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Abstract

Parity-time (PT ) symmetry has attracted considerable attention since optics was realized
with the ability to provide a fertile platform for the exploration of PT symmetry. Although
many of the previous researches on PT symmetry have been conducted in solid-state
system and the network of fiber loops, coherent atomic medium offers another platform for
the exploration of PT symmetry due to its easy reconfigurability and flexible tunability in
parameters.
This dissertation mainly focuses on the investigations of the phenomena related to
PT -symmetric optical lattice in a coherent atomic medium. First, a controllable photonic
crystal with periodic Raman gain was constructed in a coherent atomic medium. The
dependence of the periodic Raman gain on the temperature of the atomic medium and
total power of the pump beams has been investigated. Second, a new scheme to observe the
PT -symmetric optical lattice in a coherent atomic medium was realized in experiment.
The phase difference between the gain and loss waveguides was measured and the phase
transition point was observed. Last, integer and fractional Talbot effects from
PT -symmetric optical lattice, quasi-PT -symmetric optical lattices, and conventional
electromagnetically induced transparency (EIT) optical lattice have been investigated. We
find the intensity of the diffracted signal wave from the PT -symmetric optical lattice and
quasi-PT -symmetric optical lattices can be substantially increased due to the gain
channels in the optical lattice, while for the conventional EIT optical lattice, the intensity
of the diffracted wave is decreased because of the absorption in the optical lattice.
Moreover, the visibilities of the fractional Talbot image from the PT -symmetric optical

lattice and quasi-PT -symmetric optical lattices are larger than that from the conventional
EIT optical lattice for most of the propagation distances.
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Chapter 1
Parity-time symmetry
1.1

Introduction of parity-time symmetry

In standard quantum mechanics, the Hamiltonian is assumed to be Hermitian, H = H † ,
where the superscript † denotes Hermitian conjugate (that is, transposition plus complex
conjugation). This ensures real energy eigenvalues and a unitary time evolution for which
the probability to find this particle somewhere is conserved. Systems with gain or loss, on
the other hand, are described by non-Hermitian Hamiltonians, that is H 6= H † for which
the probability is in general not conserved and time-evolution is not unitary. However, in
1998, Bender and Boettcher [1] showed that Hermiticity is not a necessary condition for
real eigenvalues of H, and that a class of non-Hermitian Hamiltonians (featuring both gain
and loss) can have real eigenvalues when they are invariant under the transformations of
parity (P) and time inversions (T ), i.e., PT symmetry [1, 2, 3]. By definition, the action of
the parity operator P̂ is defined by the relations:
p̂ → −p̂, x̂ → −x̂,

(1.1)

where p̂ and x̂ stand for momentum and position operators, respectively. The action of the
time-reversal operator T̂ is:
p̂ → −p̂, x̂ → x̂, i → −i.

(1.2)

Here, T̂ changes the sign of i due to the requirement of preserving the fundamental
commutation relation [x̂, p̂] = x̂p̂ − p̂x̂ = i~ in traditional quantum mechanics. The
complex conjugation (i → −i) when T̂ operator is applied implies that T̂ is an anti-linear
1

operator. In addition, P̂ and T̂ are unitary and have the following properties,
ˆ P̂ = P̂ † , T̂ = T̂ † , and [P̂ , T̂ ] = 0,
P̂ 2 = T̂ 2 = I,

(1.3)

where Iˆ is the identity operator. In Schrödinger equation, the Hamiltonian can be written
as
Ĥ =

p̂2
+ V (x̂),
2

(1.4)

where V (x̂) is a complex potential of the system. The Hamiltonian is PT -symmetric when
it commutes with the parity-time operator. In this case, we have
Ĥ P̂ T̂ = P̂ T̂ Ĥ ⇔ [P̂ T̂ , Ĥ] = 0,

(1.5)

thus, Ĥ and P̂ T̂ may share a common set of eigenfunctions. In operator form, the
normalized Schrödinger evolution equation (~ = m = 1) is given by

i

∂Ψ
= ĤΨ,
∂t

(1.6)

where Ĥ = p̂2 /2 + V (x̂) and p̂ → −i∂/∂x. Thus, we have
Ĥ P̂ T̂ = p̂2 /2 + V (x),
(1.7)
∗

2

P̂ T̂ Ĥ = p̂ /2 + V (−x).
From here we conclude that a necessary (but not sufficient) condition for this to occur is
that the complex potential involved in such a Hamiltonian satisfies V (x) = V ∗ (−x). In
other words, the real part of the complex potential must be an even function of the
position while its imaginary component should be an odd function of the position.
Since the P̂ T̂ operator is not linear, the eigenstate of Ĥ may or may not simultaneously

2

be the eigenstate of P̂ T̂ . Thus, the Hamiltonian Ĥ having a PT symmetry is not sufficient
for its spectrum to be purely real. However, it becomes sufficient when combined with the
requirement that the PT symmetry is unbroken. Specifically, the PT symmetry of a
PT -symmetric operator Ĥ is said to be unbroken if any eigenfunction of Ĥ is
simultaneously the eigenfunction of the PT operator. However, once a parameter
controlling the degree of non-Hermiticity goes beyong the PT -symmetry breaking
threshold, namely, the phase transition point, the PT symmetry is broken, which will
result in the presence of complex eigenvalues.

1.2

Parity-time symmetry in optics

In optics, the paraxial wave equation is

i

1 ∂ 2 E(x, z)
∂E(x, z)
+
+ k0 [nr (x) + ini (x)]E(x, z) = 0,
∂z
2k ∂x2

(1.8)

where E(x, z) is the electric field envelope, n(x) = nr (x) + ini (x) is the complex refractive
index distribution decomposed in its real nr (x) and imaginary ni (x) parts, k = k0 n0 is the
wavevector, k0 = 2π/λ with λ being the wavelength of the field in vacuum, and n0 the
substrate index. This equation is mathematically isomorphic to the quantum mechanical
Schrödinger equation

i~

∂ψ(x, t)
~2 ∂ 2 ψ(x, t)
+
− V (x)ψ(x, t) = 0,
∂t
2m ∂x2

(1.9)

where ψ(x, t) is the probability amplitude, ~ is Planck’s constant, m is the mass, and V (x)
is the complex potential. The paraxial equation of diffraction describes the spatial
propagation of a light beam whose amplitude changes very little in the direction of
3

propagation over a distance comparable to its wavelength. The Schrödinger equation, on
the other hand, describes the temporal evolution of a quantum particle in a potential. If
the parameters E(x, z), z, k, and k0 n(x) of the paraxial equation are replaced by ψ(x, t), t,
m/~, and −V (x)/~, we can obtain the Schrödinger equation with the z coordinate in the
paraxial equation playing the role of time t in the Schrödinger equation. The refractive
index n(x) corresponds to the complex potential V (x) and is thus considered as the optical
potential.
We first apply the P̂ T̂ operator to the Schrödinger equation to find the condition of the
complex potential V (x) to be a PT -symmetric potential. The isomorphism suggests that
the same condition then can be imposed on n(x) such that it is also PT -symmetric.
Applying the T̂ operator performs p̂ → −p̂, x̂ → x̂, i → −i, yielding
T̂

→ i~

~2 ∂ 2 ψ ∗ (x, −t)
∂ψ ∗ (x, −t)
+
− V ∗ (x)ψ ∗ (x, −t) = 0,
∂t
2m
∂x2

(1.10)

where the superscript ∗ represents complex conjugation and we replace t → −t to have the
same sign in front of the first term. The P̂ operator, which performs p̂ → −p̂ and x̂ → −x̂,
transform Eq. (1.10) as
P̂ T̂

→ i~

∂ψ ∗ (−x, −t)
~2 ∂ 2 ψ ∗ (−x, −t)
+
− V ∗ (x)ψ ∗ (−x, −t) = 0.
∂t
2m
∂x2

(1.11)

We can see that if ψ(x, t) satisfies the Schrödinger equation, ψ ∗ (−x, −t) also satisfies the
Schrödinger equation when V (x) = V ∗ (x). Rewriting the complex potential as
V (x) = Vr (x) + iVi (x) and V ∗ (−x) = Vr (−x) + iVi (−x), respectively, where Vr and Vi
represent the real and imaginary parts of V , respectively. It is clear that the PT potential
should satisfy Vr (x) = Vr (−x) and Vi (x) = −Vi (−x). That is to say, the real part of the
4

complex PT potential is an even function of x, and the imaginary part of the complex PT
potential is an odd function of x. Using the isomorphism between the paraxial equation of
diffraction and the Schrödinger equation, we conclude that for the optical potential
n(x) = nr (x) + ini (x) to be PT -symmetric, its real part should be an even function of x
and its imaginary part should be an odd function of x, that is, nr (x) = nr (−x) and
ni (x) = −ni (−x). The real part nr (x) of n(x) determines the index profile, whereas the
imaginary part ni (x) determines the gain-loss profile, where a negative imaginary part
implies gain and a positive imaginary part implies loss. Thus, an optical system with
PT -symmetric potential (complex refractive index) has a symmetric index profile but an
asymmetric gain-loss profile. Such a refractive index profile can be obtained in a system of
two coupled optical structures, one having passive loss and the other having gain
compensating the loss of the other. For more complicated cases, it can be obtained with
multi coupled optical structures with alternating gain and loss waveguides.

1.3

1.3.1

Properties of parity-time symmetry

Two-coupled waveguides

In this section, I will present the properties of parity-time (PT ) symmetry. I will start with
a simple two-coupled waveguides model that satisfies the PT symmetry condition as shown
in Fig. 1.1. The two waveguides are coupled with a coefficient of κ, one waveguide has gain
γG and the other has loss γL . The coupled mode equation for the two waveguides is [4]

5
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Figure 1.1: Two-coupled waveguides model. The two waveguides are coupled with κ, and one
waveguide has gain γG and the other has loss γL .





1
i dE
− i γ2G E1 + κE2 = 0,
dz

(1.12)




i dE2 − i γL E2 + κE1 = 0.
dz
2
Because the two coupled waveguides satisfy the PT symmetry condition, we have
γG = γL = γ. Equations (1.12) can be written as
" #
" #
E1
d E1
=H
,
i
dz E2
E2

(1.13)

where
"i
H=

2

γ

−κ

#
.

(1.14)

γ2
.
4κ2

(1.15)

−κ − 2i γ

The eigenvalues of the matrix H are
r
l = ±κ 1 −

There are three cases regarding to the eigenvalues:
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(1) If γ < 2κ, let sin(θ) = γ/(2κ), the eigenvalues in Eq. (1.15) can be written as
l = ±κ cos(θ).

(1.16)

The corresponding eigenvectors are:
"
|1i =

#

1

"
, |2i =

eiθ

#

1

.

−e−iθ

(1.17)

We can see the phase difference between these two eigenvectors is between 0 and π.
(2) If γ = 2κ, the eigenvalues are l = 0, the corresponding eigenvectors are:
" #
1
|1, 2i =

.

(1.18)

i
The phase difference between the two eigenvectors is fixed at π/2.
(3) If γ > 2κ, let cosh(θ) = γ/(2κ), where cosh(θ) = (eθ + e−θ )/2 and
sinh(θ) = (eθ − e−θ )/2, the eigenvalues in Eq. (1.15) can be written as
l = ±iκ sinh(θ),

(1.19)

and the corresponding eigenvectors are:
"
|1i =

#

1
ie−θ

"
, |2i =

1
ieθ

#
.

(1.20)

The phase difference between the two eigenvectors is fixed at π/2.
We can see the eigenvalues of the matrix H become imaginary from real at the point
γ = 2κ, and at the point γ = 2κ the eigenvalue is zero. We call the point γ = 2κ the
exceptional point for the two-coupled waveguides model.
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If we write Eq. (1.13) as
i

d
E = HE,
dz

(1.21)

 
E1
where E =
, the corresponding solution to Eq. (1.21) is
E2
"

E1 (z)

#

"

#
E1 (z = 0)

= exp(−iHz)
E2 (z)

,

(1.22)

E2 (z = 0)

where, E1 (z = 0) and E2 (z = 0) are the input of the two waveguides. To get a specific
solution, we can use Pauli matrices to write the H in Eq. (1.14) as
i
H = γσ3 − κσ1 ,
(1.23)
2






0 −i
1 0
0 1
where σ1 = σx =
, σ2 = σy =
, and σ3 = σz =
. We define the
1 0
i 0
0 −1
Pauli vector as:
~s = σ1 x̂1 + σ2 x̂2 + σ3 x̂3 .

(1.24)

The coefficient vector is ~a = −κ · x̂1 + 0 · x̂2 + 2i γ · x̂3 = an̂. Where |n̂| = 1 and
a=

p
κ2 − γ 2 /4. Therefore, we have H = ~a · ~s. There are three cases here:

(1) When γ = 2κ, a is zero;
(2) When γ < 2κ, a is real;
(3) When γ > 2κ, a is imaginary.
According to the properties of the Pauli vector and coefficient vector, we have
(n̂ · ~s)2n = I and (n̂ · ~s)2n+1 = n̂ · ~s.
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(1.25)

Thus, Eq. (1.23) can be written as:
H = an̂ · ~s.

(1.26)

And the exponential coefficient in Eq. (1.22) can be written as:
exp(−iazn̂ · ~s) = I cos(az) − i(n̂ · ~s) sin(az).

(1.27)

This is because by using the Taylor expansion of sine and cosine functions, we have
exp(−iazn̂ · ~s) =

∞
X
(−i)n [az(n̂ · ~s)]n

n!

n=0

=

∞
X
(−i)n [az(n̂ · ~s)]2n
n=0

=I

∞
X
n=0

(2n)!
n

−i

∞
X
(−i)n [az(n̂ · ~s)2n+1 ]

(2n + 1)!

n=0

(−i) (az)
(2n)!

