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Abstract

The worm domain developed by Diederich and Fornaess is a classic example of a bounded
pseudoconvex domains that fails to satisfy global regularity of the Bergman Projection, due
to the set of weakly pseudoconvex points that form an annulus in its boundary. We instead
examine a bounded pseudoconvex domain 2 C C? whose set of weakly pseudoconvex points
form a crescent in its boundary. In 2019, Harrington had shown that these types of domains
satisfy global regularity of the Bergman Projection based on the existence of good vector
fields. In this thesis we study the Regularized Diederich-Fornaess index of these domains,

another sufficient condition for global regularity of the Bergman Projection.
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1 Introduction

We begin by introducing a fundamental question in the study of several complex variables:
when is the Bergman Projection globally regular on a domain? Given some smooth bounded
domain Q C C",n > 2, the Bergman Projection, denoted by P, takes some f € L?*(Q)
and projects it into the Bergman space, i.e., the space of holomorphic L? functions on €.
When Pf € C*(Q) for every f € C®(Q), we say that P is globally regular on  and that
) satisfies condition R (see Def. 6.3.7 in [5] and [2]). Global regularity of the Bergman
Projection is closely tied to the regularity of the d-Neumann operator (see Thm. 5.5 in [15])
which is critical to solving the inhomogenous Cauchy-Riemann equation in several complex
variables (see [5] for more background). We specify several complex variables as the study
in one complex variable is fundamentally different. For example, in one complex variable
we have the Riemann mapping theorem which states: any simply connected domain in C
not equal to C is biholomorphic to the unit disk. This means the function theory in one
complex variable does not depend on the geometry of the domain in question so much as
the topology, and we can reduce the study of simply connected domains to the studying of
the unit disk. However there is no such equivalent theorem in several complex variables,
with a classic counterexample being that the polydisc is not biholomorphic to the unit ball
in C" (Thm. 1.7.1 of [5].) All of this is to say, we must examine the geometry of the regions
in higher dimensions to solve the Cauchy-Riemann equation. Condition R gives us a useful
tool in classifying domains of higher dimension. Theorem 6.6.13 in [5] (first developed in
[2]) tells us that given two smooth bounded pseudoconvex domains D; and Dy in C*,n > 2,
and a biholomorphism f from D; to Ds, if both domains satisfy condition R then f extends
smoothly to the boundary. While not as encompassing as the Riemann mapping theorem,
this does allow us to classify similar domains that satisfy condition R.

Because of its uses, it is of great interest to identify sufficient conditions for 2 to satisfy

condition R. One such condition is the existence of what we will call good vector fields on



09 developed by Boas and Straube and refined in [4].

Definition 1.1. Let Q C C? be a bounded pseudoconvex domain with smooth boundary
and let p be a defining function of Q2. We say that 2 admits a family of good vector fields if
there exists a constant C' > 0 such that for every € > 0 there exists a (1,0) vector field X,
with smooth coefficients on some neighborhood U, of the set of weakly pseudoconvex points

K C 09 satisfying
1. C7' < |X.p| < C on U,
2. Jarg X.p| < e on U, and
3. |0p([X:,0/0%])| <eon U, for j =1and j = 2.

This condition is concerned with the geometry of our domain, specifically on the weakly
pseudoconvex points of the boundary as the strictly pseudoconvex points are known to not
be a hindrance to global regularity. We gain from this family of good vector fields that on
the weakly pseudoconvex points, the commutators from property 3 are well behaved. That
is, the commutators between the vector field X, and 0 are small, and thus we can obtain
good Sobolev estimates necessary for global regularity.

The existence of these good vector fields has also been linked directly to an object known
as D’Angelo’s 1-form « [8]. We will use the notation adopted from equation (5.85) in [15] to
give a precise definition for such a form «. Given a defining function p for €2 this one form
can be written as;

1 & P 0p 9?p
S A -
4|0p| 2 0z;0z, 0z,

dp
92,05 0%,k (1)

«

Boas and Straube mention in [3] that when restricted to the tangent space of the set of
weakly pseudoconvex points of 02, « is a closed form. Thus when this set is a submanifold,

a forms a cohomology class of the set of weakly pseudoconvex points of 92 that does not



depend on the specific defining function used in the construction of a. When this cohomology
class is also exact on the set of weakly pseudoconvex points, then we obtain the existence of
good vector fields [3].

The second condition we will examine in this thesis is related to the Diederich-Fornaess
index developed by Diederich and Fornzess [10] and formally defined by Kohn in [13]. One
may look to [12] or Remark iii after Corollary 5.11 in [15] for more history on the Diederich-
Fornaess index. We will be looking at the Regularized Diederich-Fornaess index of 1, adopting
the terminology of Dall’ara and Mongodi in [7]. For a smooth, bounded, pseudoconvex
domain €2, the Diederich-Fornaess Index is the supremum over all exponents 0 < 1 < 1 such
that there exists some smooth defining function p, for Q and —(—p,)" is plurisubharmonic
on 2. When the Diederich-Fornaess index is equal to 1 and

liminf \/1 — nsup |Ve,| =0,
o9

n—1-

where p,, = e7%70 and J is the signed distance function on (2, we say that € has Regularized
Diederich-Forneess index of 1. It has been shown that if {2 has Regularized Diederich-Forneaess
index of 1, then  satisfies condition R [13],[11].

