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Abstract

Let ¢ be an analytic self-map of the unit disk . The composition operator with
symbol ¢ is denoted by C,. Reverse Carleson type conditions, counting functions and
sampling sets are important tools to give a complete characterization of closed range
composition operators on BMOA and on @, for all p € (0, c0).

Let B denote the Bloch space, let H? denote the Hardy space. We show that if C,, is
closed range on B or on H? then it is also closed range on BMOA. Closed range
composition operators C, : B — BMOA are also characterized. Laitila found the
isometries among composition operators on BMOA. We extend this to @), for all

p € (0,00).
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1 Introduction

The Hardy space H? is the collection of analytic functions on the open unit disk ID whose

power series have square summable coefficients, that is if

then

00
1£132 = lan|* < o0.
n=0

The above defines a norm in H?. Let ¢ be an analytic self-map of D. The composition

operator, denoted by Cl,, is the operator that maps f to f o ¢, that is
Cof =fop

for f analytic on D. Studies of composition operators start with the Hardy space setting.
Boundedness, compactness as well as closed rangeness have been studied in this setting.
Then, a very natural question is to study these properties on other function spaces.
Closed range composition operators were first studied by Cima, Thomson and Wogen
in [9], in the context of H?. Their results are in terms of the boundary behavior of the
symbol ¢. They posed the question of studying closed range composition operators in
terms of properties of ¢ on D rather than on its boundary. The question was answered by
Zorboska in [38] who studied the problem in H? and also in weighted Bergman spaces. In
[17] Jovovic and MacCluer studied the problem in weighted Dirichlet spaces. Closed range
composition operators in the Bloch space were investigated by Ghatage, Yan and Zheng in
[14], by Ghatage, Zheng and Zorboska in [15], by Chen and Gauthier in [8] and by
Akeroyd, Ghatage and Tjani in [3]. Akeroyd, Ghatage and Tjani revisited the problem in

the context of the Bergman space, see [2] and [3]. The journey on closed range composition



operators is continued on Besov type spaces B, .,p > 1, > 1 by Tjani, see [34].
Let X,Y be Banach spaces, let T': X — Y be a linear operator. The norms in X,Y are
denoted by ||.||x, ||.]|y respectively. We say that a bounded operator T is bounded below if

there exists a § > 0 such that for all z € X

| Tlly = df|=]|x - (1)

Moreover, if T'X is a closed subspace of Y, then we say that T is closed range.

The Closed Graph Theorem, see [37, Theorem 1.5], says that 7" is a bounded operator
if and only if its graph is closed in X x Y. If T' is one-to-one and is closed range then, by
the Closed Graph Theorem and since T~ : T(X) — X is a bounded operator, and we can
easily see that 1" is bounded below. Moreover, if T" is bounded below and (x,,) is a sequence
in X such that T'xz,, — y for some y € Y, then by (1) we can easily see that (x,) is a Cauchy
sequence, hence it converges to some x € X. Since T is a bounded operator Tz, — Tx and
so Tx = y. We conclude that T is closed range. Therefore if T': X — Y is a bounded
linear operator that is one-to-one then 7' is closed range if and only if T" is bounded below.

Here and thereafter, if A and B are two quantities that depend on an analytic function
f on D, we will use the notation A < B and say that A is equivalent to B; that is, there

exist positive constants ¢, ¢y such that

ClA S B S CQA.

This thesis aims to contribute by giving a complete characterization of closed range
composition operators on BMOA, the space of analytic functions on D with bounded
mean oscillation and also on the spaces @), 0 < p < o0.

In Chapter 2, we give definitions of BMOA, VMOA, the Bloch Space, the Dirichlet
space and the Bergman space. We also give the properties and connections of these spaces

that we will use in later chapters.



In Chapter 3, we characterize closed range composition operators, Cy,, on BMOA. It is
well known that composition operators in BMOA are bounded for any symbol ¢ that is an
analytic self-map of ID. A crucial tool to this work is a non univalent change of variables
formula involving the counting function for BMOA that is similar to the well known
change of variables formula involving the Nevanlinna counting function. Let ¢ € D,

«

— 49—z
a7 1-qz

,and ¢ € D. If ¢ € p(D) the BMOA counting function is

w(Q =D (1=lag()),
e(z)=¢
it is understood that if ¢ is not in the range of ¢, then N, ,(¢) = 0.

Givene >0 and g € Dlet G., = {¢ : Ny, (C) > e (1 —|ay(¢)]*)} and let
Ge = UgenGe ;. We define the notion of sampling in BMOA and prove the following.

Theorem 3.6 Let ¢ be a non-constant analytic self map of D. If C, is closed range on
BMOA then there exists € > 0 such that G. is a sampling set for BMOA. Moreover, if
NgenGeq @5 a sampling set for BMOA, then C,, is closed range on BMOA.

The above result provides necessary and in general different sufficient conditions for C,
to have closed range on BMOA. Next we look for a single condition that is both necessary
and sufficient.

Given ¢ > 0 and ¢,¢' € D let G. gy = {C : Ny o(C) > e (1 —|ag(O))?) }-

Theorem 3.8 Let ¢ be an analytic self-map of D. Then, there exists k > 0 such that
for all g € D, ||ag o |l > k if and only if there exists an € > 0 and r € (0,1) such that for

all g € D, there exists ¢ € D such that

’Ge,q’,q N D(Qa T>|
|D(q,7)|

=1.

Moreover, G. = UyenGe g 4 satisfies the reverse Carleson condition.
By using reverse Carleson type sets we prove the following.

Theorem 3.11 Let ¢ be an analytic self-map of D. Then the composition operator



Cy, : B— BMOA is closed range if and only if there exists an € > 0 and r € (0,1) such

that for all ¢ € D, there exists ¢ € D such that

|Ge,q’,q N D(Qa T>|

=1.
|D(q,7)|

In Theorem 3.14 we show that a set satisfies the reverse Carleson condition if and only
if it is a sampling set on BMOA.

Next, we use another method and provide a full characterization of closed range
composition operators on BMOA. We note that by Theorem 3.8 and Theorem 3.11, C, is
closed range on BMOA if and only if it is closed range as an operator from B to BMOA.

Theorem 3.12 The composition operator Cy, is closed range on BMOA if and only if
there exists a constant k > 0 such that ||ag o ||« >k, for all ¢ € D.

Since a composition operator C,, is bounded on VMOA if and only if ¢ € VMOA, we
have the following.

Corollary 3.13 Let ¢ € VMOA. Then C, is closed range on VMOA if and only if
there exists a constant k > 0 such that ||a, o ||, >k, for all g € D.

We also show that if U, is closed range on the Bloch space or the Hardy space then it
is closed range on BMOA, see Corollary 3.16 and Corollary 3.18. Moreover, we show that
for a univalent self-map of D, C,, is closed range on B if and only if C, closed range on
BMOA, see Corollary 3.17.

Finally, in Theorem 3.19 we give another characterization of closed range composition
operators on BMOA.

Theorem 3.19 For each ¢ analytic self map of D, the following conditions are
equivalent:

(a) There exists k € (0,1] such that for every w € D, ||lay, o ||« > k.

(b) There exists k € (0, 1] such that for every w € D there exists w' € D with



| (w')|? < 1 — k2, there exists a sequence (g,) in D such that ¢(q,) — w' and
lim {lpg,[|mz > &,
n—oo

where for all natural numbers n, @, = Qy(g,) © P © Ay, -

In Chapter 4 we define the spaces ), and study closed range composition operators on

them.
Firstly, we show a Lipschitz continuity property that ||f o oy — f(q)||q, has with
respect to the pseudohyperbolic metric. The space D, will be defined in Chapter 4.

Theorem 4.1 Let p € (0,1]. Then, for each f € Q, and for all g,w € D

If o ag = F(@)llp, = IIf o aw = f(w)|5, [< 27 p(q,w) |15, -

If p € (1,00) then @, is the Bloch space with and equivalent norm and we have the

following.