2n

− i(n̂ · ~s)

(1.28)
∞
X
n=0

n

2n+1

(−i) (az)
(2n + 1)!

!

= I cos(az) − i(n̂ · ~s) sin(az).
While deriving Eq. (1.27), we assume a is real. If a is imaginary, we need to replace the
sine and cosine functions by the hyperbolic sine and hyperbolic cosine functions,
respectively. This is because of the relationship sin(ix) = isinh(x) and cos(ix) = icosh(x).
When a is imaginary, we have
H
sin(az)
a
# "γ
#
"
cos(az)
0
sin(az) i κa sin(az)
2a
=
+
γ
0
cos(az)
i κa sin(az) − 2a
sin(az)

exp(−iazn̂ · ~s) = I cos(az) − i

"
=

cos(az) +

γ
sin(az)
2a

i κa sin(az)
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i κa sin(az)
cos(az) −

#

γ
sin(az)
2a

.

(1.29)

From Eq. (1.22) we can get the solutions to Eq. (1.21):
i
κ
γ
E1 = cos(az) + sin(az) E1 (z = 0) + i sin(az)E2 (z = 0),
2a
a
h

(1.30)

h
i
κ
γ
E2 = i sin(az)E1 (z = 0) + cos(az) − sin(az) E2 (z = 0).
a
2a

According to Eqs. (1.30), we plot the wave propagation when the left waveguide or
right waveguide of the two coupled waveguides is excited, respectively, as shown in Figs.
1.2. Figures 1.2(a) and 1.2(b) show the propagation of the wave when the left waveguide
and right waveguide is excited, respectively, for the conventional Hermitian system (γ = 0).
The light distribution in Figs. 1.2(a) and 1.2(b) obeys the left-right symmetry, meaning the
light propagation in this case is reciprocal. This situation changes when the system involves
the gain-loss waveguides. When the gain increases but is still below the threshold
(γ = κ < 2κ), the light propagation is non-reciprocal. This is because by exchanging the
input waveguide from left waveguide to right waveguide, we get an entirely different output
state as shown in Figs. 1.2(c) and 1.2(d). This situation is greatly changed when the gain is
above the threshold (Figs. 1.2(e) and 1.2(f)) when γ = 3κ > 2κ. In this regime, light always
leaves the sample from the left waveguide irrespective of the input waveguide. This is
because for the above threshold case, the system’s eigenvalues are complex as calculated in
Eq. (1.19), with the corresponding amplitudes either exponentially decaying or increasing.
Thus, only one supermode effectively survives.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 1.2: Optical wave propagation when the waveguide is excited at either the left channel
or the right channel. The (a) left and (b) right channel is excited for the conventional case
(γ = 0). The (c) left and (d) right channel is excited for the PT -symmetric below threshold
case (γ = κ < 2κ). The (e) left and (f) right channel is excited for the PT -symmetric
breaking case (γ = 3κ > 2κ).
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Then we consider the general two-coupled waveguides. The coupled mode equation for
the general two-coupled waveguides is




i da
= iβa a + iKab b,
dz

(1.31)




i db = iβb b + iKba a.
dz
These two equations can be written as:
" #
" #
a
d a
= iM
,
dz b
b
"
where M =

βa

Kab

Kba

βb

(1.32)

#
.

The general solution to Eqs. (1.31) is

"
"
#
#
i Kqab sin(qz)
cos(qz) + i ∆q sin(qz)
a(z)
a(0)

= exp(iφz) 
,
Kba
∆
i q sin(qz)
cos(qz) − i q sin(qz) b(0)
b(z)
where φ =

βa +βb
,
2

∆=

βa −βb
,
2

(1.33)

√
∆2 + Kab Kba .

and q =

The eigenvalues of matrix M are

l± =

βa + βb
± q.
2

(1.34)

The corresponding eigenvectors are
"
|a± , b± i =

Kab

#
.

(1.35)

±q − ∆

From the eigenvalues and eigenvectors we can get the general solution to Eq. (1.32)
"
#
a(z)

"
= ca

b(z)

Kab

#

q−∆

"
exp(il+ z) + cb
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Kab

#

−q − ∆

exp(il− z).

(1.36)

The coefficients ca and cb are determined by the initial conditions.

1.3.2

Multi-coupled waveguides

We consider the multi-coupled waveguides that satisfy the PT -symmetry condition in this
section. Specifically, we consider the ten-coupled waveguides as shown in Fig. 1.3. If we
only consider the coupling between the adjacent waveguides, the coupled mode equations
for the ten-coupled waveguides can be written as [4]

𝜅

𝛾!

𝛾"

𝛾!

𝛾"

𝜅

𝛾!

𝜅

𝜅
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𝜅

𝛾!

𝛾"

𝜅

𝛾!

𝜅

𝜅

𝛾"

Figure 1.3: Ten-coupled waveguides model. Adjacent waveguides are couple with κ, and the
waveguides have alternative gain γG and loss γL .
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i

γG
dE1
− i E1 + κE2 = 0,
dz
2

i

dE2
γL
+ i E2 + κ(E1 + E3 ) = 0,
dz
2

i

dE3
γG
− i E3 + κ(E2 + E4 ) = 0,
dz
2

i

dE4
γL
+ i E4 + κ(E3 + E5 ) = 0,
dz
2

i

dE5
γG
− i E5 + κ(E4 + E6 ) = 0,
dz
2

(1.37)

dE6
γL
i
+ i E6 + κ(E5 + E7 ) = 0,
dz
2
i

dE7
γG
− i E7 + κ(E6 + E8 ) = 0,
dz
2

i

γL
dE8
+ i E8 + κ(E7 + E9 ) = 0,
dz
2

i

dE9
γG
− i E9 + κ(E8 + E10 ) = 0,
dz
2

i

dE10
γL
+ i E10 + κE9 = 0.
dz
2

Figure 1.4 shows the real and imaginary part of the periodic refractive index for the
ten-coupled waveguides model which satisfies the PT symmetry condition.
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Figure 1.4: The real part and imaginary part of the periodic refractive index for the tencoupled waveguides model.
Because the waveguides satisfies the PT symmetry condition, we have γG = γL = γ,
Eqs. (1.37) can be written as
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 E6 
dz  E6 
 
 
 
 
 E7 
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E10

E10
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(1.38)

where

i

2

γ

−κ

0

0

0

0

0

0

0


−κ − i γ −κ
0
0
0
0
0
0

2


−κ 2i γ −κ
0
0
0
0
0
 0


 0
0
−κ − 2i γ −κ
0
0
0
0


 0
0
0
0
0
0
−κ 2i γ −κ

H=

 0
0
0
0
−κ − 2i γ −κ
0
0


 0
0
0
0
0
−κ 2i γ −κ
0



0
0
0
0
0
−κ − 2i γ −κ
 0


 0
0
0
0
0
0
0
−κ 2i γ

0

0

0

0

0

0

0

0

0




0 



0 


0 


0 

.

0 


0 



0 


−κ 


(1.39)

−κ − 2i γ

We cannot get an analytical solution of eigenvalues and eigenvectors of the matrix H in
Eq. (1.39). By calculating the eigenvalues of the matrix H numerically we plot the band
structure for the number of the coupled mode N in the waveguide being 2, 4, 6, 8, 10, 12,
as shown in Fig. 1.5. We can see for N = 10, the exceptional point occurs at γ/2κ ≈ 0.284.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j)

(k)

(l)

Figure 1.5: Band structure of the real and imaginary parts with Nwaveguide (= 2, 4, 6, 8, 10, 12)
gain-loss waveguides coupled in an array. (a), (b) for Nwaveguide = 2; (c), (d) for Nwaveguide = 4;
(e), (f) for Nwaveguide = 6; (g), (h) for Nwaveguide = 8; (i), (j) for Nwaveguide = 10; and (k), (l)
for Nwaveguide = 12. [5]
By exciting the fifth and sixth waveguides and numerically solving Eqs. (1.37) we can
get the phase difference between the two waveguides as a function of γ/2κ and z as shown
in Fig. 1.6. We can see when the value of γ/2κ is below the exceptional point, the phase
difference between the two waveguides varies between 0 and π. When the value of γ/2κ is
higher than the exceptional point, the phase difference is fixed at π/2 after propagating a
certain distance.
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Figure 1.6: The phase difference between the fifth channel and sixth channel as a function
of γ/2κ and z. The phase difference is normalized by π. [6]
For a general multi-coupled waveguides (shown in Fig. 1.4) that does not necessarily
satisfy the PT symmetry condition, the electric field can be written as [7]
E(x, z, t) = exp(iβz)[A1 (x)E1 (z) + A2 (x)E2 (z) + A3 (x)E3 (z) + A4 (x)E4 (z)+
A5 (x)E5 (z) + A6 (x)E6 (z) + A7 (x)E7 (z) + A8 (x)E8 (z)+

(1.40)

A9 (x)E(z) + A10 (x)E10 (z)],
where A1∼10 is the eigenmode of every waveguide and E1∼10 is the amplitude of every
eigenmode. By using the slowly varying envelope approximation, we can get the coupled
mode equations [8, 9, 10]

18

i

dE1
+ BE1 + κE2 = 0,
dz

i

dE2
+ CE2 + κ(E1 + E3 ) = 0,
dz

i

dE3
+ BE3 + κ(E2 + E4 ) = 0,
dz

i

dE4
+ CE4 + κ(E3 + E5 ) = 0,
dz

i

dE5
+ BE5 + κ(E4 + E6 ) = 0,
dz

dE6
i
+ CE6 + κ(E5 + E7 ) = 0,
dz
i

dE7
+ BE7 + κ(E6 + E8 ) = 0,
dz

i

dE8
+ CE8 + κ(E7 + E9 ) = 0,
dz

i

dE9
+ BE9 + κ(E8 + E10 ) = 0,
dz

i

dE10
+ CE10 + κE9 = 0,
dz

where B = C ∗ is the propagation constant between the waveguides, and κ is the
coupling coefficient between the waveguides.
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(1.41)

(1) The relations between the eigenmodes in this ten coupled-mode waveguides are:
A1 (x) = A∗10 (−x),
A2 (x) = A∗9 (−x),
A3 (x) = A∗8 (−x),

(1.42)

A4 (x) = A∗7 (−x),
A5 (x) = A∗6 (−x).
I will prove the relation A5 (x) = A∗6 (−x) here. The eigenmode in the fifth and sixth
waveguides satisfy the relationship:
∂ 2 A5 (x)
+ V5 (x)A5 (x) = βA5 (x),
∂x2

(1.43)

2

∂ A6 (x)
+ V6 (x)A6 (x) = βA6 (x).
∂x2
From the second equation of Eqs. (1.43) we have
∂ 2 A∗6 (−x)
+ V6∗ (x)A6 (−x) = βA∗6 (−x).
2
∂x

(1.44)

Because V5 (x) = V6∗ (−x), we have A5 (x) = A∗6 (−x). Other relations in Eqs. (1.42)
can be proved in the same way.
(2) If we assume the distance between the waveguides in Fig. 1.4 is x0 , the ten
eigenmodes satisfy the relationship:
A1 (x − 4x0 ) = A3 (x − 2x0 ) = A5 (x) = A7 (x + 2x0 ) = A9 (x + 4x0 ),
(1.45)
A2 (x − 4x0 ) = A4 (x − 2x0 ) = A6 (x) = A8 (x + 2x0 ) = A10 (x + 4x0 ).
I will prove A5 (x) = A7 (x + 2x0 ) here. The eigenmode in the fifth and seventh
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waveguide satisfy the relationship:
∂ 2 A5 (x)
+ V5 (x)A5 (x) = βA5 (x),
∂x2

(1.46)

2

∂ A7 (x)
+ V7 (x)A7 (x) = βA7 (x).
∂x2
Moving the seventh waveguide equation 2x0 to the left, we have
∂ 2 A7 (x + 2x0 )
+ V7 (x + 2x0 )A7 (x + 2x0 ) = βA7 (x + 2x0 ).
∂x2

(1.47)

Since V5 (x) = V7 (x + 2x0 ), we have A5 (x) = A7 (x + 2x0 ). Other relations in Eqs.
(1.45) can be proved in the same way.
According to the properties mentioned above, the coefficients in Eqs. (1.41) can be
written as:
R

V6 (x)A5 (x)A∗6 (−x)dx
R
,
A5 (x)A∗6 (−x)dx

R

V5 (x)A6 (x)A∗5 (−x)dx
R
,
A6 (x)A∗5 (−x)dx

B=

C=
R
κ=

V5 (x)A6 (x)A∗6 (−x)dx
R
=
A5 (x)A∗6 (−x)dx

(1.48)
R

V6 (x)A5 (x)A∗5 (−x)dx
R
.
A6 (x)A∗5 (−x)dx

As discussed above, new and interesting phenomena may occur when the system
satisfies the PT symmetry condition. In the following chapters, I will summarize the works
we have done during the last five years in the Quantum and Nonlinear Optics laboratory of
Professor Min Xiao at the University of Arkansas. Chapter 2 presents the controllable
photonic crystal with periodic Raman gain in a coherent atomic medium. Chapter 3
describes a new scheme to construct the periodically arranged PT -symmetric optical
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lattice in a coherent atomic medium. In Chapter 4, the integer and fractional Talbot effects
are studied in PT -symmetric optical lattice constructed in a four-level N -type atomic
medium. Chapter 5 gives the summary and outlook.
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Chapter 2
Controllable photonic crystal with periodic Raman gain in a coherent atomic
medium
2.1

