in group IV monochalcogenide monolayers and bilayers.  

2. Several MATLAB codes, Linux scripts, and FORTRAN codes for extracting and analyzing 

data. 
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Appendix C: Potential patent and commercialization aspects of listed intellectual property 
items 
 

C.1 Patentability of intellectual property (Could Each item be patented) 

1. 2D structural phase transition in group IV monochalcogenide monolayers and bilayers is a 

behavior of studied materials and is not patentable. 

2. Codes that are developed to analyze data are not patentable. 

C.2 Commercialization prospects (should each item be patented) 

1. The 2D phase transition in group IV monochalcogenides monolayers and bilayers could 

not be patented as a commercialized product. 

2. The code also could not be patented as a commercialized product. 

C.3 Possible prior disclosure of IP 

1. The results of the research are disclosed (see Appendix G). 

2. The codes are not disclosed to the public and it is only available in the research group. The 

codes can be shared if direct interest arises. 
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Appendix D: Broader impact of research 

D.1 Applicability of research methods to other problems 

The 2D structural phase transition may happen in any 2D material with degenerate ground 

state. Most of the 2D materials have an asymmetric unicell. The asymmetric unicell will lead to a 

degeneracy in the ground state.  Consequently, there is an energy barrier which separates different 

degenerate ground states. One can calculate the energy barrier of other 2D material by using the 

methods explained in this dissertation. For those materials that the energy barrier is less than the 

melting point, possible disorder in the structure will happen and may affect the properties of the 

materials. This fact potentially can lead to new properties in materials which opens new doors or 

research.  

D.2 Impact of research results on U.S. and global society 

New materials are new arsenals for industries. 2D materials are one of the most exciting 

areas of material science.  This work is significant because it gives insight into a new class of 

materials with promising applications in optoelectronic devices such as lasers, LEDs, 

photodetectors, solar cell, piezoelectric materials, computer processors, energy harvesting, and 

sensors. This work, for the first time, shows that some 2D materials undergoes 2D structural phase 

transition as a result of temperature which alters their properties. In addition, optoelectronic 

properties of many of these materials are numerically predicted below and above the transition 

temperature.  

D.3 Impact of research results on the environment. 

Research on 2D materials can benefit the environment due to extensive unique properties. 

Many 2D materials have been discovered that can be used as thermoelectric materials with a very 
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high figure of merit. These 2D materials which outperform current thermoelectric materials, 

potentially can revolutionize the energy industries by providing electricity efficiently and reduce 

environmental pollution. Many 2D materials, such as, few layer black phosphorus, and 

molybdenum disulfide, are known as the best materials for solar cell application which can directly 

reduce the hazardous effects of fossil fuel on the environment.  
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Appendix E: Microsoft Project for PhD Micro-EP degree plan 
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Appendix F: Identification of all software used in research and dissertation generation 

Computer #1: 

Model Number: Dell Dimension 8300 

Location: Physics building 231 

Owner: Professor Barraza-Lopez 

Software #1: 

Name: Apache open-office 

Free License: Downloaded by Mehrshad Mehboudi 

Software #2: 

Name: MATLAB 2016 

Purchased by: University License 

Software #3: 

Name: Adobe Acrobat Professional 10.0 

Purchased by: UA 

Software #4 

Name: Jmol 

Free License: Downloaded by Mehrshad Mehboudi 

Software #4: 

Name: VMD 

Free License: Downloaded by Mehrshad Mehboudi 

Computer #2: 

Model Number: Dell 

Location: Phys 231 
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Owner: Professor Barraza-Lopez 

Software #1: 

Name: Linux Ubuntu 

Free License: Downloaded by Mehrshad Mehboudi 

Software #2: VASP 

Name: Apache open-office 

Free License: Downloaded Mehrshad Mehboudi 

Computer #2: Mullin library computers 

Software #1: 

Name: MATLAB 2016 

Purchased by: UA 

Software #2: 

Name: Microsoft Office 

Purchased by: UA 

Software #3: 

Name: Adobe Acrobat readers 

Purchased by: UA 
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