Theorem 4.3 Let p € (1,00). Then for each f € Q, and all ¢,w € D

1S 0 ag = f(@)llp, = [1f o aw = f(w)llp, | < 4ppla, ) [If115, -

Let p € [0,00). The counting function for @, for each ¢ € D, and if ¢ € (D) is defined by

N(L%O(C’p) = Z (1- |aq(z)‘2>p;

w(2)=¢

if ¢ ¢ ¢(D) then N, ,(C,p) = 0.

In Theorem 4.5 and Theorem 4.6 we give necessary and different sufficient conditions
for C, to be closed range in @), for p € (0, 1), in terms of sampling type measures.

Theorem 4.5 Let p € (0,1) and assume that C,, is a bounded operator on Q,. If there



exists an € > 0 such that

sup / 1P QPN (©dAQ) < N1,

qeD

then the composition operator C, is closed range on Q.
Theorem 4.6 Let p € (0,1) and assume that C,, is a bounded operator on Q,. If C, is

closed range on @), then there exists an € > 0 such that for all f € Q,

sup /G F(O PN, o(Q)dAQ) = |IFII, -

qeD

The main results of the chapter are Theorem 4.7, Theorem 4.8 and Theorem 4.9. They
provide a complete characterization of closed range composition operators on @), for all
p € (0,00). We also note that Theorem 4.9 gives a characterization of all isometries on @,
for all p € (0,00). The isometries in B with the standard norm are known. Theorem 4.9
gives the isometries in the norm ||.||q,, p > 1.

Theorem 4.7 Let p > 0 and assume that C, is a bounded operator on @QQ,. Then, there
exists k > 0 such that for all g € D, ||og 0 ¢||q, > k if and only if there exists an e > 0 and

r € (0,1) such that for all ¢ € D, there exists ¢ € D such that

fGE’q/ﬁD(q,T) N‘I’#’(C) dA(g)
[D(q,7)|

~
—~

Theorem 4.8 Let p > 0 and assume that C, is a bounded operator on @Q,. The
composition operator C, is closed range on @, if and only if there exists a constant k > 0
such that ||og 0 pl|q, > k, for all g € D.

Theorem 4.9 Let p > 0, assume that C, is a bounded operator on Q,. The following
conditions are equivalent:

(a) There exists k € (0,1] such that for every w € D, ||ay, 0 ¢||g, > k.

(b) There exists k € (0, 1] such that for every w € D there exists w' € D with



| (w')|? < 1 — k2, there exists a sequence (g,) in D such that ¢(q,) — w' and
T}L)Igo ||90‘Zn||Dp Z k7

where for all natural numbers n, @, = Qy(g,) © P © Ay, -

We conclude this chapter by providing the following corollary which summarizes our
results on closed range composition operators on B.

Corollary 4.10 Let ¢ be a non-constant analytic self-map of D, and p > 1. Then, the
following are equivalent

(a) The composition operator C, is closed range on B.

(b) For all g € D, ||lag 0 pl|p < 1.

(c) There exists an € > 0 and r € (0,1) such that for all ¢ € D, there exists ¢ € D such

that

fGeyq/mD(q,T) NQ’7¢<C) dA(C)
[D(q,7)]

=1.

(d) There exists k € (0, 1] such that for every w € D there exists w' € D with

| (W)[? < 1 — k2, there exists a sequence (g,) in D such that p(q,) — w' and

where for all natural numbers n, @, = Qy(g,) © P © Ay, -



2 The Bloch space, BMOA and VMOA

Let D be the open unit disk {z € C: |z] < 1} in the complex plane C and let T be the unit
circle. A Mobius transformation is a one-to-one analytic function that maps D onto itself.

It has the form e, (z) where

for ¢ € D and z € D. The set of all Mébius transformations is denoted by Aut(D). Note

that o, exchanges the points 0 and ¢ and its inverse under composition is itself. Moreover,

1— gl
/ —_—
|Oéq(Z)| - |1 o (72|2

and

(1 — g/ —|2P)
1 —qz?

1 —lag(2)]* = = (1= [2")log(2)| (2)

for q,z € D.

For each p,q € D

agoap(2) = ag

—(1—aqp)+2(p—q)
_1 —qp aplq) — =2
1—qp 1—ay(q)=

Let b= a,(q) and p = —t—g. Then, |p| = 1 and we obtain

Qg © Op = P CQay(q) - (3)



The pseudohyperbolic distance p between two points ¢, z € D is defined by

o(a:2) = log(2)| = l{ =, (4)

is invariant under Mdobius transformations, that is, for all z,q € D and ¢ € Aut(D).

p(v(q), p(2)) = p(gq, 2)

and satisfies the following version of triangle inequality, see [12, Lemma 1.4]. Given

z,q,w € D,

p(q, w) — p(w, 2) p(q, w) + p(w, z)
1 —p(q,w)p(w, z) Spl@2) < g + p(q, w)p(w, z)” ©)

Let A denote area measure on D normalized by the condition A(D) = 1, for each H C D,
abbreviate A(H) with |H|. We denote the euclidean disk centered at ¢ with radius

r € (0,1) with D(q, ). The pseudohyperbolic disk D(q,r) centered at ¢ with radius
re(0,1)is

D(g,r) ={z:p(z,q) <r}. (6)
If r € (0,1) is fixed and z € D(q,r) then by [37, Proposition 4.5]
A(D(g,) = (1~ o2 = [D(g, 1) = (1~ g, 7)
and

[1— gzl =< 1— 2" =< 1—|q*. (8)



Definition 2.1. The Bloch space B of D s the space of analytic functions f on D such that

1 flls = 225(1 —12)|f'(2)] < .

The Bloch space is a Banach space with norm ||f||z = |f(0)| + ||f||s. It is invariant
under Mdobius transformations, that is, if f € B then f o ¢ € B, for all Mobius

transformation ¢. In fact, by (2) and for all ¢,z € D

1foaglls = sup(l—|=P)(f o ay)'(2)]
= sup(1 = [2")] /" (e (2)) ey (2)]
= sup(1 — Jag(2) ) 1" (g (2))]
= sup|(1 = [CP)F(O)

= |I£lls-

The polynomials are not dense in the Bloch space. The closure of the polynomials in the
Bloch norm is called the little Bloch space, denoted by Bj. It is well known, see for

example [37, page 84].
f€Bye lim(1—|z))|f(2)=0.
|z]—1

Moreover, as Rubel and Timoney showed in [25] the Bloch space is the largest Mobius
invariant Banach space that has a non-zero linear functional that extends to a continuous

linear functional on H (D), the space of all analytic functions on D.

Definition 2.2. The Bergman space A? is the Hilbert space of analytic functions f on D

that are square-integrable with respect to normalized area measure that is,
171 = [ 1£G)PaAG) < .
D

10



An equivalent norm on A?, see for example [37, Theorem 4.28] is given by

1£1% =< |£(0)? +/D|f’(2)l2(1 — [2*)*dA(z).

It is well known that the Bloch space can be regarded as the area version of BMOA. In

particular, by [1, Theorem 5.5] and for all f € B,

1 f[ls = sup ||[f o aq = f(q)]] 2,
qeD

and by [37, Theorem 4.28],

1115 = 31615/]]) ()P (1= Jag(2)[*)* dA(2) . (9)

Definition 2.3. The Dirichlet space D is the space of analytic functions on D such that

17llo = 1FO)F + [ IF(:)FaA) < o
Next, we give the definition of analytic BM O, namely BMOA space which is a Mobius

invariant version of the Hardy Space H2.

Definition 2.4. An analytic function f € H(D) belongs to BMOA if

||f||GZSqlelglllfoaq—f(Q)Hm<OO- (10)

We note that || f||c defines a seminorm and |f(0)| + || f||¢ is a norm in BMOA that
makes it a Banach space.

Notation S(h,0) = {z € D: |z — €| < h}, where 0 € [0,27),h € (0,1).