Introduction

Artificial optical lattices, which are formed by coupled optical waveguides with equal
spatial distance have attracted considerable attention due to the research interest in the
light propagation dynamic behaviors in such optical lattices [5, 11, 12, 13, 14]. When light
propagates through this kind of periodic environment, it will experience spatially
modulated refractive index in a period manner [15, 16]. Many interesting effects with
fundamental importance for optical information science have been demonstrated under this
mechanism, such as optical Bloch oscillation [17], optical analogs of quantum random walk
[18], optical solitons [19], and discrete diffractions [20]. Furthermore, new applications, such
as spatial frequency filtering [21], shaping of light pulses [22], and self-collimation
propagation [23] have been explored by introducing periodic gain into such photonic crystal
structures. However, because of the restriction on the connection between the real and
imaginary parts of the refractive index as imposed by Kramers-Kronig relations [24], it is
difficult to generate spatially extended period gain structures in experiment. Thus, most of
the studies on gain-modulated lattices remain on the theoretical level. Fortunately,
light-induced atomic coherence in multi-level atomic configuration can avoid such
difficulties and provide an effective solution for engineering desired refractive index profile
[25, 26]. Specifically, electromagnetically induced transparency (EIT) [27, 28, 29, 30, 31, 32]
and induced Raman gain [33] can be used to construct the gain/loss and nonlinear
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properties [34] in multi-level atomic system. The induced Raman gain comes from the light
amplification and can be created in an EIT window under the condition with and without
population inversion driven by a strong or a weak pump field, respectively [33].
In this chapter, we introduce the experimentally constructed Raman-gain-modulated
photonic crystal [35]. A four-level N -type atomic medium, which is driven by a signal field,
a coupling field, and a pump field is employed in the experiment. A standing-wave coupling
field propagating along the z direction can induce the optical lattice in the transverse
direction x. When a weak Gaussian signal field is injected into the optical lattice, a discrete
diffraction pattern is observed under the EIT configuration. Then, by adding a
standing-wave pump field which is overlapped with the standing-wave coupling filed, the
signal field would experience periodic Raman gain. The induced Raman gain can be
effectively manipulated and optimized by adjusting the related parameters, such as the
atomic density and the Rabi frequencies and frequency detunings of the optical fields. We
first introduce the EIT and the origin of the Raman gain in the four-level N -type atomic
system in this section. In Section 2.2, the detailed experimental construction of the
Raman-gain-modulated photonic crystal is presented. Section 2.3 describes the dependence
of the periodic Raman gain on related experimental parameters. Section 2.4 serves as the
summary for this chapter with some discussions.

2.1.1

Electromagnetically induced transparency

Electromagnetically induced transparency (EIT) refers to the cancellation of linear
absorption by destructive interference in the medium. The concept of EIT was proposed by
Harris and co-workers [29] and subsequently studied by M. Scully and co-workers [30]. In
24

1991, Harris and co-workers for the first time observed the the EIT in a three-level Λ-type
Si vapor cell by using pulsed laser [31]. Their experimental result shows that the absorption
of the probe beam is significantly absorbed near the resonance when the coupling beam is
absent and the transmittance of the probe beam is only exp(-20). When the coupling beam
is applied to another atomic transition, a transparency window appears at the resonance
and the transmittance of the probe beam becomes exp(-1).
To have a better understanding of EIT, let’s consider a traditional three-level Λ-type
atomic system as shown in Fig. 2.1. A strong laser beam (coupling beam) with frequency
ωc interacts with the energy levels |2i → |3i while the other weak beam (signal beam) with
frequency ωs interacts with the energy levels |1i → |3i. For the signal beam there are two
possible channels for it to be absorbed, i.e., a direct pathway |1i → |3i and an indirect
pathway |1i → |3i → |2i → |3i. Because intensity of the coupling beam is much higher
than that of the signal beam, the indirect pathway has a probability amplitude that is
almost equal to the amplitude of the direct pathway. For the resonant interactions these
two probabilities have opposite signs, thus the absorption of the signal beam can be
substantially suppressed due to the destructive interference between the two absorption
channels [32]. To have a better understanding in physics, we use the density-matrix method
[25] to describe the EIT system.

25

Figure 2.1: A traditional three-level lambda-type atomic system for EIT. |1i is the ground
state, |2i is a metastable state, |3i is the excited state. [32]
The Hamiltonian of the three-level atomic system in the interaction picture can be
written as [28]

H = Ha + Hb ,

(2.1)

Ha = ~ω |3i h3| + ~(ωs − ωc ) |2i h2| ,

(2.2)



Hb = ~∆s |3i h3| + ~(∆s − ∆c ) |2i h2| − ~ (Ωc |3i h2| e−iωc t + Ωs |3i h1| e−iωp t ) + c.c , (2.3)
HI = eiHa t Hb e−iHa t
= ~[∆s |3i h3| + (∆s − ∆c ) |2i h2| − Ωc (|3i h2| + |2i h3|) − Ωs (|3i h1| + |1i h3|)].

(2.4)

Here ∆c = ω32 − ωc and ∆s = ω31 − ωs are the detuning between the laser frequencies and
atomic resonance frequencies. Ωc = µ32 Ec /2~ and Ωs = µ31 Es /2~ are the Rabi frequencies
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of the coupling beam and probe beam. µ32 is electric dipole moment between energy levels
|3i and |2i. µ31 is electric dipole moment between energy levels |3i and |1i.
According to

i~

∂ρ
= [HI , ρ] + Λρ
∂t

(2.5)

we can get the equations for the density-matrix elements [28]

ρ̇11 = iΩ∗s ρ31 − iΩs ρ13 + Γ1 ρ33 + Γ3 ρ22 − Γ3 ρ11 ,
ρ̇22 = iΩ∗c ρ32 − iΩc ρ23 + Γ2 ρ33 + Γ3 ρ11 − Γ3 ρ22 ,
ρ̇12 = [−γ12 + i(∆s − ∆c )]ρ12 − iΩc ρ13 + iΩ∗s ρ32 ,
ρ̇21 = [−γ21 − i(∆s − ∆c )]ρ21 + iΩ∗c ρ31 − iΩs ρ23 ,
(2.6)
ρ̇13 = (−γ13 + i∆s )ρ13 −

iΩ∗c ρ12

−

iΩ∗s (ρ11

− ρ33 ),

ρ̇31 = (−γ13 − i∆s )ρ31 + iΩc ρ21 + iΩs (ρ11 − ρ33 ),
ρ̇23 = (−γ23 + i∆c )ρ23 − iΩ∗s ρ21 − iΩ∗c (ρ22 − ρ33 ),
ρ̇32 = (−γ23 − i∆c )ρ32 + iΩs ρ12 + iΩc (ρ22 − ρ33 ).
In the EIT case, Ωs  Ωc , the population is all in the ground state, i.e., ρ11 ≈ 1,
ρ22 ≈ ρ33 ≈ 0, by solving Eqs. (2.6) at the steady-state condition, we get [28]

ρ31 ≈

iΩs
γ
2

+ i∆s +

Ω2c
Γ3 +i(∆s −∆c )

The susceptibility of the atomic medium can be obtained through the expression
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(2.7)

χ=

2N µ13
ρ .
ε0 Es 31

Therefore, the real part and imaginary part of the susceptibility can be

written as
χ0 =

N µ231 Re(ρ31 )

,
ε0 ~
Ωp

(2.8)

χ00 =

N µ231 Im(ρ31 )

.
ε0 ~
Ωp

(2.9)

Figures 2.2(a) and 2.2(b) exhibit the liner susceptibility of the atomic medium for the
two-level system (Ωc = 0) and three-level system (Ωc 6= 0), respectively. The red solid lines
represent the real parts of the susceptibilities while the blue dotted curves denote the
imaginary parts. The real part of the susceptibility represents the dispersion and the
imaginary part of the susceptibility denotes the gain/absorption. When the imaginary part
of the susceptibility is negative, the signal beam experiences gain and when the imaginary
part of the susceptibility is positive, the signal beam experiences absorption. From
Fig. 2.2(b), we can see that the absorption is greatly suppressed near the atomic resonance
while the slope of the dispersion changes from positive to negative near the resonance point
for the three-level EIT configuration compared to the two-level system.
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(a)
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𝜒!

𝜒 !!

(b)

𝜒!

Figure 2.2: Linear susceptibility of the atomic medium, where χ0 and χ00 represent the real
and imaginary parts, respectively. (a) Two-level system, i.e. Ωc = 0. (b) Three-level EIT
system, i.e. Ωc 6= 0. [32]
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2.1.2

Raman gain in a four-level N -type atomic system

By adding more light beams to the three-level Λ-type system, a variety of other interesting
schemes will emerge, such as M-type [36], tripod-type [37], double-lambda-type [38],
inverted-Y-type [39] and N-type [40, 41], etc. Here we consider the four-level N -type
atomic system as shown in Fig. 2.3. It consists of two hyperfine states F = 2 (level |1i) and
F = 3 (level |2i) of the ground state 5S1/2 and two excited states 5P1/2 (level |3i) and
5P3/2 (level |4i). The signal, coupling, and pump fields drive the atomic transitions
|1i ↔ |3i, |2i ↔ |3i, and |1i ↔ |4i, respectively. The signal field and coupling field form the
three-level Λ-type EIT system, in which the absorption of the signal field is reduced due to
the presence of coupling field under the EIT configuration. In addition, the pump field will
change the population distribution of the energy levels |1i and |3i in the three-level V-type
system. The pump filed will pump the photon from the energy level |1i to level |3i. Due to
combination of EIT effect and pumping effect, the signal field will experience the Raman
gain [33].
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Figure 2.3: The energy-level diagram of the four-level N -type configuration of
[32]

85

Rb atom.

The numerical calculation of the susceptibility of the signal field versus the signal
frequency detuning is shown in Fig. 2.4, we can see that at the frequency detuning of about
-10.5 and 10.5, the imaginary part of the susceptibility is close to zero and the Raman gain
is induced in the range of the frequency detuning -10.5 to 10.5.
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Figure 2.4: The real and imaginary parts of the susceptibility χ for the signal field as a
function of the signal frequency detuning. [33]
2.2

Construction of the photonic crystal with periodic Raman gain in a
coherent atomic medium

The experimental setup is shown in Fig. 2.5(a). The signal, coupling, and pump fields are
incident into a vapor cell which is filled with

85

Rb atoms to couple with a four-level N -type

atomic structure. The atomic structure consists of two hyperfine states F = 2 (level |1i)
and F = 3 (level |2i) of the ground state 5S1/2 and two excited states 5P1/2 (level |3i) and
5P3/2 (level |4i). The signal, coupling, and pump fields drive the atomic transitions
|1i ↔ |3i, |2i ↔ |3i, and |1i ↔ |4i, respectively. The standing-wave coupling field is formed
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0

by two elliptically shaped beams Ec and Ec (wavelength λc = 795.0 nm, frequency ωc )
which are from external cavity diode laser 2 (ECDL2). The two coupling beams
co-propagate with an angle 2θ = 0.4◦ symmetrically with respect to the z direction and
intersect at the center of the atomic vapor cell. In this way, a standing wave with spatial
period d = λc /2sinθ ≈ 114 µm along the transverse direction x is generated. When the
Gaussian signal filed Es (λs = 795.0 nm, frequency ωs ) passes through the coupling lattice
along the z direction, a discrete diffraction pattern can be observed at the output surface of
the vapor cell by properly choosing the temperature of the medium, the periodicity of the
induced lattices, and the frequency detunings and Rabi frequencies of the corresponding
0

optical fields. Then, the two pump laser beams Ep and Ep (λp = 780.2 nm, frequency ωp )
0

from ECDL3, partially overlapped with Ec and Ec , respectively, are injected into the vapor
cell to establish the pump-field lattice. The diffracted signal field experiences Raman gain
on its bright fringes under the four-level N -type configuration as discussed in Section 2.1.2.
00

00

To monitor the frequency detunings of the three laser fields, we inject three beams Ep , Ec ,
00

0

0

and Es which are from the same ECDLs as Ep , Ec , and Es into another auxiliary rubidium
cell (as shown in the dashed box in Fig. 2.5 (a)) to establish the same four-level N -type
atomic system and observe the output spectrum of Es in the frequency domain. Here, the
frequency detunings for the signal, coupling, and pump fields are defined as ∆p = ωp − ω41 ,
∆c = ωc − ω32 , and ∆s = ωs − ω31 , respectively. Figure 2.5(c) displays the transmission
spectra of Es under different beam arrangements. The upper, middle, and lower curves of
Fig. 2.5(c) represent the Raman gain (four-level N -type configuration), EIT window
(|1i → |2i → |3i), and absorption (|1i → |3i) of the signal field, respectively.
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Figure 2.5: (a) Experimental setup. The setup in the dashed box is for generating the Raman
gain and EIT spectra (detected by the APD) to calibrate the detunings of lasers. ECDL,
external cavity diode laser; λ/2, half-wave plate; HR, high-reflectivity mirror; PBS, polarization beam splitter; BS, beam splitter; APD, avalanche photodetector; CCD, charge coupled
device. (b) Four-level N -type energy-level configuration. (c) Raman gain (upper blue curve)
and EIT (middle red curve) spectra (with the same width of about 30 MHz) versus the
detuning of the signal field. The lower black curve shows the absorption of the signal field
0
corresponding to the transition 85 Rb, F = 3 → F . [35]
The optical response of the signal field can be described by the susceptibility χ, which
is proportional to the atomic density N and the density-matrix element ρ31 for the
transition |1i ↔ |3i. ρ31 can be obtained from the density-matrix equations and controlled
by the parameters, such as the field intensities and frequency detunings.
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Under the rotating-wave approximation, the density-matrix equations for the four-level
N -type atomic system are given by [42]
i
ρ̇22 =Γ42 ρ44 + Γ32 ρ33 − Γ21 ρ22 + (ρ32 − ρ23 )Ωc ,
2
i
ρ̇33 =Γ43 ρ44 − Γ32 ρ33 − Γ31 ρ33 + [(ρ23 − ρ32 )Ωc + (ρ13 − ρ31 )Ωs ],
2
i
ρ̇44 = − (Γ43 + Γ42 + Γ41 )ρ44 + (ρ14 − ρ41 )Ωp ,
2
i
ρ̇21 = − γ̃21 ρ21 + (ρ31 Ωc − ρ24 Ωp − ρ23 Ωs ],
2
i
ρ̇31 = − γ̃31 ρ31 + [ρ21 Ωc − ρ34 Ωp + (ρ11 − ρ33 )Ωs ],
2
i
ρ̇41 = − γ̃41 ρ41 + [−ρ43 Ωs + (ρ11 − ρ44 )Ωp ],
2
i
ρ̇32 = − γ̃32 ρ32 + [ρ12 Ωs + (ρ22 − ρ33 )Ωc ],
2
i
ρ̇42 = − γ̃42 ρ24 + (ρ12 Ωp − ρ43 Ωc ),
2
i
ρ̇43 = − γ̃43 ρ43 + (ρ13 Ωp − ρ42 Ωc − ρ41 Ωs ),
2

(2.10)

where Ωs = µ13 Es /~, Ωc = µ23 Ec /~, and Ωp = µ14 Ep /~ are the Rabi frequencies
corresponding to the signal, coupling, and pump fields, respectively, and µij is the dipole
moment between levels |ii and |ji. Γij is the decaying rate between levels |ii and |ji, and
γij = (Γi + Γj )/2 is the decoherence rate. γ̃21 = γ21 − i(∆s − ∆c ), γ̃31 = γ31 − i∆s ,
γ̃41 = γ41 − i∆p , γ̃32 = γ32 − i∆c , γ̃42 = γ42 − i(∆c + ∆p − ∆s ), γ̃43 = γ43 − i(∆p − ∆s ).
∆s = ωs − ω31 , ∆c = ωc − ω32 , and ∆p = ωp − ω41 are the frequency detunings of the signal,
coupling, and pump fields, respectively. The susceptibility of the atomic medium can be
obtained through the expression χ =

2N µ13
ρ .
0 Es 31

Given that n =

√

1 + χ ≈ 1 + χ/2,

χ = χ0 + iχ00 , and n = n0 + nR + nI , the real and imaginary parts of the refractive index
can be written as nR ≈ 12 χ0 =

N µ13
Re(ρ31 ),
0 Es

and nI ≈ 21 χ00 =
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N µ13
Im(ρ31 ).
0 Es

Here n0 = 1 is the

background index of the atomic medium.
When the coupling intensity is spatially modulated (Ωc = 2π × 0.2[1 + cos(πx/d)] MHz),
the real part nR (representing dispersion) of refractive index and the imaginary part nI
(absorption) of the refractive index for the signal filed Es can behave as a period function
of the transverse position x under the EIT condition [5, 20], as shown in Figs. 2.6(a) and
2.6(b). Note that the nI is always greater than zero, meaning the signal beam only
experiences absorption in this situation. By introducing the intensity-modulated pump
field, the imaginary part of the refractive index nI can be alternatively above and below
zero along x, as shown in Fig. 2.6(c). Thus, the signal field experiences alternative gain and
loss in this scenario.
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(a)

(b)

(c)

Figure 2.6: The (a) real and (b) imaginary parts of the susceptibility for signal field as a
function of position x with only the coupling intensities spatially modified. The (c) imaginary
part of the susceptibility for signal field as a function of position x with the coupling and
pump intensities spatially modified. The theoretical parameters are Ωs = 2π × 10 MHz,
Ωc = 2π × 0.2[1 + cos(πx/d)] MHz. (a) and (b) Ωp = 0, and (c) Ωp = 2π × 6 MHz. d is the
periodicity of the coupling and pump fields.
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Figure 2.7 displays the detected images of the signal field under different conditions.
The white solid curves at the bottom and left side of each picture represent the intensity
profiles of the detected image. A dashed curve copied from the profile in Fig. 2.7(a) is
added in each subsequent image to represent the original intensity of the signal field. When
the signal frequency is far away from the resonant frequency, the signal field does not
interact with the atoms and therefore does not experience gain or loss, as shown in Fig.
2.7(a). When the signal frequency detuning is set at ∆s = 100 MHz relative to the
0

5S1/2 , F = 3 → 5P1/2 , F = 3 transition of

85

Rb, the signal beam is absorbed substantially.

This can be clearly seen because the solid curve in Fig. 2.7(b) is lower than the dashed
curve. When the signal beam propagates through the lattice formed by the pump beams, it
exhibits fuzzy stripes (Fig. 2.7(c)). This is because the EIT condition in the V-type
configuration (|1i → |3i → |4i) is not easy to be satisfied [59]. Although the EIT window is
not induced in this case, the output image in Fig. 2.7(c) is still stronger than the purely
absorbed image in Fig. 2.7(b). This increase of signal field intensity is caused by the optical
pumping effect, which can reduce the absorption of the signal field similar to the EIT
effect. Then, when the pump field is turned off and coupling field is turned on, the signal
beam diffracts into a stripe pattern as shown in Fig. 2.7(d), which indicates that the signal
field experiences a periodically modified refractive index [20]. Such discrete diffraction can
be clearly observed in a frequency range of ± 20 MHz near the two-photon resonant point
∆s − ∆c = 0. When the periodic pump field is turned on, the Raman gain is induced on the
signal field [33] and a periodic gain waveguide is established. The generated periodic gain
(above the dashed curve) and loss (below the dashed curve) values can be obtained by
comparing the signal intensity profile in Fig. 2.7(e) with the original intensity profile (the
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added dashed curve in Fig. 2.7(a)). Figure 2.7(f) exhibits the the standing-wave coupling
field and pump field observed at the central position of the atomic cell. Here, in order to
show the two periodic fields clearly, we separate the two interference fringes along the y
direction. In the experiment, the two standing waves are overlapped with each other inside
the vapor cell.

Figure 2.7: Detected images of the signal field under different conditions. (a) The image of
the signal field when the signal frequency is detuned by ∆s = −700 MHz from the resonance.
A dashed curve is added to copy the white solid curve, which represents the intensity profile
of the image. The unit of the color bar is milliwatts (mW). (b) The image of the signal field
when the signal frequency detuning is ∆s = 100 MHz. (c) The image of the signal field when
only the standing-wave pump field is turned on. (d) The image of the signal field when only
the standing-wave coupling field is turned on. (e) The image of the signal field when both
the standing-wave pump and coupling fields are turned on. (f) The observed periodic fringes
of the coupling (upper) and pump (lower) beams at the middle of the vapor cell. [35]
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2.3

Dependence of the periodic Raman gain on temperature of the medium
and pump field power

In this section we study the dependence of the periodic Raman gain on related
experimental parameters, such as the temperature of the medium and the pump power, to
have a better understanding on how the periodic Raman gain is changed with the
corresponding experimental parameters.
Figure 2.8 shows the dependence of the Raman gain on temperature of the medium.
The periodic Raman gain increases gradually when the temperature of the medium
increases from 30◦ C (atomic density ∼ 2.3 ∗ 1010 cm−3 ) to 80◦ C (atomic density
∼ 2.8 ∗ 1012 cm−3 ). The reason behind this is that the imaginary part (gain/absorption) of
the refractive index is proportional to the atomic density and the atomic density increases
from 30◦ C to 80◦ C. However, the Raman gain increases little from the temperature 70◦ C to
80◦ C. This is due to the competition between the generation and propagation of the gain
inside the medium. When the temperature is low, the Raman gain increases with the
atomic density and the loss is low during the propagation. When the temperature becomes
higher, the loss is greatly increased with the increase of the atomic denstiy, therefore the
detected Raman gain increases much slower. The absorption (described by nI ) at the dark
fringes of the signal field also increases with the increase of the temperature. However, due
to the increased optical pumping effect, the absorption is effectively suppressed at high
temperature. The fact that the intensities at the dark fringes remain almost unchanged at
different temperatures indicates that the enhancement due to optical pumping and the
absorption have reached a balance. The dependency curves of the Raman gain and loss
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coefficients on the temperature are given in Figs. 2.8(g) and 2.8(h), respectively, which
show that the Raman gain and loss would increase with the increase of the temperature of
the medium.

Figure 2.8: Evolution of the periodic Raman gain by increasing the temperature of the
medium from 30 ◦ C to 80 ◦ C. The dashed curve on the bottom of each figure is the same
as that in Fig. 2.7(a). Each figure shares the same color bar as in Fig. 2.9. The temperature
of the medium is (a) 30◦ C, (b) 40◦ C, (c) 50◦ C, (d) 60◦ C, (e) 70◦ C, and (f) 80◦ C. (g) and
(h) The dependency representation of gain (g) and loss (l) coefficients on the temperature,
respectively. The square symbol is the experimental observation and the solid line represents
the calculated susceptibility with the same parameters as shown in Fig. 2.9. [35]

Figure 2.9 exhibits the dependence of the induced periodic Raman gain on the total
power P of the two pump beams. When the pump field is absent (P=0), the signal field
exhibits the simple discrete diffraction under the EIT configuration as shown in Fig. 2.9(a).
When the pump beams are turned on and the total power is 5 mW, the absorption is still
significant. Because both the optical pumping effect from the pump field and the EIT effect
caused by the coupling field can reduce the near-resonant absorption of the signal field, the
intensity of the image profile in Fig. 2.9(b) is higher than that of the EIT configuration
shown in Fig. 2.9(a). When the total power of the pump beams is increased to 10 mW, the
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periodic Raman gain can be clearly observed. Furthermore, the periodic Raman gain
increases with the total power P increased from 10 mW to 20 mW. However, when the
total power increases from 20 mW to 25 mW, there is little change in the Raman gain.
This tendency is consistent with the theoretical prediction [33], which predicts that the
Raman gain first increases with the pump power, then reaches a saturation, and finally
decreases with the increase of the pump intensity. Due to the limitation of the output
power of ECDL3 used in our experiment, the decrease of the Raman gain with the increase
of the pump beams power is not observed. We can also see that the absorption experienced
by the dark fringes of the signal field can be suppressed at larger pump beams power. This
is due to the stronger optical pumping effect which is caused by the intensive pump field.
Figures 2.9(g) and 2.9(h) display the dependence of the gain and loss coefficients (g and l)
on the pump beams power. The gain (loss) coefficient g (l) is defined as the ratio of the
intensity of Raman gain (absorption) to the incident signal field intensity.
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Figure 2.9: Evolution of the periodic Raman gain by increasing the intensity of the pump
field. The dashed curve is the same as the one in Fig. 2.7(a). The total power P of the two
pump beams are (a) 0, (b) 5 mW, (c) 10 mW, (d) 15 mW, (e) 20 mW, and (f) 25 mW,
respectively. (g) and (h) The dependence of the gain (g) and loss (l) on the pump power,
respectively. The squares are experimental observations, and the solid curve is the theoretical
prediction for (g) Ωs ≈ 66 MHz, Ωc = 2.2 × 2π MHz, ∆s = −15.16 × 2π MHz, ∆c = −85.62
MHz, ∆p = 34.1 MHz, and Ωp growing from 0 to 64 MHz. The condition for (h) are the
same as (g) except for Ωc = 2π MHz and Ωp increasing from 0 to 3 MHz. [35]
2.4

Conclusion

In conclusion, we have experimentally realized a multi-parameter tunable Raman gain
array by launching a Gaussian signal beam into two set of optically induced optical
lattices. This is achieved by making use of the modified optical properties, including
absorption and dispersion caused by EIT and Raman gain in a four-level N -type atomic
configuration. The established gain-modulated photonic crystal structure can be easily
reconfigurable in real-time by changing the power of the laser fields, the distance between
the fringes of the standing wave, and temperature of the medium. Such a photonic crystal
structure in a coherently prepared atomic system provides a unique platform to explore the
light dynamical characteristics and can serve as a new route to investigate useful
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applications in coherent optical information processing.
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Chapter 3
Parity-time symmetric optical lattice in atomic system
3.1