The notion of BMOA first arose in the context of mean oscillation of a function over

cubes with edges parallel to the coordinate axes or equivalently over sets of the form

11



S(h,0) ([28, pages, 36-39]). That is,

IfI[Z= sup l/ [F'(2)P(1 = [2*)dA(2). (11)
S(h,0)

Re(0,1),0€[0,27)

Given h > 0 and 6 € R, let
Q={re” :0y<0<0y+h1—h<r<l1}

A positive measure p in D is a Carleson measure for the Hardy space if there exists a
constant k& > 0 such that p(Q) < kh, for all h > 0. It is known, see for example [12,

Lemma 3.3], that p is a Carleson measure for the Hardy space if and only if

2
sup/| —la p(z) < oo.

qeD 1— QZP

Then f € BMOA if and only if | f'(2)[*(1 — |2]*)dA(z) is a Carleson measure for the Hardy

space.

Theorem 2.1. [31, page 178] (The Littlewood-Paley Identity) If f is an analytic on D,

then

111 = |f(0)|2+2/ﬂ)|f’(2)l210g %dA(Z)- (12)

The following allows us to obtain a useful variation of the Littlewood-Paley identity,

see [31, page 178] and [12, Lemma 3.2 |.

Proposition 2.2. For every analytic function g on D,

[ la)toz A < [ laC:)11 = 2R)dAC).

12



Proof. We know that for all z € D\ {0}

1
1— |zf? §2logﬂ,
2

and |z| > 1/4 implies that there exists a constant ¢; > 0 such that

1
log — < e (1 —|2%).

2]

Let g be an analytic function on . Then by (13)

/D 9(2)|(1 — |2P)dA(2) < 2 / 9()|log - dA(z).

||

and |g| is subharmonic. Therefore, if |z| < 1/4 then

9(=)| < 16 /D 9014

_ l9(O)I(1 = |¢]?) A
B 16/D(z,1/4) 1—¢? 440

Notice that if ¢ € D(z,1/4), then |¢] < 1/2 and

9(2)] < 22 / 9(O)1(1 — [C[A)AQ).

By (14)

[ lelos S dA) < o [ oI - [P dAG)
D\D(0,1/4) |2 D

13

(13)

(14)

(15)

(16)

(17)



and by (16)

1 1 ; )
/D(0,1/4) |9<Z)|logmdz4(z) < 22/1)(071/4) 10g|—/ 19(O)(1 = |C[2) dA(2) dA(C)

= log — — dA(C
22(/D - og|z‘dz) L1010 = i)

Notice that

1/4  p2rm 1 do
/ log —dA( ) = / / log —rdr—
D(0,1/4) |2| 0 0 r m

1/4 1
= 2/ rlog —dr
0 r
= 1178934,
and there exists ¢ > 0 such that
[ laeior A < e [ 1a()11 = 1¢)aA(). (13)
D(0,1/4)
Therefore by (15), (17), and (18) we arrive at the conclusion. O

By the Littlewood-Paley identity

||f||G=sup/| Foay)( >|21ogﬂdA< 2)

and by Proposition 2.2, || f||g =< || ||+ where

||f||z=3up/| foag) ()1 — 22)dA(z) (19)

14



Note that by (19) and by making change of variables o,(z) = w we obtain

IS = Sup/I(f’(aq(Z)))IQIa;(Z)IQ(l—IZI2)dA(2)

qeD

— sup / /()1 = |ag(w)[)dA(w) (20)

qeD

There are a number of equivalent norms in BMOA. We will use

fllBrroa = £ O+ |If1]-

It is easy to see that BMOA is a Mobius invariant Banach space. Let f € BMOA, p € D.
Then by (20)

1Foall = sup [ 1700/ (I = lay(:)F)dA(2)

qeD

= sup / ()Pl (AL — lag(2)P)A()

q€eD

— sup / PO = laglay(O)P)AA()

q€eD

For each ¢ € D and by (3), let a, o a,, = e?ag for some Q € D, § € R; then

1foal? = sup/|f 2(1 — Jag (w)|?)dA(w)

QeDh

= |IfII

15



For each ¢ € D and since BMOA is a Mobius invariant Banach space, ||ay|« = ||2]]+,

llaglle = l2lle

= sup[[ag — qf|n2

qeD
q
= sup LDy,
qeD gz
= 1—|g|?
Sqtelﬂr)g( a2 Ml
= sup(1—qP) 12D _(q2)"|| w2
qeD n—0

= sup(1 — [¢*)| Z(c])”‘lz"H
qeD
1

= sup (1—|¢>)= ZW”

qeD\{0}
1
1 —|qf?

—_
~—
N

(—=

= sup q
qGD( | | )‘Q|

= 1.

(21)

One of the many similarities between the Bloch space and BMOA is that polynomials are

not dense in either space. The closure of the polynomials in the BMOA norm is VMOA,

the space of analytic functions with vanishing mean oscillation. The space VMOA can be

characterized as all those analytic functions f on ID such that

i [ 17/()P(1 = foy(w)PdA(w) =0

lgl—1

(the "little-oh” version of (20)).

We can see that BMOA is a subspace of the Bloch space as follows:

LF'O) < 1]

16

(22)



for any f analytic on D; therefore there exists ¢ > 0 such that for each ¢ € D

[f@I(1=1al*) = 1(foaq—f(g))(0)
< |lfeag—=f(@)lla

< ]+ (23)

Hence, ||f||z < c||f]|« for all f € BMOA and BMOA C B and the inclusion map
1: BMOA — B is continuous.
Below we establish the growth of BMOA functions. Let f € BMOA. Then f is

analytic on D and for all z € D,

) - fO) = |2 / f(t2)dt).

Since the inclusion map i : BMOA — B is continuous, there exists ¢ > 0 such that for all

zeD
7N 1) < Il
and
1
1) - 101 < el [ 17
< C|Z!|!f|!/ R
1
= Sl tog g (24)
Therefore,
1
£ < 15O+ Il log 1 (25)
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Finally we note that
D C VMOA C BMOA C B C A*.

Let H* denote the set of all functions in H(D) that are bounded. Given f € H> let

[/ lloe = sup | f(2)]-
z€eD

By applying Schwarz Lemma we obtain that for all z € D, | f'(2)[(1 — |2]?) < || f]|e, see [37,
page 101]. By (10) it is now easy to see that H>* C BMOA. There are unbounded
functions in BMOA.

The function log(1 — z) € BMOA. In fact, if f is any analytic, univalent, and zero free
function then log f € BMOA (This result first appeared in [5] and [10]). Below we give
more examples of BMOA functions.

If (a,) is a bounded sequence then Y >° | La,2" € BMOA, and if >_° , |a,[* < co then

Sy anz™ € BMOA, where (),) is a sequence of integers satisfying

An+1
An

>A>1,

A is a constant and n is a natural number.

18



3 Bounded and closed range composition operators on BMOA

Given ¢ an analytic self-map of D, the composition operator, C, is defined for all

f € H(D) as follows,

Cof = foe.
It is well known that all composition operators C,, are bounded on the Hardy space H?
and, if ¢(0) = 0, then C,, is a contraction.

Theorem 3.1. /31, page 13] Littlewood’s Subordination Principle (1925)
Suppose ¢ is an analytic self-map of D, with ©(0) = 0. Then for each f € H?,
Cof € H? and ||Cyf|lm2 < ||f|| 12

More generally, we have the following.

Theorem 3.2. /31, page 13] Littlewood’s Theorem (1925)

Let ¢ : D — D be an analytic function. Then Cy, is bounded on H*(D), and

1+ [p(0)]
[|Co fllm2 < meHHQ-

Definition 3.1. The Nevanlinna counting function of ¢ is

1
Ny(w) = Z logm
o(z)=w

if we pD); if w & p(D) then we set N(w) = 0.

Theorem 3.3. [31, page 187] Littlewood’s Inequality If ¢ is an analytic self-map of
D, then for each w € D\ {¢(0)},



Definition 3.2. For each g € D, and if ( € p(D) the BMOA counting function is

Ngo(C) = Z (1- |aq(z)|2)§

e(z)=(¢
if ¢ & p(D) then we set N, ,(¢) = 0.