Introduction

Experimental realization of periodically arranged parity-time (PT ) symmetric optical
lattice has attracted considerable attention since it was realized that optics can provide a
fertile platform to implement the PT -symmetric concepts [7, 44]. So far, such experimental
realizations have been limited to only a few optical settings, such as single PT -symmetric
cell constructed in a solid-state system [8, 45], time-domain lattice realized in a network of
coupled gain/loss fiber loops [46, 47], and an optical waveguide array with a lossy
background [48]. Compared with solid-state systems and fiber loop systems, atomic
systems possess certain distinguished features due to their intrinsic attributes. The
light-induced atomic coherence, particularly the electromagnetically induced transparency
(EIT) as was discussed in Chapter 2, makes it easy to achieve controllable Raman gain,
absorption, dispersion, and nonlinearity. Periodic gain and loss modulated optical lattices
can be easily established in experiment, as was described in Chapter 2. In addition,
multiple parameters, such as temperature of the atomic medium, optical field intensity, and
optical frequency detuning, are tunable in atomic system, make the atomic system
real-time reconfigurable and easy tunable without employing sophisticated fabrication
technologies and making a large number of samples. Thus, the atomic system provides a
new platform to study PT symmetry and other non-Hermitian Hamiltonians. Because of
these advantages in atomic system, realization of the PT -symmetric optical lattice in
multilevel atomic system has been theoretically proposed [49, 50] and the experimental
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observation of PT -symmetric optical lattice was demonstrated in a four-level N -type
atomic system [5]. In that experiment, the alternative gain and loss channels in the atomic
medium are formed by one pair of pump laser beams and one pair of coupling laser beams,
then the Gaussian signal beam traveling through the established PT -symmetric optical
lattice experiences discrete diffraction.
In this chapter, we introduce a new scheme to construct the spatially extended
PT -symmetric optical lattice [6]. This scheme is based on the periodic gain and loss
channels that are induced in a four-level N -type atomic configuration. The four-level
N -type atomic system is driven by a signal field (Es ), a coupling field (Ec ), and a pump
field (Ep ). The strong pump field induces Raman gain on the signal field while the weak
pump field provides a controllable loss under the EIT condition. By intersecting two pump
beams with a small angle in the atomic medium, alternating strong and weak pump fields
are induced along the transverse x direction. The intensity of the pump field reaches the
maximum and minimum at the interference peak and valley, respectively. The two signal
beams are injected into the medium in the same directions as the two pump beams to form
the optical lattice that is similar to the pump filed optical lattice. Then, an extended
uniform coupling beam covering the established optical lattices is injected into the
medium. In this way, the detected signal field profile displays interference pattern with the
peak experiencing Raman gain under the four-level N -type configuration and the valley
experiencing loss under the three-level EIT configuration. There is a big difference between
this scheme and the one adopted in the previous work [5] and therefore the experimental
setup would be different from that of the previous work [5]. In our scheme, an EIT window
can be generated by the coupling field and the signal field, thus, the refractive index of the
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signal field along the transverse direction x can be spatially engineered in a periodic
manner. When the standing-wave pump field is turned on, the Raman gain and loss are
induced at the bright and dark fringes of the signal field, respectively. Such periodic gain
and loss waveguides can be exploited to construct the spatially extended PT -symmetric
optical lattice by appropriately tuning the gain/loss ratio. The gain/loss ratio can be
adjusted by changing the pertinent experimental parameters such as the Rabi frequencies
and frequency detunings of the optical fields, the periodicity of the standing waves, and the
atomic density.
A big difference between the new scheme and the previous one [5] is that the
parameters responsible for the Raman gain and loss in the new scheme can be changed
independently, so it is easier to control the gain/loss ratio. To be specific, the pump and
signal lattices are completely overlapped and one can modify only the gain (loss) coefficient
by setting proper pump field intensity at the bright (dark) fringes of the lattice. This can
be achieved by changing the intensity of the two pump beams that are used to establish
the optical lattice. In addition, coupling strength between the gain and loss channels can be
adjusted without affecting the the gain/loss ratio by slightly changing the angles between
the beams constructing the optical lattices. Therefore, the new scheme is easy accessible
and provides better tunability. The relative phase difference between two adjacent gain and
loss channels is measured by introducing a reference beam to interfere with the signal field
to demonstrate the characteristic features of the system.
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3.2

Construction of the parity-time symmetric optical lattice in a coherent
atomic medium

The experimental setup is shown in Fig. 3.1(a). The standing-wave signal field, the
standing-wave pump field, and the Gaussian coupling field propagate along the z direction
to establish the periodic alternating gain and loss waveguides in the atomic medium. The
atomic structure consists of two hyperfine states F = 2 (level |1i) and F = 3 (level |2i) of
the ground state 5S1/2 and two excited states 5P1/2 (level |3i) and 5P3/2 (level |4i) of

85

Rb,

as shown in Fig. 3.1(b). The signal, coupling, and pump fields drive the atomic transitions
|1i ↔ |3i, |2i ↔ |3i, and |1i ↔ |4i, respectively. The two elliptically shaped signal beams
0

0

Es and Es (wavelength λs = 794.97 nm, frequency ωs , Rabi frequencies Ωs and Ωs ,
respectively) from the external cavity diode laser 1 (ECDL1) propagate at an angle of
2θ ≈ 0.4◦ symmetrically with respect to the z direction to establish a periodical signal field
in the x direction. In the experiment, the intensities of the two signal beams are different
0

(Ωs 6= Ωs ), thus the minimum intensity of the interference pattern is larger than zero. The
vapor cell is wrapped with µ-metal sheets to shield the magnetic field and heated to 75◦ C
by the heat tape. The frequency of the coupling beam (λc =794.97 nm, ωc , Ωc ) which is
from the ECDL2 is tuned to be near resonant with the transition |2i ↔ |3i. In this way, a
Λ-type EIT configuration is established in the |1i ↔ |2i ↔ |3i subsystem. Then, two pump
0

0

beams Ep and Ep (λp = 780.24 nm, frequency ωp , Rabi frequencies Ωp and Ωp , respectively)
which are from ECDL3 are incident into the vapor cell with the same angle as the two
signal beams to construct the periodic pump field. In the experiment, the intensities of the
two pump fields are the same, so the minimum intensity of the pump field interference
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pattern is nearly zero. The presence of the standing-wave pump field introduces alternating
Raman gain on the signal field under the four-level N -type configuration [33], which was
discussed in section 2.1.2. Figure 3.1(c) displays the the spatial arrangement of the three
fields inside the vapor cell. The signal array is overlapped with the pump array and the
Raman gain is generated in the bright arrays (when the pump field is strong enough) while
the signal beam experiences absorption in the dark arrays (when the pump field is weak).
Because the signal field has orthogonal polarization from the pump and coupling fields, we
can filter the pump and coupling fields with a polarization beam splitter and detect only
the signal field on a charge coupled device (CCD) camera. A reference beam which is from
the ECDL1 is introduced to interfere with the gain-loss modulated periodic signal beam
and the relative phase difference between the adjacent gain and loss channels can be
measured in this way [5, 45]. The reference beam is coupled into the signal light path
through a 50/50 beam splitter along the y direction.
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Figure 3.1: (a) Experimental scheme. ECDL, external cavity diode laser; λ/2, half-wave
plate; HR, high-reflectivity mirror; PBS, polarization beam splitter; BS, beam splitter; APD,
0
avalanche photodetector; CCD, charge coupled device. Es and Es are the signal beams from
0
the same laser ECDL1 and the pump beams Ep and Ep are from ECDL3. The four beams
0
0
(Es , Es , Ep , and Ep ) are shaped as ellipses with approximation diameters of 1.5 mm and 4.5
mm, respectively, by two pairs of anamorphic prisms. The reference beam intersects with the
standing-wave signal field to generate the reference interference along the y direction. The
dot represents the vertical polarization of a beam while the double-headed arrow represents
the horizontal one. (b) The energy-level diagram of the four-level N -type configuration. (c)
The spatial arrangement of the laser fields inside the medium. x represents the transverse
direction while z represents the propagation direction of light. [6]

The refractive index of the signal field can be modulated under the three-level EIT
configuration driven by the coupling field and signal field. When the intensity-modulated
pump field is introduced, the imaginary part of the index for the signal field can be
alternately above (absorption/loss) and below (gain) zero along x. We next use the
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density-matrix equation for the four-level N -type atomic configuration to calculate the
susceptibility χ.
Under the rotating-wave approximation, the density-matrix equations for the four-level
N -type atomic system are given by [42]
i
ρ̇22 =Γ42 ρ44 + Γ32 ρ33 − Γ21 ρ22 + (ρ32 − ρ23 )Ωc ,
2
i
ρ̇33 =Γ43 ρ44 − Γ32 ρ33 − Γ31 ρ33 + [(ρ23 − ρ32 )Ωc + (ρ13 − ρ31 )Ωs ],
2
i
ρ̇44 = − (Γ43 + Γ42 + Γ41 )ρ44 + (ρ14 − ρ41 )Ωp ,
2
i
ρ̇21 = − γ̃21 ρ21 + (ρ31 Ωc − ρ24 Ωp − ρ23 Ωs ],
2
i
ρ̇31 = − γ̃31 ρ31 + [ρ21 Ωc − ρ34 Ωp + (ρ11 − ρ33 )Ωs ],
2
i
ρ̇41 = − γ̃41 ρ41 + [−ρ43 Ωs + (ρ11 − ρ44 )Ωp ],
2
i
ρ̇32 = − γ̃32 ρ32 + [ρ12 Ωs + (ρ22 − ρ33 )Ωc ],
2
i
ρ̇42 = − γ̃42 ρ24 + (ρ12 Ωp − ρ43 Ωc ),
2
i
ρ̇43 = − γ̃43 ρ43 + (ρ13 Ωp − ρ42 Ωc − ρ41 Ωs ),
2

(3.1)

where Ωs = µ13 Es /~, Ωc = µ23 Ec /~ and Ωp = µ14 Ep /~ are the Rabi frequencies
corresponding to the signal, coupling and pump fields, respectively, and µij is the dipole
moment between levels |ii and |ji. Γij is the decaying rate between levels |ii and |ji, and
γij = (Γi + Γj )/2 is the decoherence rate. γ̃21 = γ21 − i(∆s − ∆c ), γ̃31 = γ31 − i∆s ,
γ̃41 = γ41 − i∆p , γ̃32 = γ32 − i∆c , γ̃42 = γ42 − i(∆c + ∆p − ∆s ), γ̃43 = γ43 − i(∆p − ∆s ).
∆s = ωs − ω31 , ∆c = ωc − ω32 and ∆p = ωp − ω41 are the frequency detunings of the signal,
coupling and pump fields, respectively. The susceptibility of the atomic medium can be
obtained through the expression χ =

2N µ13
ρ .
0 Es 31
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Given that n =

√

1 + χ ≈ 1 + χ/2,

χ = χ0 + iχ00 , and n = n0 + nR + nI , the real and imaginary parts of the refractive index
can be written as nR ≈ 21 χ0 =

N µ13
Re(ρ31 )
0 Es

and nI ≈ 21 χ00 =

N µ13
Im(ρ31 ).
0 Es

Here n0 = 1 is the

background index of the atomic medium. Figure 3.2 shows the constructed refractive index
profile which satisfies the PT -symmetric condition, i.e., n(x) = n∗ (−x).

(a)

(b)

Figure 3.2: The (a) real and (b) imaginary parts of the refractive index for the signal field
as a function of position x when the intensities of the signal field and the pump field are
spatially modified. Ωc = 2π × 2.2 MHz, Ωs = 2π × [7.5 + 3cos(πx/2)] MHz, Ωp = 2π × 5.1 ×
[1 + cos(πx/2)] MHz, ∆p = 58.2 MHz, ∆c = −85.626 MHz, and ∆s = −2π × 15.16 MHz. d is
the periodicity of the signal and pump fields. [6]
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Figure 3.3 displays the detected signal field on the CCD camera under different
conditions. When the frequency of the signal field is detuned far away from the atomic
0

resonance, we can see the simple interference pattern of Es and Es that does not
experience Raman gain or absorption as shown in Fig. 3.3(a). When the signal frequency is
tuned to be near resonant with the transition |1i ↔ |3i, the signal field experiences
significant absorption as shown in Fig. 3.3(b). When the extended Gaussian coupling field
Ec is turned on, the absorption of the signal filed decreases (shown in Fig. 3.3(c)) because
the EIT condition is satisfied under the two-photon resonance ∆s − ∆c = 0, which reduces
the absorption of the signal field. Then, the two pump beams are introduced to form the
standing-wave pump field in the vapor cell. As a result, alternative gain and loss
waveguides with a controllable contrast are established on the signal field by carefully
selecting the optical field parameters. This is because the presence of the pump field (with
enough intensity) can couple a four-level N -type atomic system and introduce the Raman
gain on the bright fringes of the signal field [33]. The intensity of the pump field at the
dark fringes is weak and almost zero at the exact valley, meaning that a controllable loss
exists under the three-level Λ-type EIT configuration in the dark-fringe channels. We can
clearly see the alternate gain in bright fringes (strong pump field) and loss in dark fringes
(weak or no pump field) in the middle region of the periodic field by comparing it with the
intensity profile of the signal field shown in Fig. 3.3(a). Figure 3.3(f) shows the
transmission spectra of the signal field under different conditions from another auxiliary
rubidium cell for calibrating the frequency detuning of the lasers. The upper curve
corresponds to the Raman gain under the four-level N -type configuration, the middle curve
represents the EIT window under the three-level Λ-type configuration, and the lower curve
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denotes absorption |1i → |3i of the signal field, respectively.

Figure 3.3: Detected signal images under different conditions. (a) Observed intensity and
image profiles of the signal field Es when the signal frequency is tuned far away from the
resonance. (b) Signal beam propagating through the atomic medium when the signal frequency is tuned near the resonance. (c) Reduced absorption under the EIT condition when
the Gaussian coupling field Ec is turned on. (d) The standing-wave pump field. (e) Periodic
gain and loss profiles of signal field with both coupling field and pump field turned on. (f)
Reference spectra of the signal field in the frequency domain. The upper, middle, and lower
curves represent the Raman gain, EIT, and absorption spectra, respectively. [6]

The ratio between the induced Raman gain and loss can be easily controlled by
adjusting the experimental parameters. The ratio γG /γL (γG and γL denote the gain and
loss coefficients, respectively) for describing the non-Hermitian system can be directly
measured from the generated gain and loss. In the current atomic configuration, the
intensity of the detected signal field can be written as
I = I0 − I0 e−αL ≈ I0 − I0 (1 − αL),

(3.2)

where α = (2π/λs )χ00 , I0 is the intensity of the incident signal field, and L is the length of
the vapor cell. The gain or loss is determined by χ00 with negative (positive) χ00
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representing the gain (loss). Therefore, we have
I ∝ χ00 = 2nI ,

(3.3)

which means the ratio between the observed gain and loss is equivalent to the ratio γG /γL .
Figure 3.4(a) shows the initial intensity profile of the standing-wave signal field that
does not experience gain or absorption, and Figs. 3.4(b1)-(b5) display the the intensity
profiles versus the coupling frequency detuning ∆c when the signal frequency is tuned to be
near resonant with the transition 5S1/2 , F = 3 → 5P1/2 , F 0 = 3. We can see from Figs.
3.4(b1)-(b5) that the ratio γG /γL changes with the changing of the coupling frequency
detuning. As the coupling frequency detuning ∆c is tuned from the far detuned points
(∆c = ±20 MHz) to the resonant point (∆c = 0), the Raman gain can be significantly
increased. This is because the condition ∆s − ∆c = 0 is satisfied at the resonant point. The
figures in Fig. 3.4 show that the ratio γG /γL can vary in the range between 0 and 1.5. This
covers the condition of exact PT -symmetry (γG /γL =1). In fact, even for unbalanced
gain-loss case (γG /γL 6=1), it can be mathematically transformed into an exact
PT -symmetric one (γG /γL =1) by using the gauge transformation [45] in Wick space, and
this is known as the “quasi-PT -symmetry” [51].
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Figure 3.4: (a) The initial intensity profile of signal field without absorption. (b1)-(b5) Typical evolution of the gain/loss (γG /γL ) ratio versus the coupling frequency detuning ∆c . All
the pictures share the same color bar as (a). [6]
The relative phase difference ν between two adjacent gain and loss channels can be used
to describe the dynamic behaviors of the established non-Hermitian system. A reference
beam which is from the same laser as the signal beam is introduced to interfere with the
spatially modulated signal beams and the resulting interference pattern looks like a netlike
square lattice with bright gain regions and dark loss regions. In Fig. 3.5(a), the two black
solid lines represent the center of two adjacent bright squares along the y direction and the
distance between them is defined as 2π. The black dashed line shows the middle of the two
solid black lines and is also the center of the dark square when the Raman gain is not
induced. Therefore, the distance between the marked bright square (indicated by the upper
black solid line) and the dark square (indicated by the black dashed line) is π. A dotted
white line is drawn along the center of a dark square in one row of the lattice to mark its
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position. The relative distance (referred to as the relative phase difference, marked by a
pair of one-way arrows in Figs. 3.5(b)-(g)) between the dotted white line and dotted black
line represents the relative phase difference between two adjacent gain and loss channels.
Figure 3.5(a) represents the case without Raman gain and the phase difference between the
gain and loss channels is ν = 0, i.e., the dotted black line and dotted white line overlap.
When the Raman gain is introduced, the relative distance between the dark and bright
regions will be changed by changing the gain/loss ratio and the relative phase difference
increases from 0.16π to π with the gain/loss ratio increases from 0.1 to 1 as shown in Figs.
3.5(b)-(e). By comparing the measured distance with the reference length as defined in Fig.
3.5(a), we can determine the value of the phase difference. For the case below the
phase-transition point, the relative phase difference ν increases with the increase of
gain/loss ratio as shown in Figs. 3.5(b)-(d). At the phase-transition point, the phase
difference between the gain and loss channels is π. Figures 3.5(f) and 3.5(g) show the cases
for above the PT -symmetry breaking point. When the ratio γG /γL increases from 1 to 1.2,
the phase difference jump from π (γG /γL = 1) to ν = π/2. When the ratio further increases
to γG /γL = 1.5, the phase difference still remains at π/2.
Figure 3.5(h) theoretically predicts the evolution of the phase difference in a
PT -symmetric lattice with ten coupled gain-loss channels. The dynamical behaviors of the
system is calculated based on the paraxial equation

i

∂E ∂ 2 E
+
+ V (x)E = 0,
∂z
∂x2

(3.4)

where V (x) is the potential of the periodic gain-loss structure and E is the electric field
envelope in each channel [5, 7, 45, 53]. We can see when the value of γ/2κ is below the
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exceptional point, the phase difference between the two waveguides varies between 0 and π.
When the value of γ/2κ is higher than the exceptional point, the phase difference is fixed
at π/2 after propagating a certain distance. The theoretical simulation can well explain the
experimental observation.

Figure 3.5: Measured phase difference between two neighboring gain (G) and loss (L) channels. (a) The phase difference ν = 0 for the case without Raman gain. The double-sided
arrow between the two black solid lines marks the distance between two adjacent fringes
along the y direction and its length is defined as 2π. (b)-(e) The measured ν at different
gain/loss ratios for the cases below the PT -symmetry breaking threshold. The white dashed
line marks the center of one dark square in the loss channel, and the distance between the
white and black dashed lines represents the relative phase difference ν between the gain and
loss channels. (f)-(g) The measured ν is fixed at π/2 when PT symmetry is broken. (h) The
simulated phase difference with ten gain-loss channels coupled. κ is the coupling coefficient
between two adjacent gain and loss channels. [6]

3.3

Conclusion

In conclusion, we have constructed a PT -symmetric optical lattice withe controllable
gain/loss ratio based on a four-level N -type atomic configuration driven by standing-wave
pump field and signal field, and an extended Gaussian coupling field. The gain-loss profiles
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are generated by the active Raman gain and modified absorption (EIT) due to
laser-induced atomic coherence effects. Compared to previous scheme based on discrete
diffraction for the signal field [5], the current work is much easier to operate in the
experiment. The gain and loss coefficients can be changed independently, which makes it
easier to adjust the gain, loss, and coupling coefficients in PT -symmetric optical lattice.
The phase difference between the gain and loss channels are measured and phase transition
point is observed. The theoretical simulation can well explain the experimental results.
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Chapter 4
Parity-time symmetric Talbot effects in a coherent atomic medium
4.1

Introduction

The Talbot effect is a near-field diffraction and interference phenomenon, which is also
called self-imaging or lensless imaging [54, 55, 56, 57]. This effect emerges when a periodic
structure is illuminated by a quasimonochromatic coherent light. The original periodic
image is replicated at certain imaging planes. These imaging planes are located at even
integer multiples of the Talbot distance zT = d2 /λ, where d is the spatial period of the
pattern and λ is the wavelength of the illuminating light. This effect is called the integer
Talbot effect. At distance z = (p/q)zT (here p and q are positive integers, p < q),
complicated sub-image patterns can appear. This property is referred to as the fractional
Talbot effect. Nowadays the Talbot effects have already found important applications in
optical computing [58], lithography [59], and optical metrology [60]. Recent researches on
Talbot effect have further extended to temporal Talbot effect [61], nonlinear Talbot effect
[62, 63], quantum Talbot effect [64], angular Talbot effect [65, 66], and gain-loss induced
Talbot effect [67, 68]. These Talbot effects are studied in Bose-Einstein condensate [61],
solid materials [62, 63, 64, 65, 67], and coherent atomic systems [66, 68].
Coherent atomic systems provide a fertile platform for observing Talbot effects due to
their easy reconfigurability and flexible tunabilities in parameters [69, 70, 71]. Talbot effect
based on an electromagnetically induced grating [72] was theoretically proposed in a
three-level ultracold atomic medium [73], which is referred to as electromagnetically
induced Talbot effect (EITE). The integer and fractional EITEs have all been
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experimentally demonstrated in a three-level Λ-type [74] and ladder-type [75] atomic
systems, respectively.
Recently, the non-Hermitian PT -symmetric Hamiltonians have attracted considerable
attention since they were first proposed by Bender and Boettcher two decades ago [1]. It
was found that this class of Hamiltonians can exhibit entirely real eigenvalue spectra when
they satisfy the PT -symmetry condition. Many interesting phenomena, such as
non-Hermitian optical solitons [76, 77], unidirectional invisibility [10, 78, 79],
non-Hermitian Bloch oscillations [46, 80], coherent perfect absorber [81, 82, 83],
PT -symmetric lasers [84, 85], orbital angular momentum lasers [86], and sensing
enhancement [87, 88, 89] have been discovered in PT -symmetric optical configurations. The
realization of PT -symmetric potentials in multilevel atomic systems has been theoretically
proposed [49, 50]. Experimental observation of the PT -symmetric lattice was demonstrated
in a four-level N -type atomic system [5, 6]. With many intriguing phenomena
[10, 46, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89] observed in PT -symmetric
optical systems, we envision that it is important to broaden our research on the traditional
EITE into the gain-loss modulated, as well as the PT -symmetric, coherent atomic systems.
In this chapter, we investigate the gain-loss modulated Talbot effects in a four-level
N -type atomic configuration. This configuration is driven by a weak signal field and two
sets of standing-wave (coupling and pump) laser fields [5]. The induced gain-loss modulated
optical lattices inside the atomic vapor are established by the interference of a pair of
coupling and pump laser beams, respectively, and an expanded signal field is launched into
the dual optical lattices. We study the features of integer and fractional Talbot effects in
such gain-loss modulated optical lattice platform and electromagnetically induced
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transparency (EIT) optical lattice. This work provides additional insights into experimental
observations of the Talbot effects in the gain-loss modulated optical lattices established in
coherent atomic systems. Section 4.2 gives the detailed theoretical model used to study the
Talbot effects. In Section 4.3 we construct the PT -symmetric optical lattice and
conventional EIT optical lattice by choosing appropriate parameters. Section 4.4 exhibits
the Talbot effects in PT -symmetric optical lattice, quasi-PT -symmetric optical lattices,
and conventional EIT optical lattice. We give a conclusion of this chapter in Section 4.5.

4.2

Theoretical model

We consider a four-level N -type atomic system as shown in Fig. 4.1(a). It consists of two
hyperfine states F = 2 (level |1i) and F = 3 (level |2i) of the ground state 5S1/2 and two
excited states 5P1/2 (level |3i) and 5P3/2 (level |4i). The signal, coupling, and pump fields
drive the atomic transitions |1i ↔ |3i, |2i ↔ |3i, and |1i ↔ |4i, respectively. The coupling
field consists of two laser beams that propagate at an angle 2θ symmetrically with respect
to the z direction as shown in Fig. 4.1(c). When they intersect, a standing wave is
generated in the rubidium cell along the x direction with a spatial period d = λc /2sinθ,
where λc is the wavelength of the coupling beam. Similarly, two pump beams, overlapped
with the two coupling beams, enter the cell at the same angle 2θ to form the periodic
pump field. The expanded signal beam propagates in the z-direction covering the two sets
of the optical lattices, as shown in Fig. 4.1(b).
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Figure 4.1: (a) The energy-level diagram of the four-level N -type configuration in 85 Rb atomic
vapor. (b) The spatial arrangement of the signal, coupling and pump fields inside the atomic
medium. (c) Schematic of the interfering wave fronts of the two coupling fields Ec and Ec0 . x
and z represent the transverse and longitudinal directions of propagation, respectively.
Under the rotating-wave approximation, the density-matrix equations for the four-level
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N -type atomic system are given by [41, 42]
i
ρ̇22 = Γ42 ρ44 + Γ32 ρ33 − Γ21 ρ22 + (ρ32 − ρ23 )Ωc ,
2
i
ρ̇33 = Γ43 ρ44 − Γ32 ρ33 − Γ31 ρ33 + [(ρ23 − ρ32 )Ωc + (ρ13 − ρ31 )Ωs ],
2
i
ρ̇44 = −(Γ43 + Γ42 + Γ41 )ρ44 + (ρ14 − ρ41 )Ωp ,
2
i
∗
ρ12 − (ρ13 Ωc − ρ42 Ωp − ρ32 Ωs ),
ρ̇12 = −γ̃21
2
i
ρ̇21 = −γ̃21 ρ21 + (ρ31 Ωc − ρ24 Ωp − ρ23 Ωs ],
2
i
∗
ρ̇13 = −γ̃31
ρ13 − [ρ12 Ωc − ρ43 Ωp + (ρ11 − ρ33 )Ωs )],
2
i
ρ̇31 = −γ̃31 ρ31 + [ρ21 Ωc − ρ34 Ωp + (ρ11 − ρ33 )Ωs ],
2
i
∗
ρ̇14 = −γ̃41
ρ14 − [−ρ34 Ωs + (ρ11 − ρ44 )Ωp ],
2
i
ρ̇41 = −γ̃41 ρ41 + [−ρ43 Ωs + (ρ11 − ρ44 )Ωp ],
2
i
∗
ρ̇23 = −γ̃32
ρ23 − [ρ21 Ωs + (ρ22 − ρ33 )Ωc ],
2
i
ρ̇32 = −γ̃32 ρ32 + [ρ12 Ωs + (ρ22 − ρ33 )Ωc ],
2
i
∗
ρ̇24 = −γ̃42
ρ24 − (ρ21 Ωp − ρ34 Ωc ),
2
i
ρ̇42 = −γ̃42 ρ24 + (ρ12 Ωp − ρ43 Ωc ),
2
i
∗
ρ̇34 = −γ̃43
ρ34 − (ρ31 Ωp − ρ24 Ωc − ρ14 Ωs ),
2
i
ρ̇43 = −γ̃43 ρ43 + (ρ13 Ωp − ρ42 Ωc − ρ41 Ωs ),
2

(4.1)

ρ11 + ρ22 + ρ33 + ρ44 = 1.
where Ωs = µ13 Es /~, Ωc = µ23 Ec /~, and Ωp = µ14 Ep /~ are the Rabi frequencies
corresponding to the signal, coupling, and pump fields, respectively, and µij is the dipole
moment between levels |ii and |ji. Γij is the decaying rate between levels |ii and |ji, and
γij = (Γi + Γj )/2 is the decoherence rate. γ̃21 = γ21 − i(∆s − ∆c ), γ̃31 = γ31 − i∆s ,
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γ̃41 = γ41 − i∆p , γ̃32 = γ32 − i∆c , γ̃42 = γ42 − i(∆c + ∆p − ∆s ), γ̃43 = γ43 − i(∆p − ∆s ).
∆s = ωs − ω31 , ∆c = ωc − ω32 , and ∆p = ωp − ω41 are the frequency detunings of the signal,
coupling, and pump fields, respectively.
The density-matrix equations can be written as
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where
R=



R1 R2 R3 R4
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(4.3)
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From the above matrices, ρ31 can be calculated easily. The susceptibility of the atomic
medium can be obtained through the expression χ =
n=

√

Given that

1 + χ ≈ 1 + χ/2, χ = χ0 + iχ00 , and n = n0 + nR + nI , the real and imaginary parts of

the refractive index can be written as nR ≈ 12 χ0 =
nI ≈ 21 χ00 =

4.3

2N µ13
ρ .
0 Es 31

N µ13
Im(ρ31 ).
0 Es

N µ13
Re(ρ31 )
0 Es

and

Here n0 = 1 is the background index of the atomic medium.