Counting functions have played an important role in the study of compact, bounded
and closed range composition operators. The Nevanlinna counting function for composition
operators in BMOA appears with a non-univalent change of variables as it is done in [31,
page 186].

For each f € BMOA,

ICLfIP = sup / (F 0 0) (2) (1 — |ag(2) [2)dA()

qeD

= Sup/DI(f'(w(Z))l2|<P’(Z)I2(1—Iaq(Z)IQ)dA(Z)‘

qeD

Then we have

€A1 = sp [ 17(OPN,0) dA) 20

It is well known that C, is always bounded on BMOA, see [4, Theorem 12]. Littlewood’s
Subordination Principle provides a proof, see for example [33]. Smith points out in [32]
that Littlewood’s inequality provides an alternate proof, which we will describe below for

our chosen norm.

Theorem 3.4. Let ¢ be an analytic self-map of D. Then Cy, is a bounded operator on
BMOA.

Proof. For all z € D\ {0} we have,

1
1— |Z’2 S IOgW
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therefore by (26)

1
Cofll? () log ———dA((). 27
ICoAIE < s [ 17(0) > b A (27)

By Proposition 2.2 and Littlewood’s Inequality, there exists C' > 0 such that

1
ICaAlE < sup [ 17(OP g - ()
v qeD JD |agp(q) (O)]?
1
< sup [ IF(QPIog o dA(C
b Jo O os 1 g4
< CIIfIIZ, (28)
and C,, is a bounded operator on BMOA. O]

Next, let X =B, BMOA or VMOA and Y = BMOA or VMOA. We show that for
C, to be bounded below, we can restrict on subspaces of functions that vanish at the

origin. The canonical seminorm in X is denoted by ||.||sx-

Proposition 3.5. Let X =B, BMOA or VMOA andY = BMOA or VMOA. The
composition operator C, : X — Y is bounded below if and only if there exists a 6 > 0 such

that ||CofIl, = 01| fllsx, for all f € X.

Proof. First, assume that C, : X — BMOA is bounded below. Let f € X and

9(2) = f(2) = f(¢(0)). Then, g € X, g(¢(0)) =0, |[gllsx = [|f][sx and

llg o @ll« = ||f o ¢l|, . Thus, there exists § > 0 such that

NC Il =l ewell, = llgoell, = llg o ellproa = 0llgllx = dllgllx = S 1f1lex -

Conversely, assume that there exists a 6 > 0 such that ||f o ||, > d||f]|,y, for all f € X.

Then by (24) there exists C' > 0 such that

1+ [¢(0)|

| £(0)] < [f((0))] "‘CHstXIOgW,
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which implies that there exists C' > 0 such that

A llx = 1FO)+ (1 ]sx

»(0
< O)]+ Clifllx tog THED + Lo .
L+ (0]
— o 1 — o
< [f((0)] + Hf Pl log 7~ —oo) T Hf ol
< C||f090”BMOA-
Hence, C, is bounded below on BMOA. n

Definition 3.3. Let i be a finite positive Borel measure on D. We say that p is a Carleson

measure for the Bergman space if there exists constant ¢ > 0 such that for all f € A?

/D () Pdu(z) < c / F(2)PdA(2)

By [37, Theorem 7.4], given r € (0,1), p is a Carleson measure if and only if there

exists ¢, > 0 such that for all w € D,
u(D(w,r)) < e |D(w,r)].
The Berezin symbol of p is

:/D|a;(z)|2du(z), geD. (29)

It is well known that p is a Carleson measure for the Bergman space if and only if f, is

a bounded function on D, that is,

sup [ o) (:)Pdu(z) S1, (30)

qeD JD

see for example [37, Theorem 7.5]. The proof of (30) can be used to show that p,, ¢ € D,
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is a collection of uniformly Carleson measures for the Bergman space if and only if

sup [ Jal,(:)Pdu(z) S 1. (31)

w,q'€D JD

For any symbol ¢ and by Theorem 3.4, C,, is a bounded operator on BMOA. Then for all
q €D, ||Cuoyll« S 1 and by (26)

sup / (O Ny o (O)A(C) S 1

q,9'€D JD

By (31) and for all ¢ € D, Ny ,,(¢)dA(C) is a collection of uniformly Carleson measures for

the Bergman space.

Definition 3.4. Let p be a finite positive Carleson measure on . We say that p satisfies

the reverse Carleson condition if there ezists r € (0,1) such that for all w € D,
| D(w, )| = p(D(w,r)).

It is shown in [16, Theorem 4.1] that u satisfies the reverse Carleson condition if and

only if

sup/ lal(2)Pdp =< 1.

qeD JD

A set H C D satisfies the reverse Carleson condition if the Carleson measure x g (z)dA(2)

satisfies the reverse Carleson condition; Luecking showed in [20] that this is equivalent to

/D F()PdAGR) < C /H F(2)PdA(2)

for all f € A2. It is also equivalent to

[ir@ra-ie /|f 2 (1= |2?) dA(2),



for all f € H>.

Definition 3.5. We say that H C D is a sampling set for BMOA if for all f € BMOA

sup /H P2 (1 - lag(2)P) dA(2) < || ]2

qgeD

For each € > 0 and ¢ € D let G, , be
Geg ={C 1 Np(Q) > 2 (1 = |ag(Q)1)} (32)
and let G, be
Ge = UgenGeyg - (33)

Theorem 3.6. Let ¢ be a non-constant analytic self map of D. If C, is closed range on
BMOA then there exists € > 0 such that G. is a sampling set for BMOA. Moreover, if

NgenGeq 15 a sampling set for BMOA, then C,, is closed range on BMOA.

Proof. First, suppose that C,, is closed range on BMOA. If the conclusion fails, then for
every € > 0, G. is not a sampling set for BMOA and we can find a sequence (f,) in
BMOA with f,(0) =0 and ||f.||samoa = 1 for all n such that

Fa(@)P(1 = lag(2)[*) dA(2) = 0. (34)

lim sup / \f7,
n—oo qE]D) G

1
n

For each n we have,

faowll? = 2sup / FLOP Nyo(C) dA(C)
D

qeD
< I +1, (35)
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where

=2 [ 1£(OPN,()dA(Q) (36)
qu Gl
and
I = 2 sup / PO N, (OdA(C) (37)
qeD D\G%

By Littlewood’s inequality, there exists C' > 0 such that for all ¢ # ¢(q),
1
3 log s < Clog —— . (38)
For all n,

o< Cop | ——_dA(Q)

qED Gl SO( ):C |QQ<Z)|2

< Csw / (0P log JA(C)
qeb J G

1
n

|04¢(q) Q)2

Note that for any ¢ € D and for any natural number n,

1
"(O)]? log ————= dA(() = A —
/ VO bt o A0 = A= B
where
1
A= [ 1O log ——— dA

[ IF(OF o8 e 40

and

_ / 2 1
5= [ o, VHOF 18 o 0400
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Then by Proposition 2.2,

A < c/|f 2(1— |ay(O)?) dA()
and by (13),

1 / 2 — o 2
B>y o, VHOP (1= O 4400

We conclude that

ho< Csw /G FLOPA = ag(OF) dAEQ). (39)

1
n

Next, for n a fixed natural number, ¢ ¢ G4/, and ¢ € I,

Noo(€) < —(1 = lag(Q)*) .

S|

and

IN

L o< Lewp / PO = |ag()P) dA(C)
D\G

n qeD

< —igﬂg/!f 2(1 — Jay(C) ) dA(C)
< Lyne

(40)

SI—3

By (34), (35), (39) and (40), ||fn o ¢||« = 0, as n — oo and C,, is not closed range on
BMOA which contradicts our hypothesis and the conclusion holds.

Conversely, assume that there exists € > 0 such that NyepGep, is a sampling set for
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BMOA. Let f € BMOA. Then, for all ¢ € D

fogl? > /G PO N, (C)dA(C)

€,9q

v

- /G FOPA = ag()) dA(C)

€,q

/ﬂ ORI = lagO)F) dA()- (41)

A%

Since G, is a sampling set for BMOA we conclude that C, is closed range on BMOA. [
The following is a corollary of the proof of [16, Proposition 4.1].