Constructions of parity-time symmetric optical lattice and conventional
EIT optical lattice

In this section, we consider the realization of the PT -symmetric optical lattice. To achieve
PT -symmetric condition in the current atomic lattices, the values of the real part of the
susceptibility at the same ∆s when Ep = 0 and Ep 6= 0 must be same, while the
corresponding imaginary parts must have the same absolute value but opposite signs.
Therefore, we plot the the difference of the real parts of the susceptibility (

P

−

χ0 ) when

P
Ep = 0 and Ep 6= 0 and the sum of the imaginary parts of the susceptibility ( + χ00 ) when
Ep = 0 and Ep 6= 0. To meet the PT -symmetric condition, we need to choose the signal
detuning that makes both

P

−

χ0 and

P

+

χ00 zero. From Fig. 4.2(a), we can see that at

signal frequency detuning ∆s = −2π × 15.05 MHz, both

P

−

χ0 and

P

+

χ00 become zero.

Figures 4.2(b) and 4.2(c) exhibit the real parts and imaginary parts of the susceptibilities
when Ep = 0 and Ep 6= 0, respectively. We can see at the signal frequency detuning
∆s = −2π × 15.05 MHz, the real parts of the susceptibilities are the same when Ep = 0 and
Ep 6= 0, while the imaginary parts of the susceptibilities have the same absolute value but
opposite signs. Thus, we choose the frequency detuning ∆s = −2π × 15.05 MHz to
construct the PT -symmetric optical lattice.
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(a)

(b)

(c)

P
Figure 4.2: (a) The difference of the real parts of the susceptibility P
( − χ0 ) when Ep = 0 and
Ep 6= 0 and the sum of the imaginary parts of the susceptibility ( + χ00 ) when Ep = 0 and
Ep 6= 0 as a function of signal frequency detuning. (b) The real parts of the susceptibilities
when Ep = 0 and Ep 6= 0 as a function of signal frequency detuning. (c) The imaginary parts
of the susceptibilities when Ep = 0 and Ep 6= 0 as a function of signal frequency detuning.
∆c = −100 MHz, ∆p = 40.45, MHz, Ωc = 0.2 × 2π MHz, and ∆s = 10 × 2πMHz.
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By solving the coupled equations in Eq. 4.1 numerically under properly chosen
parameters (N = 1013 cm−3 , Ωs = 2π × 10 MHz, Ωc = 2π × 0.2[1 + cos(πx/d)] MHz,
Ωp = 2π × 6 MHz, ∆p = 40 MHz, ∆c = −100 MHz, and ∆s = −2π × 15.05 MHz), one can
obtain the real (dispersion) and imaginary (gain or absorption) parts of the susceptibility
versus the transverse position x as shown in Figs. 4.3(a) and 4.3(b) [5, 49]. The fact that
the real and imaginary parts of the susceptibility are even and odd functions with
respective to the position x and the relationship of nR ≈ 12 χ0 and nI ≈ 21 χ00 indicates the
PT -symmetry condition n(x) = n∗ (−x) is approximately satisfied, meaning that the
PT -symmetric structure with alternating gain and loss waveguides can be established in
such an atomic configuration. Note that this PT -symmetry condition cannot be easily
obtained without specially selected parameters.
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(a)

(b)

Figure 4.3: The (a) real and (b) imaginary parts of the susceptibility for signal field as
a function of position x with the coupling and pump intensities spatially modified. N =
1013 cm−3 , Ωs = 2π × 10 MHz, Ωc = 2π × 0.2[1 + cos(πx/d)] MHz, Ωp = 2π × 6 MHz, ∆p =
40 MHz, ∆c = −100 MHz, and ∆s = −2π × 15.05 MHz. d is the periodicity of the coupling
and pump fields.
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When the pump beams are absent, the atomic system becomes the traditional
three-level Λ-type EIT configuration [28, 29]. The induced optical lattice established by the
interference of the pair of coupling beams is referred to as the conventional EIT optical
lattice. The numerically calculated real and imaginary parts of the susceptibility versus the
transverse position x under specially chosen parameters (N = 1013 cm−3 ,
Ωs = 2π × 10 MHz, Ωc = 2π × 0.2[1 + cos(πx/d)] MHz, ∆p = 40 MHz, ∆c = −100 MHz, and
∆s = −2π × 15 MHz) are shown in Figs. 4.4(a) and 4.4(b). One can see that both of them
are even function of x. There is no Raman gain in this simple configuration because the
imaginary part of the susceptibility is always greater than 0.
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(a)

(b)

Figure 4.4: The (a) real and (b) imaginary parts of the susceptibility for signal field as a function of position x with only the coupling intensities spatially modified. Relevant parameters
are the same as in Fig. 4.3 except Ωp = 0. d is the periodicity of the coupling fields.
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4.4

Talbot effects in parity-time symmetric optical lattice and conventional
EIT optical lattice

The propagation dynamics of the signal field within the cell obeys the Maxwell’s equation,
and its transmission at the output surface is
Es (x, L) = Es (x, 0) exp(−ks χ00 L/2) exp(iks χ0 L/2),

(4.8)

where χ0 and χ00 are the real and imaginary parts of the susceptibility χ, respectively;
ks = 2π/λs ; Es (x, 0) is the input signal profile; and L is the length of the cell.
Using the Fresnel-Kirchhoff diffraction integral, the output signal field Es at a distance
z from the output surface of the medium is proportional to [90]
Z

∞

Es (X, z) ∝

Es (x, L) exp[iks (z +
−∞

x2 xX X 2
−
+
)]dx,
2z
z
2z

(4.9)

where x and X are the coordinates in the object and observation planes, respectively.
Because of the periodicity of χ in Figs. 4.3 and 4.4, Es (x, L) can be recast into Fourier
series,
Es (x, L) =

+∞
X

Cn exp(i2πnx/d),

(4.10)

n=−∞

where Cn =

R
1 d
d

0

e−ks

χ00 L/2

eiks

χ0 L/2

e−i2πnx/d dx is the coefficient of the nth harmonic field. By

substituting Eq. (4.10) into Eq. (4.9) and completing the integral, we can obtain the
traditional Talbot effect described by [90]
Es (X, z) ∝

+∞
X

Cn exp(−iπn2 z/zT ) exp(i2πnX/d),

n=−∞

where zT = d2 /λs is the Talbot length, d is the spatial period along the transverse
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(4.11)

direction, and λs is the wavelength of the signal field.
At distance z = 2zT , the quadratic phase factor in Eq. (4.11) becomes unity,
2 z/z

e−iπn

2 (2z

T

z=zT

= e−iπn

T )/zT

2

= e−2πin = 1, for all n

(4.12)

It follows from Eq. (4.11) that the initial field reproduces itself at this distance,
E(X, 2zT ) = E(X, 0) ⇒ |E(X, 2zT )| = |E(X, 0)| ,

(4.13)

which implies that |E(x, 2zT )| is periodic in z with period twice the Talbot length, 2zT .
Similarly, at z = zT , we have e−iπn

2 z/z

2

= e−iπn = e−iπn , for all n, with the latter

T

2

identity following from the observation that e−iπn = e−iπn = 1 if n is even, and when n is
2

odd, i.e., n = 2m + 1, we have, e−iπn = e−iπ(2m+1)n = e−2πinm eiπn = eiπn . In this case, the
two exponentials in Eq. (4.11) can be combined as follows
E(X, zT ) ∝

+∞
X

−iπn i2πnX/d

Cn e

e

n=−∞

=

+∞
X

e2πin(X−d/2)/d , or

n=−∞

(4.14)

1
E(X, zT ) = E(X − d, 0)
2
Thus, the initial field is reproduced exactly but is laterally shifted by half-period 21 d. To
summarize, we have relative to an arbitrary distance z0 ,
1
E(X, z0 + z) = E(X − d, z0 ), when z is an odd multiple of zT
2
E(X, z0 + z) = E(x, z0 ),

(4.15)

when z is an even multiple of zT

The former implies that latter by applying it twice, and invoking the periodicity in X,
e.g., |E(X, 2zT )| = E(X − 21 d, zT ) = |E(X − d, 0)| = |E(X, 0)|.
The fractional Talbot effect corresponds to sub-images that are generated at the
fractional distance zpq = (p/q)zT , where p, q are coprime integers.
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To zpq we can add any multiple of zT . If we set, z = z0 + zpq , with z0 = (2s + r)zT ,
where r = 0, 1, we will have, E(X, z0 + zpq ) = E(X − 12 rd, zpq ). Setting now
z = zpq = (p/q)zT in Eq. (4.11), we get
E(X, zpq ) ∝

+∞
X

2 p/q

cn e−iπn

e2πinX/d .

(4.16)

n=−∞

The fractional Talbot sub-images are a consequence of this expression. We note that if p
2 p/q

is even (so q must be odd), then, the factor, an = e−iπn

, is periodic in n with period q,

as can be verified explicitly,
an+q = e−iπ(n+q)

2 p/q

2 p/q

= e−iπn

2 p/q

· e−2πinp · e−iπpq = e−iπn

· 1 · 1 = an .

(4.17)
2 p/q

On the other hand, if p is odd (now q can be even or odd), then the sequence, e−iπn
2 p/q

is no longer periodic with period q. But the following sequence is, an = e−iπn

eiπn , since

p − 1 is even, we have
an+q = e−iπ(n+q)

2 p/q

2 p/q

eiπ(n+q) = e−iπn

· eiπn · e−iπ(p−1)q = an .

(4.18)

Combining the two cases, we denote by r the remainder of the division of p by 2, that
2 p/q

is, r = rem(p, 2), and define the sequence, an = e−iπn

eiπnr , which will now be periodic

with period q, for all p.
This periodicity implies that an can be explained in a discrete Fourier series, i.e., as an
inverse DFT consisting of a linear combination of q discrete at the q DFT frequencies,
ωm = 2πm/q, m = 0, 1, ..., q − 1, that is
2 p/q

an = e−iπn

eiπnr =

q−1
1X
Am e−2πimn/q , −∞ < n < ∞
q m=0
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(4.19)

where the q coefficient Am are recognized as the q-point DFT of the discrete sequence an ,
defined as follows for m = 0, 1, ..., q − 1,

Am =

q−1
X

2πinm/q

nn e

=

q−1
X

e−iπn

2 p/q

eiπnr e2πinm/q .

(4.20)

m=0

n=0

The DFT coefficients Am are known as quadratic Gauss sums and play a prominent role
in Number theory. In our case, the expression for Am are

 

i
h 
√ p
p
q−1
2 2


+
(p\q)
m
,
p, q = even, odd
q
exp
iπ

4
q

q





 

√ q
p
Am =
q
(p\q)2 (2m + q)2 )],
p, q = odd, even
(4.21)
exp[−iπ( p4 − 4q
p





 

i
h 


√
2p

2
2
 q p exp iπ q−1
, p, q = odd, odd
+
(2\q)(2p\q)
(2m
+
q)
4
q
q
 
p
where
is the Jacobi symbol taking on the values ±1, and (p\q) denotes the integer or
q
modular inverse of p relative to q.
It is evident that the coefficients Am have constant magnitude, |Am | =
2 p/q

m = 0, 1, ..., q − 1. Replacing e−iπn

√

q, for

= an e−iπnr into Eq. (4.16) and using Eq. (4.19), we

obtain
E (X, zpq ) ∝

∞
X

2 p/q

Cn e−iπn

e2πinX/d

n=−∞

∝

∞
X

Cn an e−iπnr e2πinX/d

n=−∞

(4.22)
q−1
1X
∝
Cn
Am e−2πimn/a e−iπnr e2πinX/d
q
n=−∞
m=0
∞
X

q−1
∞
X
1X
∝
Am
En e2πin(X−md/q−rd/2)/d ,
q m=0
n=−∞
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or


q−1
d
d
1X
Am E X − m − r , 0 .
E (X, zpq ) ∝
q m=0
q
2

(4.23)

Which shows that E (X, zpq ) is a linear combination of q overlapping copies of the original
grating E(X, 0), displaced laterally at multiplies of d/q, with an overall displacement by
d/2 when p is odd.
From the above discussion, we can see that the signal transmission with a distance of
mzT can repeat the amplitude at the output plane of the cell with and without shifted half
period d/2 for odd and even integers m, respectively. Moreover, the fractional Talbot image
appears at all rational multiples of zT , i.e., z = (p/q)zT , where p, q are positive integers,
p < q.
Figure 4.5 gives typical transverse profiles of the normalized intensity of the diffracted
signal wave under the four-level N -type configuration at distances (a) z = (p/4)zT
(p = 0, 1, 2, ..., 8) and (b) z = (p/8)zT (p = 0, 1, 2, ..., 8) from the output surface of the
medium. It shows that the intensity of the diffracted wave can be substantially larger than
the intensity of the input signal beam. This intensity increase is caused by the gain
channels in the PT -symmetric optical lattice. For fractional zT , the field amplitude and
periodicity of the image undergo significant changes. The diffraction pattern is periodic but
its intensity no longer replicates the amplitude at the output of the cell. The transverse
profile at each fractional Talbot distance displays a distinct pattern and the period of
fractional Talbot image is always smaller than that of the integer Talbot image pattern.
One can also see that the maximum intensity of the fractional Talbot images is always
smaller than that of the integer Talbot images under this PT -symmetric condition.
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(a)

(b)

Figure 4.5: Normalized intensity distributions of the diffracted signal field at various propagation distances within two spatial periods under the four-level N -type configuration. (a)
z = 0; z = zT /4; z = zT /2; z = 3zT /4; z = zT ; z = 5zT /4; z = 3zT /2; z = 7zT /4; z = 2zT , (b)
z = 0; z = zT /8; z = zT /4; z = 3zT /8; z = zT /2; z = 5zT /8; z = 3zT /4; z = 7zT /8; z = zT .
λs = 794.97 nm, ks = 2π/λs , and d = 114 um. L = 2.5 is given in the units of ks d2 .

79

Figure 4.6 depicts typical transverse profiles of the normalized intensity of the diffracted
signal wave under the three-level EIT configuration at distances (a) z = (p/4)zT
(p = 0, 1, 2, ..., 8) and (b) z = (p/8)zT (p = 0, 1, 2, ..., 8) from the output surface of the
medium. The intensity of the diffracted signal wave is decreased due to residue absorption
of the medium under the three-level EIT configuration. In this case, the fractional Talbot
images are noisier, mainly due to the fact that the chosen length of the vapor cell is short
in our numerical simulations. In addition, the periods for the fractional Talbot images are
smaller as compared to the period for the integer Talbot images, which is consistent with
the experimental observation reported previously [74, 75].
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(a)

(b)

Figure 4.6: Normalized intensity distributions of the diffracted signal field at various propagation distances within two spatial periods under the three-level EIT configuration. (a)
z = 0; z = zT /4; z = zT /2; z = 3zT /4; z = zT ; z = 5zT /4; z = 3zT /2; z = 7zT /4; z = 2zT , (b)
z = 0; z = zT /8; z = zT /4; z = 3zT /8; z = zT /2; z = 5zT /8; z = 3zT /4; z = 7zT /8; z = zT .
The parameters are the same as used in Fig. 4.5 except without the pump beams.
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As mentioned before, the PT symmetry condition, i.e., balanced gain and loss
(gain/loss = 1), is not a common scenario. To complement, we have studied the Talbot
effects for the unbalanced gain and loss cases (gain/loss 6= 1), namely, quasi-PT -symmetric
cases [51, 52]. In our numerical simulations, we only allow the frequency detuning of the
signal field to change such that the ratio of gain to loss varies along with the changing
frequency detuning of the signal field. As mentioned before, the imaginary part of the
susceptibility represents the gain/loss profile of the optical field. A negative imaginary part
of the susceptibility implies gain and a positive imaginary part implies loss (absorption). In
Figs. 4.7(a) and 4.7(b), we plot the imaginary part of the susceptibility for the signal field
at signal frequency detuing of ∆s = −2π × 15.25 MHz and ∆s = −2π × 14.8 MHz,
respectively. We can see the imaginary part of the susceptibility is no longer an odd
function of x. When ∆s = −2π × 15.25 MHz the absolute value of the negative
susceptibility is larger than that of the positive susceptibility, meaning the gain is larger
than loss. The value of gain to loss in this case is gain/loss = 3.17. For
∆s = −2π × 14.8 MHz, the absolute value of the positive susceptibility is greater than that
of the negative susceptibility, which implies the loss is greater than the gain. In this case,
the ratio of gain to loss is 0.22.
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(a)

(b)

Figure 4.7: The imaginary part of the susceptibility for signal field as a function of position x
with the coupling and pump intensities spatially modified when (a) ∆s = −2π × 15.25 MHz
and (b) ∆s = −2π × 14.8 MHz, respectively. Other parameters are N = 1013 cm−3 , Ωs =
2π × 10 MHz, Ωc = 2π × 0.2[1 + cos(πx/d)] MHz, Ωp = 2π × 6 MHz, ∆p = 40 MHz, and
∆c = −100 MHz. d is the periodicity of the coupling and pump fields.
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Figures 4.8(a) and 4.8(b) exhibit the transverse profiles of normalized intensity of the
diffracted signal wave under the four-level N -type configuration at distances z = (p/4)zT
(p = 0, 1, 2, ..., 8) from the output surface of the medium when gain/loss = 3.17 and
gain/loss = 0.22, respectively. In Figs. 4.8(a) and 4.8(b), one can see that the intensity of
the diffracted signal wave increases for both cases, i.e., gain/loss = 3.17 and gain/loss =
0.22, and when gain/loss = 3.17, the intensity increases more. This indicates that larger
gain can give rise to greater intensity. On the other hand, the periods of the fractional
Talbot images are always smaller than that of the integer Talbot images, and distinct
image patterns occur at the same fractional Talbot distances under the two conditions (i.e.,
gain/loss > 1 and gain/loss < 1).
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(a)

(b)

Figure 4.8: Normalized intensity distributions of the diffracted signal field at various propagation distances within two spatial periods under the four-level N -type configuration.
z = 0; z = zT /4; z = zT /2; z = 3zT /4; z = zT ; z = 5zT /4; z = 3zT /2; z = 7zT /4; z = 2zT
when (a) gain/loss = 3.17 and (b) gain/loss = 0.22, respectively. Ohter parameters are the
same as in Fig. 4.5.
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From Figs. 4.5, 4.6, and 4.8, one can see that the Talbot lengths for the PT -symmetric
optical lattice, conventional EIT optical lattice, and quasi-PT -symmetric optical lattices
(gain and loss are not balanced) are the same, in line with the result reported in [91].
There is a half period shift with respect to the output profile of the signal field at the first
Talbot length for all cases. This is in agreement with the prediction from Eq. 4.11. The
periods of the fractional Talbot images at distances z = 12 zT and z = 32 zT are the same, to
be half the period of the integer Talbot images for all the optical lattices, supported by the
theoretical calculation.
The intensity visibilities, defined as visibility = (Imax − Imin )/(Imax + Imin ), of the
Talbot images for the conventional EIT optical lattice, PT -symmetric optical lattice, and
quasi-PT -symmetric optical lattices (gain/loss = 3.17 and gain/loss = 0.22, respectively)
are shown in Fig. 4.9. It is clear that the intensity contrast (visibility) for the
PT -symmetric optical lattice and quasi-PT -symmetric optical lattices is higher than that
for the conventional EIT optical lattice at most of the propagation distances. When the
ratio of gain to loss is greater, the visibility would be better at most of the propagation
distances. For this reason, we can obtain the improvement of the intensity contrast of the
Talbot images by employing medium with gain. In other words, the introduction of the
gain which exists in the four-level N-type atomic system would make it easier to observe
the fractional Talbot images.
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Figure 4.9: Visibility comparisons of the Talbot images for the conventional EIT optical
lattice, PT -symmetric optical lattice, and quasi-PT -symmetric optical lattices (for gain/loss
= 3.17 and gain/loss = 0.22, respectively) as a function of propagation distance within one
Talbot length.

4.5

Conclusion

In conclusion, we have investigated the integer and fractional Talbot effects in
PT -symmetric optical lattice, conventional EIT optical lattice, and quasi-PT -symmetric
optical lattice. The intensity of the diffracted signal wave from the PT -symmetric optical
lattice and quasi-PT -symmetric optical lattice can be substantially increased due to the
gain channels in the optical lattices, while for the conventional EIT optical lattice, the
intensity of the diffracted wave is decreased because of the absorption in the optical lattice.
87

The visibilities of the fractional Talbot image from the PT -symmetric optical lattice and
quasi-PT -symmetric optical lattice are larger than that from the conventional EIT optical
lattice for most of the propagation distances. This increase of visibility can be explained by
the gain existed in the four-level N -type atomic system. Considering the large Kerr
nonlinearity [92] existed in this system, this research can be extended to further study the
features of the PT -symmetric nonlinear Talbot effects.
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Chapter 5
Summary and outlook
In this dissertation, I have described three studies related to parity-time (PT ) symmetric
optical lattice in a coherent atomic medium. Coherent atomic medium provides a fertile
platform for studying the non-Hermitian Hamiltonians due to its easy reconfiguration and
flexible tunabilities in parameters [5, 6, 35, 69, 70, 71]. Specifically, multiple parameters
such as optical fields intensities, optical fields frequency detunings, and atomic medium
density are tunable in coherent atomic system which make it easier to find appropriate
parameters in a real-time manner without employing sophisticated fabrication technologies
and making a large number of samples. In additional, the laser-induced atomic coherence
in coherent atomic system provides an effective solution for engineering desired refractive
index that satisfies the PT symmetry condition and other quasi-PT symmetry conditions.
In Chapter 1, the introduction of PT symmetry and why we study PT symmetry in
optics are presented. Furthermore, the basic properties of PT symmetry are described for
the two-coupled waveguides and multi-coupled waveguides.
In Chapter 2, I have shown our experimental construction of controllable photonic
crystal with periodic Raman gain in a coherent atomic medium. The
Raman-gain-modulated photonic crystal is constructed with the assistance of two
standing-wave laser fields in a four-level N -type atomic configuration. The four-level
N -type atomic medium is driven by a signal field, a coupling field, and a pump field. A
standing-wave coupling field propagating along the z direction can induce the lattice in the
transverse direction x. When an extended weak Gaussian signal field is injected into the
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optical lattice, a discrete diffraction pattern is observed under the electromagnetically
induced transparency (EIT) configuration. Then, a standing-wave pump field which is
overlapped with standing-wave coupling filed is added, the signal field would experience
periodic Raman gain. The induced Raman gain can be modulated and optimized by
controlling the related parameters, such as the atomic density and the frequency detunings
and the Rabi frequencies of the applied optical fields. We studied the dependence of the
gain and loss in the photonic crystal on the temperature of the atomic medium and the
total power of the pump field. This experimental study provides more insights of the laser
configuration which is also employed to achieve the PT -symmetric optical lattice. This
study can be extended to explore more interesting effects related to PT symmetry and
other quasi-PT symmetry phenomena, including PT -symmetric Talbot effect [68],
anti-PT -symmetric lattice [93], non-Hermitian optical solitons [76, 77], non-Hermitian
Bloch oscillation [46, 80] as well as intriguing beam dynamical features [53] such as power
oscillation, nonreciprocal diffraction patterns, and double refraction.
Chapter 3 presents a new scheme to construct the periodically arranged PT -symmetric
optical lattice in a coherent atomic medium. This scheme is based on the periodic gain and
loss waveguides that are induced in a four-level N -type atomic configuration. The four-level
N -type atomic system is driven by a signal field, a coupling field, and a pump field. Two
pump beams intersect in the atomic medium with a small angle and alternating strong and
weak pump fields are induced along the transverse direction. When two signal beams are
injected into the medium in the same way as the two pump beams and an extended
coupling beam is injected into the medium to cover the pump and signal fields, the signal
field profile exhibits interference pattern with the peak experiencing Raman gain under the
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four-level N -type configuration and the valley experiencing loss under the three-level EIT
configuration. We studied the dependence of gain/loss ratio on the coupling frequency
detuning and measured the phase difference between adjacent gain and loss waveguides.
The phase transition point is also observed. This scheme is different from the previous work
[5] to realize the PT -symmetric optical lattice in atomic medium. A big difference with the
previous work [5] is that the Raman and loss in the new scheme can be changed
independently, so it is easier to control the gain/loss ratio. In addition, the coupling
strength between the gain and loss waveguides can be changed without affecting the
gain/loss ratio only by adjusting the angles between the beams inducing the lattices. The
new scheme provides a more flexible platform to explore diverse phenomena related to
non-Hermitian Hamiltonians because we can independently change the gain, loss, and
coupling strength between gain and loss waveguides. The exploration of these interesting
phenomena can be studied in the future research.
In Chapter 4, I have described a theoretical study to explore the Talbot effects in
PT -symmetric and quasi-PT -symmetric optical lattices. Specifically, we investigate the
gain-loss modulated Talbot effects in a four-level N -type atomic configuration. The laser
arrangement is same as the previous works [5, 35]. The induced gain-loss modulated optical
lattices inside the atomic medium are established by the interference of a pair of coupling
and pump laser beams, respectively, and an expanded signal field is launched into the dual
optical lattice. We study the features of integer and fractional Talbot effects in
PT -symmetric optical lattice, quasi-PT -symmetric optical lattices (gain/loss 6= 1) and
conventional EIT optical lattice. It shows that the intensity of the diffracted signal wave
from the PT -symmetric optical lattice and quasi-PT -symmetric optical lattices can be
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substantially increased due to the gain channels in the optical lattices, while for the
conventional EIT optical lattice, the intensity of the diffracted wave is decreased because of
the absorption in the optical lattice. The visibilities of the fractional Talbot image from the
PT -symmetric optical lattice and quasi-PT -symmetric optical lattices are larger than that
from the conventional EIT optical lattice for most of the propagation distances. The
increase of the visibility is caused by the Raman gain existed in the four-level N -type
atomic system. This study can be extended to study the features of the PT -symmetric
nonlinear Talbot effects due to the existence of the large Kerr nonlinearity [92] in the
four-level N -type atomic configuration.
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