Theorem 3.7. Let 114, ¢ € D be a collection of positive uniformly Carleson measures, let

a, B be such that o+ B = 2.Then

lim sup /D\D( | (1= o) - |C|2)Bd,uq(C) =0. (42)

=1 g weD 11 —w(l*

For each ¢ > 0 and ¢,¢' € D let G, 4, be

Geqra =1{C  Nyo(€) = & (1 = |ag(Q)) }- (43)

Theorem 3.8. Let ¢ be an analytic self-map of D. Then, there exists k > 0 such that for
all g € D, ||ag o ||« > k if and only if there exists an € > 0 and r € (0,1) such that for all

q € D, there exists ¢ € D such that

’Gs,q/,q N D(Qa 7“)’
|D(q,7)]

=1. (44)

Moreover, if the above holds then G, = UyenG. 4.4 satisfies the reverse Carleson condition.

Proof. First, assume that there exists k£ > 0 such that for all ¢ in D, ||a, 0 ||« > k. Then,

for each g € D there exists a ¢’ € D such that
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[ 104OPN () 440 2 5. (45)

By Theorem 3.7 and since for all ¢ € D, Ny ,({)dA(() is a collection of uniformly Carleson

measures for the Bergman space,

lim sup / o JOPN (0 dA(Q) =0.

r—1 q,q'€D

We conclude that there exists r € (0,1) such that for all ¢,¢' € D

k
[ O N0 dA) < 5 (46)
D\D(q,r)

Now, for each e > 0, ¢ € D and ¢’ € D as in (45), write

/D 0 (O Ny w(Q)dAQ) = DL+ I+, (47)
where
L o= / (O Ny () dA(C)
D\ D(q,r)
L - / (O Ny (€) dA(C)
D(q,m)\G. 4 4
and

L - / (O Ny o (C) dA(C)
Ge,q',g"D(a:7)
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By (46),

k
no< g (48)
Next,
L < = / ! ()AL — |ag(O)[?) dA(C)
D(q,m\G. 4 4
< ellagl?
< Ce. (49)
By (38)
L - 0 ()P Ny (€ dA(C)
Gg,q',qﬂD(q,T)
< c / 4 (Q)2(1 = g (O)1?) dA(Q)
Gaﬂq/’qﬂD(q,r)
(1—|q*)?
< C/ ——dA(C
G.y Dlgr) 11— T )
1
= dA(C
/Ga’q/,qﬂD(q,r) |D(q7 T)| ( )
-~ |G€,q’,q m D(Q7T)| . (50)

[D(g, )]

By (45), (48), (49), (50), we conclude that there exists r € (0,1) such that for all w € D,

k |Geyq N D(w, )|
- < g+(C—221 ’
4 1D(q,7)]
or
E . ’Gs,q/,q mD(Q7T)| (51)
4 1D(q,7)]

Hence, for any ¢ > 0 with € < k/4, the set G 4, satisfies (44).
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Next, assume that there exists an € > 0 and r € (0, 1) such that for all ¢ € D, there

exists ¢ € D such that (44) holds. Then, for each fixed ¢ € D,

lagoelE = [ laj(OF Ny(OdAQ)
Ge,d'sq

/ 26 (1= lay(OF) dA() .
G g1 .qND(a,r)

v

|Ga,q’,q N D(q, T)'

=1
|D(q,7)|

lagoglle = C

and the conclusion follows.

Lastly, since

|Geyr.qg NV D(w, )| < |Ge N D(w, )|
|D(w, )| - |D(w,r)|

and by (45) and (50), it is clear that G, satisfies the reverse Carleson condition. O

In section III of [20], Luecking characterized when a measurable subset F' of D satisfies
the reverse Carleson condition by using pseudohyperbolic disks, disks whose centers lying
on the unit circle T and also using a collection of disks whose centers lie on ID. All the
arguments remain valid if we replace I’ with a collection of measurables subsets Fy, ¢ € D

and we obtain the following proposition.

Proposition 3.9. Given a collection of measurable sets I, ¢ € D, the following are
equivalent:
(A) There ezists a constant 6 > 0 and r € (0,1) such that for all ¢ € D and for all disks

D with centers on T, there exists ¢ € D such that

|Fy ND|>d|DNDJ.
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(B) There ezists a constant 6o > 0 and n € (0,1) such that for all ¢ € D there exists

q €D such that

|[Fy MDD (g,n(1 = |q])) | > 6o [D (g,n(1 = |ql)) |

(C) There exists a constant 6; > 0 and r € (0,1) such that for all ¢ € D there exists
q € D such that

|F(1' mD(q7T)| > 61 |D(Q7T)‘ .

Next, we discuss how the main result in [20] can be modified to allow for a reverse
Carleson type condition for a collection of measurable sets Fj,, ¢ € D. Let oy and 1 be fixed
and assume (B) in Proposition 3.9 holds. Since 7 is fixed, as Luecking does in [20, page 6],
we abbreviate the notation for the disk D(q,n(1 — |q|)) with D(q). Let A' denote the space
of analytic and Lebesgue integrable functions on ID. Given an analytic function f and

A € (0,1) define the set

Ex(q) ={z € D(q) : /(=) > Alf (@)}

and the operator

1
B = gy o HEIAG)

Note Lemma 1, Lemma 2 and Lemma 3 in [20]. Moreover as done in [20, page 9], if

e € (0,1) is small enough and

F={qeD :|f(q) > Brf(a)} (52)

then

/D F(2)dA(z) <2 / F(2)dA(2).
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and for all ¢ € F' there exists ¢’ € D such that

1

1D(@)| JF, D)

FEIAAG) > 260 F(0).

Integrating the above over I’ we obtain

1 1
/F\D@\ o 1 N AARAAWQ) > 5d /F F(@)| dA(g)
> P [1r@laaw. )

for all f € A'. The theorem below is now an extension of one direction of the main

theorem in [20].

Theorem 3.10. Given a collection of measurable subsets of D, F,, ¢ € D, and F as in
(52), if there exists a constant 6y > 0 and n € (0,1) such that for all ¢ € D there exists

q € D such that

[Fy ND(g, n(1 = lq])) | > do [D(q, n(1 — |q]))[,

then there exists a constant C' > 0 such that for all ¢ € F there exists ¢ € D such that for

all f € A,

F(2)|dA(z)dA(g) > C / F(a)| dA(q)

r |D(q)] F,ND(q)

Remark 3.1. The main theorem in [20] as well as Theorem 3.10 remain valid if |f] is

replaced with |f|? , see [20, page 6]. Moreover, as Luecking indicates in [20, page 10],

instead of dA(z) one may use the measure (1 — |z|*)? dA(z), and the main theorem in [20]

is valid. The two critical properties of the weight w(z) = (1 — |2|?)? are

w(q) < C inf{w(2) : z € D(¢q,n)} and that w(a,(z)) = |aj(2)[* (1 — |2]*)*. Consequently,
)

Theorem 3.10 is also valid for the measure (1 — |z|*)? dA(2).

We are now ready to prove the following.
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Theorem 3.11. Let ¢ be an analytic self-map of D. Then the composition operator
C, : B— BMOA is closed range if and only if there exists an € > 0 and r € (0,1) such

that for all ¢ € D, there exists ¢ € D such that

’Ge,q/,q N D(q,r

|
D@ 5 (54

Proof. First, assume that there exists ¢ > 0 and r € (0, 1) such that for all ¢ € D, there
exits ¢' € D such that (54) holds. By Proposition 3.9 this is equivalent to the existence of
an € > 0, a constant 6y > 0 and n € (0,1) such that for all ¢ € D there exists ¢’ € D such

that
Geqrqa N D (q)] > 00D (q)] - (55)
Given such ¢ € D and ¢’ € D, for each f € B

1CfIP > / PO Ny o () dAC)

£€,9°,9

> / PO (1= o) dA(C)

£€,9°,9

> - / FOR (= lag(Q)2) dAC)
G, ,.s"D(q)

If ¢ € D(q) then ¢ € D(q,r), for any fixed n and r € (0,1) with » > 2n/1 +n*, and by (2),
(7), (8), (1 — |g(¢)]?) =< 1; therefore
1CofI1Z = C [F (O dA(C).- (56)

Ga’q/,qﬁD(q)

By (7), (55), Theorem 3.10, and Remark 3.1 , for all f € A?

/, /G o P A A = © [ 1r@Pa - aa)
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Therefore by (56), for all f € A?

IC.fIP > C / (@)1~ |gP)? dA(g)

= |11 -

Since the BMOA seminorm is invariant under Mobius automorphisms, for all ¢ € D

ICAIIZ = Clif oag = f(g)ll%- (57)

By (9) we conclude that for all f € B, ||C,f||« > C||f||s and by Proposition 3.5,
Cy, : B— BMOA is closed range. Conversely, if C, : B — BMOA is closed range then for

all ¢ € D, ||ag 0 ¢||« > C'|loyl|s > C and by Theorem 3.8 the conclusion follows. O

Theorem 3.12. The composition operator Cy, is closed range on BMOA if and only if

there exists a constant k > 0 such that ||ag o ||« >k, for all ¢ € D.

Proof. First, assume that there exists a constant £ > 0 such that ||a, o ¢||. > k. Then

given a q € D, there exists ¢, € D such that

k* < lim |a2(€)|2 N0 AA(C)

n—oo

or

Therefore

lim o (OFF (K*(1 = [ag(O)*) = N, (€)) dA(0) <0. (58)

n—oo
D\Gk2 sdn,q

If for each g € D there exists a natural number n such that the Lebesgue area measure
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of D\ Gy24, 4 15 0, then

1CLAI2 > /G £ Ny, o(C) dAQ)

k2,qn,q

- / PO Ny () dAQ)
> g2 / PO (1= lag(Q)2) dAQ)

and ||Cy,f||« > k|| f]|« for all f € BMOA . By Proposition 3.5, C,, is closed range on
BMOA.

Therefore from now on we may assume that for some ¢ € D and for all n the Lebesgue
area measure of D\ Gj2, , is positive. The integrand in (58) is non negative in D\ Gy2 4, 4,

so we must have that for almost every ¢ € D\ Gjz 4, 4,

B2 [ag(C)) — Ny o(C) 0. (59)
For each f € BMOA
/D PO~ 10yOF) = Nl 44©) < 1AL

therefore by (59) and the Lebesgue Dominated Convergence Theorem

Jim [ TQOPIA = g OF) = Ny ol€) 4A(S) 0. (60)

Write

/D FOPIR1— |og(QP) dAC) = T+11, (61)

35



where

I - / PO (1 = () dA(C)
D\G,2

»dn,q

and

Note that I = I, 4+ Iy, where

I = / FOP KL = |ag(Q)F) — Ny, o(C) dA)
D\G,2

»dn 9

and

I = / PO Ny o(O) AC)
D\Gy2,.

By (60), Iy — 0 as n — oo, and

1< /G PO Nywo(C) dA(C)

k2,qn,q

Therefore by (61) and for all ¢ € D

/D FOPR — ag(Q)) dAC) < / (O Nyl Q) dAQ)| + T
< ICofIP+ 1.

We conclude that k||f|]. < [|C,f]||« for all f € BMOA, and by Proposition 3.5, C, is
closed range on BMOA.

For the converse if C, is closed range on BMOA then C, is bounded below on
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BMOA. By Proposition 3.5 and by (21) there exists § > 0 such that for all ¢ € D,

lagoeplle = dflagll.

= 1,

and the conclusion follows. O

It is proved in [4, Theorem 12] that C, is bounded in VMOA if and only if

p € VMOA. The following now is an immediate corollary of Theorem 3.12.

Corollary 3.13. Let ¢ € VMOA. Then C,, is closed range on VMOA if and only if there

exists a constant k > 0 such that ||a, o ¢||« > k, for all ¢ € D.

Theorem 3.14. A subset H of D satisfies the reverse Carleson condition if and only if H

is a sampling set for BMOA.

Proof. First, assume that H satisfies the reverse Carleson condition. If H is not a sampling

set for BMOA, then there exists a sequence (f,,) in BMOA such that || f,||« =1 and

i sup [ 172(:)F (1= ag () ) 4A(2) = 0,

n—oo qle]D)

and so for ¢ =0,

lim [ (o (O (1= [¢*) dA() = 0. (63)

n—o0

Since BMOA is continuously contained in H?, there exists a constant C' > 0 such that
|| full2 < C and by (63), H does not satisfy reverse Carleson condition. We conclude that
H is a sampling set for the BMOA space.

Conversely, suppose that H is a sampling set for the BMOA space. Then for all ¢ € D,
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|||« < 1 and

sup / 0l (2)[ (1 = Jag (2)]?) dA(2) =<

q'eD
Then, there exists C' > 0 such that for all ¢ € D
[ leraae) = c. (04
By [16, Theorem 4.1] and (64) we conclude that H satisfies the reverse Carleson

condition. O

Proposition 3.15. Let H C D and g € D. Then H satisfies the reverse Carleson condition

if and only if a,(H) satisfies the reverse Carleson condition.

Proof. For each H C ID be a Carleson set for the Bergman space, for fixed ¢ € D, and by

making below the change of variables z = «,({) we obtain

[ emeraa = [ ieee@Faao,

By [16, Theorem 4.1] the result follows. O

Corollary 3.16. Let ¢ be an analytic self-map of D. If C, is closed range on the Bloch

space, then it is also closed range on BMOA.

Proof. By [3, Corollary 2.3], C,, is closed range on the Bloch space if and only if for all
q €D, |Jag o l||g < 1. Since BMOA is continuously contained in B, for all ¢ € D we have

that ||a, 0 ||« < 1. By Theorem 3.12 we conclude that C,, is closed range on BMOA. [

Corollary 3.17. Let ¢ be a univalent self-map of D. Then, C, is closed range on B, if
and only if C, is closed range on BMOA.

Proof. 1t is shown in [15, Corollary 2] that for ¢ a univalent self-map of D, if C, is closed
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range on BMOA, then it is also closed range on B. By Corollary 3.16 the result is now

clear. 0

Corollary 3.18. Let ¢ be an analytic self-map of D. If C, is closed range on H?, then it

1s also closed range on BMOA.

Proof. Given ¢ € D, let k, denote the normalized reproducing kernel in H?, that is

1— gl
kq(z> =

1—-gq2

It is known, see [22] and [16], that C,, is closed range on H? if and only if for all ¢ € D,
||kq 0 ||z < 1. By (12) it is easy to see that ||k, o ¢||m2 < |q| ||ag © @]|m2, if ¢ # 0. By
Theorem 3.12 and since the inclusion map i : BMOA — H? is continuous, the conclusion

easily follows. O

Laitila characterized in [18] the isometries among composition operators on BMOA.
Moreover he showed that if ¢ is an inner function then ||Cy, f||« = || f||«, for all
f € BMOA. Below we give another characterization of closed range composition operators

on BMOA. Our proof extends and simplifies the proof in [18] for the isometries.

Theorem 3.19. For each p analytic self map of D, the following conditions are equivalent:
(a) There exists k € (0,1] such that for every w € D, ||lay, o ||« > k.

(b) There exists k € (0, 1] such that for every w € D there exists w' € D with
| (w')|? < 1 — K2, there exists a sequence (g,) in D such that ¢(q,) — w' and
] >

Jim || @q, ||z = K,

where for all natural numbers n, @, = Qp(g,) © P © Oy, -

Proof. First, assume that (a) holds for some k € (0, 1] and let w € D. Then, there exists a
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sequence (g,) in D such that for all n,

1
[l 0 0 g, = tu(p(gn)) |l = ¥ =~ (65)

Since (¢(gy)) is a bounded sequence in I, it has a convergent subsequence in D. Without

loss of generality, there exists w’ € D such that ¢(g,) — w'. By (65),

o (@(@n))I* = low 0 ¢ 0 g, I3 — [law 0 @ 0 ag, — 0nu((gn))l 72
1

< 1-k+ =,
n
therefore, |, (w')]* <1 —k* and w' € D.

Let a0 ag(q,) = Anaw, where A, b, = @ (0(qn)) and |A,| = 1. Then for all z € D,

Q09 0 0y, (2) = aw(P(gn) = w0 Qpg,) © Pg, (2) — aw(®(dn))

= A, © g, (2) — Anby

(16,2 = 1oy (2)
T () (66)

Therefore,

llaw 0 w0y, — awl(p(gn))llm < (14 1ba])lleg, a2 ;

by (65) we conclude, by taking a further subsequence if necessary, that

im
oo |1 Panl1H2 = 1+ |ay(w)]
k
> — 67
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and (b) holds. Note that if £ = 1 above then, w = v’ and

lim (|, |2 = 1.
n—oo

Next, assume that (b) holds for some k € (0, 1] and let w € D. Then there exists w’ € D

with |, (w')|* < 1 — k2, there exists a sequence (g,) in D such that ¢(g,) — w’ and

T [l = = k. (63)

Let |[A\,| =1 and (b,,) be as in the proof of (a) — (b). Then (66) is valid, and for every

neN

loww © @ 0 ag, — aw(@l@))lliz = (1= [bal)*l g, |2 -

We conclude that

ey © @Hz > lawopo Qg, — aw(@(Qn))H?ﬁ

(1= 1bal)*llspgu 1722 -

v

and by (68)

(1 — Jaw (W) )
(1 + fow (w')])?

llow 0 2 > K. (69)

If k € (0,1) and since |, (w')]* < 1 — k* we conclude by (69) that for all w € D

4

low o el = =

If k=1, then w = w’ and by (69) ||, © ||? = 1. The proof is now complete. O
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4 Composition operators on @),

In this chapter we study the spaces ), and closed range composition operators on them.

Definition 4.1. For p € [0,00) we say that a function f analytic on D belongs to @, if

17115, = 22]5/D [/ (2)P(1 = log(2) ") dA(z) < oo,

where || fl|g, s a seminorm and ||| f|||q, = |f(0)| + ||f|lq, defines a norm in Q, that makes

1t a Banach space.
The collection of all @), spaces includes many familiar spaces.
e if p =0 then @) is the Dirichlet space with an equivalent norm.
e if p =1 then @), is the space BMOA.
e if p > 1 then @), is the Bloch space with an equivalent norm, see [36, Corollary 1.2.1].

It is known, see [36], that if 0 < p < ¢ < oo then @, C @, and the inclusion map is
continuous. Moreover, if 0 < p # ¢ <1 then Q, # Q.

Let p € (0,00) and let f(z) = > " a,z" with a,, nonnegative and non increasing. It is
shown in [36, Corollary 3.3.1] that f € @, if and only if sup,,cy na, < co. For example,
flz) =300 227 =log(l — 2) € Q, for all p.

Now, we estimate ||a,||o, and show that there exists ¢ > 0 such that [|ay||q, < ¢, for
each given p > 0.

Fixing p > 0, ¢ € D and by making the change of variables a,(z) = ¢ we obtain,

logllg, = SUP/DI%(Z)F(l—IOéA(Z)|2)”dA(Z)

AeD

= sup/D(l — Jax 0 ag(Q)})? dA(Q) (70)

AeD
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Since for a fixed ¢ € D, each Mobius transformation can be written as e« o 0y,

A €D, 0 R we obtain,

loally, = sup [ (1 = ar(OPP dAQ)
Note that by (2),

[a=la@rraa0 = a-py [ S50,

Now we apply [37, Lemma 3.10] with ¢ = p — 2. We have the following cases:

e If c<0then 0<p<2and

llagllg, < (L= [AF)P S 1.

e If¢c>0then p>2andas |\ —1

1

2 o 2
HQQHQP - (1 ‘)‘l )p(l _ |)\‘2>p,2

==L

o if c=0then p=2andas |\ =1

1
2 _ 2\2
||Oéq||QpA10g1_|A|2(1—IAI) St

Hence, there exists ¢ > 0 such that for all ¢ € D, |||, < c.
For each p € [0, 00) the inclusion map ¢ : (), — B is continuous. Similarly to the proof
of (25) we obtain that there exists ¢ > 0 such that

1+ 2|
L—|z|

IFE) < 1FO)+ dlflle, log (71)

Let p € [0,00). The weighted Dirichlet space D, in the space of all functions f € H(D)
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satisfying

1B, = /|f (1~ [2P)PdA(z) < oo

The above is a seminorm in D, and |||f|||p, = | f(0)| + || f||p, is a norm in D, and D, is a

Banach space with this norm.

Note that given ¢ € D and by making the change of variables o,(z) = ¢ we obtain

I1F o0~ F@l, = /!foozq B(1 = sPdA()
= [ IOPA = fau(OF P

therefore, f € @, if and only if

sup || f o ag — f(q)||p, < 0.
qeD

Below we show a Lipschitz continuity property that ||f o oy — f(¢)||g, has with respect to

the pseudo hyperbolic metric.

Theorem 4.1. Let p € (0,1]. Then, for each f € Q, and for all g, w € D
[If o ag = F(@)llp, = IIf o aw = f(w)|p, [< 27 plg,w)" [ £]l5, -

Proof. Given p,q € D and by (5),

Ao = | [ 1FER(1= a2 = (1= o)) dA()|
< [P - lau()PPaAC)
< 2 [ 110 Fllaw()] = lagl| PaA()

< 2p(wa? [ 1FOP - lay:)] au2)]) dAE) (72)
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Let A :={z€D:| ay(z) |>] ay(2) |} and Ay :={z € D :| ay(2) |>| aw(2) |}. Then we

have
: [F' ()7 (1= Jen(2)] |ag(2)])" dA(2) < : [f'(2)]P(1 = |ag(2)]*) dA(2)
< |Ifll3,
and
: [F'(2)]2 (1 = [ (2)] |ag(2)])" dA(2) < ’ [F'(2)]2(1 = |aw(2)[*)? dA(2)
< |If1l3, -

Therefore by (72),

Apq < 2P+ p(w,q)” ||f||22p :

and the conclusion follows.

Remark 4.1. Let U be a measurable subset of D, 0 < p <1, f € @, w € D and

A, = / PP (1~ Jaw(2) P dA(z)

It is a corollary of the proof of Theorem 4.1 that for each f € @), and ¢, w € D,

A= Al < 27 o, P17,

Since ()1 = BMOA the following is part of the above theorem.

Theorem 4.2. There exists C' > 0 such that for each f € BMOA and p,q € D

[1f o ap = FOI = IIf 0 ag = F(@)llze] < Cp(p D)IIfIIE-
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If p>1andz¢eDlet y(z) =1— |ac(2)|*>. Then for each ¢, w,z € D

(2" = 70(2)"] < p(lag(2)I = o (2)) (21~ = 7217,

Therefore, if f € (), then similarly to the proof of Theorem 4.1 we obtain the following

Theorem 4.3. Let p € (1,00). Then for each f € Q, and all ¢,w € D

£ o ag— F(@p, = I1f o aw— Fw)[[5, [ < 4pplg,w) [|f][5, -

Remark 4.2. Let U be a measurable subset of D, p > 1, f € ,, w € D and

A= [ IFOF 0= lanPraa),
It is a corollary of the proof of Theorem 4.3 that for each f € @), and ¢, w € D,
|Aw — Ag| < 4p p(w, @I F113,

Definition 4.2. Let p € [0,00). The counting function for Q, for each ¢ € D, and if

¢ € (D) is defined by

Nyo(C,p) = Z (1- |0‘q(2)‘2)p3
w(2)=¢

if ¢ & p(D) then Nq,@((,p) = 0.

From now on we abbreviate the notation for the counting function for @, to N, ,(().
The Nevanlinna counting function for composition operators in (), appears with a

non-univalent change of variables as is done in [31, page 186].
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For each f € Q,,

1foelly, = Sup/Dl(fOsO)’(Z)IQ(l — lag(2)[*)dA(z)

= sup/DI(f’(so(Z))!2|90’(Z)I2(1—|Oéq(2)|2)dA(Z),

qeD

and we have

117 o elfp, = sup /D 1/ (Q)2N,(C) dA(C). (73)

If C,, is a bounded operator on @, for some p € (0,00) then for all ¢ € D, ||Cyayllg, S'1
and by (73)

sup / 0 (O Ny H(O)dAC) S 1.

q'eD

By (31) and for all ¢ € D, Ny ,,(¢)dA(C) is a collection of uniformly Carleson measures on
the Bergman space. By (71) and similarly to the proof of Proposition 3.5 we obtain the

following.

Proposition 4.4. Let p € (0,00). The composition operator C, is bounded below on @, if

and only if there exists a § > 0 such that for all f € Q,, ||Cyfllo, = I|fllo,-

For each € > 0 and ¢ € D let G, be
Geg ={C: Noo() > (1 = |ag ()"} (74)
and let G, be
Ge = UgenGeyg- (75)

On the next two theorems we study C, on (), with p € (0,1).
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Theorem 4.5. Let p € (0,1) and assume that C, is a bounded operator on Q,. If there

exists an € > 0 such that

sup / PORNOIAQ) < 111, (76)

qeD

then the composition operator C,, is closed range on Q.
Proof. Let f € @), assume that (76) holds. Then by (73) and for all ¢ € D,

Ifogl, > sup / F(QP Ny (O)dA(C)
G

qeD c.q

v

sup / P ORNOdAQ)

qeD
ellfla,

v

and C,, is closed range on @)). O

Theorem 4.6. Let p € (0,1) and assume that C,, is a bounded operator on Q,. If C, is

closed range on @), then there exists an € > 0 such that for all f € Q,

sup /G PO Ny (Q)dAQ) < |11, (77)

qeD

Proof. Suppose that C,, is closed range on @),. If the conclusion fails, then for every € > 0,
G, does not satisfy the condition (77) for @), and we can find a sequence (f,,) in @, with
fn(0) =0 and || f,||@, = 1 for all n such that

i sup [ 17N, o(OFA(Q) = 0. (78)

n—oo QED

1
n

For each n we have by (73),

fuowld, = sup / F(OP Nyo(C) dA(C)

qeD

< L +1, (79)
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where

I = sup / PO Ny (Q)dA(C), (20)
QED GL

h=sw [ 1£(OPN,LdAQ). (81)
qeD D\G%

For n a fixed natural number, if ¢ ¢ G/, then for all ¢ € D,

1
Nyo(©) < = (1= lag(QP,
and
o< s / F(OPA = lag(Q)P) dAQ)
N ¢eD D\G1 /r,
<1 325/ O — lag(Q) P dA()
= E||fn||2Qp
1
S (82)

By (78), (79), (80) and (82), ||fn © ¢||q, = 0, as n — oo and C,, is not closed range on @,

which contradicts our hypothesis and the conclusion holds. O

Theorem 4.7. Let p > 0 and assume that C, is a bounded operator on Q). Then, there
exists k > 0 such that for all ¢ € D, ||ag 0 ¢||q, > k if and only if there exists an € > 0 and

€ (0,1) such that for all ¢ € D, there exists ¢ € D such that

fGE,q/ﬂD(q,r) N‘I'#’(C) dA(C)
[D(gq,7)|

=1. (83)

Proof. First, assume that there exists & > 0 such that for all ¢ in D, |[ag © ¢||g, > k. Then,
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for each ¢ € D there exists a ¢’ € D such that

[ 104OPN () 440 2 5. (84)

By Theorem 3.7 and since for all ¢ € D, Ny ,({)dA(() is a collection of uniformly Carleson

measures for the Bergman space,

lim sup / o JOPN (0 dA(Q) =0.

r—1 q,q'€D

We conclude that there exists r € (0,1) such that for all ¢,¢' € D

k
[ O N0 dA) < 5 (%)
D\D(q,r)

Now, for each e > 0, ¢ € D and ¢’ € D as in (84), write

/D 0 (O Ny w(Q)dAQ) = DL+ I+, (86)
where
L o= / (O Ny () dA(C) -
D\ D(q,r)
L = / 0 () Ny o(C) dA(C)
D(q,m)\G, o
and
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By (85),

Next,
L < e / 4 (C) (1 — Jag ()PP dA(C)
D(gq,m)\G. o
< ellagl;,
< Ce (88)
By (38)
I - / 0, () Ny () dA(C)
G, yND(g,r)
1
= — N, dA
/Gg’q/ﬂD(q,r) |D(Q7T)| ! ’L‘D(C) (C)
1
G — N, dA . &89
|D(Q7 T)| /Gaq/ﬂD(q,r) 7 AO(C) <C) ( )

By (84), (87), (88), (89), we conclude that there exists r € (0,1) such that for all w € D,

E < ciC stquD(qﬂr) Ny () dA(C)
! |D(g,7)|
or
n N (€) dA(C)
E —¢ S styqlmD(qy ) PV e (90)
! |D(q,7)|

Hence, for any ¢ > 0 with € < k/4, the set G, , satisfies (83).

Next, assume that there exists an € > 0 and r € (0, 1) such that for all ¢ € D, there

51



exists ¢ € D such that (83) holds. Then, for each fixed ¢ € D,

lagoglll, > / 0 (O Ny () dA(C)
Ge,q’

v

/ 0 () Ny (€) A(C).
G. #ND(gr)

By (7),(8)
oo, = | 6O Ny (€) dA(C)
G, q/ﬂD(q,r)
= e | Nyo(C)
B |D(Q7 T)| G, #ND(g,r) e
= 1. (91)
and the conclusion follows. O

The following is an immediate corollary of the proof of Theorem 3.12.

Theorem 4.8. Let p > 0 and assume that C, is a bounded operator on Q). The
composition operator C, is closed range on @, if and only if there exists a constant k > 0

such that ||og 0 pl|q, > k, for all g € D.

The following is an immediate corollary of the proof of Theorem 3.19. The whole proof
goes through with the Hardy space seminorm ||.||gz being replaced with the weighted
Dirichlet space seminorm ||.||p,. Note that for isometries among composition operators on
Qp, k=1 and w = v’ below. If C, is an isometry on @, then by [29, Thm 2.1] ¢(0) =0

and so we may only look at the seminorms.

Theorem 4.9. Let p > 0, assume that C, is a bounded operator on @Q,. The following
conditions are equivalent:
(a) There exists k € (0,1] such that for every w € D, ||ay, 0 ¢||g, > k.

(b) There exists k € (0, 1] such that for every w € D there exists w' € D with
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| (w')|? < 1 — k2, there exists a sequence (g,) in D such that ¢(q,) — w' and
T}L)IEO ||90‘Zn||Dp Z k7

where for all natural numbers n, @, = Qy(g,) © P © Ay, -

If p € (1,00), then @), is Bloch space B with an equivalent norm. Therefore, Theorem
4.7, Theorem 4.8 and Theorem 4.9 provide another approach to closed range composition
operators on the B. Moreover, note that Theorem 4.9 provides a characterization for
isometries among composition operators on B with norm ||.||g,, p > 1. Recall that if p > 0

then for each € > 0 and ¢ € D let G4 be

Geg =1{C 1 Ny (€) > e(1 = [y (€))7} -

Corollary 4.10. Let ¢ be a non-constant analytic self-map of D, and p > 1. Then, the
following are equivalent

(a) The composition operator Cy, is closed range on B.

(b) For all g €D, |jago glls < 1.

(c) There exists an € > 0 and r € (0,1) such that for all ¢ € D, there exists ¢ € D such

that

st,q/ﬂD(q,r) Nq’,so(C) dA(C)
[ D(g, )]

=1.

(d) There exists k € (0, 1] such that for every w € D there exists w' € D with

| (W2 < 1 — k2, there exists a sequence (g,) in D such that p(q,) — w' and
where for all natural numbers n, Qq, = Qp(g,) © P © Ay, .
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