We have already discussed how pseudoconvexity (a geometric property) plays a role
in defining global regularity. For a time, it was thought to be true that global regularity
was satisfied on all bounded pseudoconvex domains. However, Diederich and Fornaess [9]
developed a series of bounded pseudoconvex domains now referred to as worm domains that
do not satisfy condition R, as shown by Christ [6]. This can also be related back to the 1-
form «. The set of weakly pseudoconvex points of the boundary of a worm domain forms an
annulus, and when « is restricted to this annulus one can show that it is not exact [3]. Barret
has shown that Sobolev estimates and thus the regularity of the 0-Neumann operator fails
on these worm domains as well [1]. Liu has explicitly calculated the Diederich-Fornaess index

of these worm domains in [14], which has salvaged some information from these otherwise



poorly behaved domains.

While worm domains are a strong counterexample due to the annulus of weakly pseudo-
convex points, for this thesis we will instead look at bounded pseudoconvex domains with
a crescent in the boundary. That is, a domain whose set of weakly pseudoconvex points is
homotopic to the annulus yet has simply connected interior. We will formally define these
types of domains later in Sections 2. Harrington has shown that on these types of domains we
achieve good vector fields and thus global regularity [12]. Harrington also shows that these
types of domains have Diederich-Fornaess index of 1, yet the gradient estimate required for
the regularized Diederich-Fornaess index is not shown to also be satisfied. This gives us a
partial relationship between the good vector fields and the regularized Diederich-Fornzaess
index on these domains with crescents in the boundary. The goal of this thesis is to find a
stronger relationship between these two sufficient conditions for condition R. In Sections 3
and 4 we construct an explicit function that is sufficient to show that our domains of interest
have Diederich-Fornaess index of 1 as well as provide an estimate related to the gradient. As
far as we know, such an explicit example has not been computed outside of a specific case

of a plurisubharmonic defining function as discussed in Remark 6.3 of [11].

Theorem 1.1 (Main Theorem). Let @ C C? be a smooth, bounded, pseudoconvexr domain
that contains a crescent K. in its boundary, and 0SY is strictly pseudoconvex on OQ\K.,.
Then for every 0 < n < 1 there exists some smooth, bounded, real-valued function ¢, and
a neighborhood U of O such that —(=p)" is strictly plurisubharmonic on U N Q where

p=30e % and § is the signed distance function on ). Furthermore,

1— 1 axp?
sup |V, <O ( 77@41Dnn> :
K, n

We can also obtain an immediate corollary by following the method of Harrington [12]
(based on the method of Diederich and Fornaess [9]) that allows us to find an extension of p

to all of €2.



Corollary 1.2. Let Q C C? be a smooth, bounded, pseudoconvexr domain that contains a
crescent K., in its boundary, and 0N is strictly pseudoconver on OQ\K.,. Then for every
0 < n < 1, there exists a smooth defining function p, for Q such that —(—p,)" is strictly

plurisubharmonic on ().

In Section 5 we construct a specific crescent region K, and define a group of auto-
morphisms of said crescent, as well as some useful properties of those automorphisms. In
Section 5 we take the constructed crescent and ask the question: does such a function as
we attempted to construct in Sections 3 and 4 exist that also satisfies the required gradient
estimate for the Regularized Diederich-Fornaess index? We use a method similar to that
used by Diederich and Fornaess in their study of worm domains to find such a function. By
averaging a candidate function over a family of automorphisms of the crescent region, we

are able to develop a representative function as well as identify some important properties.

Theorem 1.3. Let Q C C? be a bounded, smooth domain containing a crescent region K,
in its boundary such that 0S) is strictly pseudoconvexr on OQ\K,. Let ¢ be a smooth, real
valued, subharmonic function on K, such that if we define p = de™% then p is a defining
function for Q and —(—p)" is plurisubharmonic on € for some 0 < n < 1 and there ezists
some constant E such that supg. [V| < E. Then for every ¢ > 0,7 > 0 there exists a real

valued, subharmonic function @. € C?(0N) satisfying the following conditions;

1. There exists a defining function p. = 0e=?= for ) where —(—p.)" is plurisubharmonic

on €.
2
2. |Ve.| < (E+ 4t (1 + 7"(12——a)> + 95 on K,\B,0)(7).

3. There exists some negative valued convex function ¢ : R — R such that

0~ 1= g (o (1) sttt < -

We will end the thesis with our final conclusions and a discussion of future work.

sup
Ka\B(1,0)(7)




2 Definitions and Notation

First, we give a general definition of a crescent region contained in the boundary of some
domain in C? which we will call K. Also as a clarification of notation, we define an open

ball in C as follows:

B.(r)={2z€C:|z—c| <r}.

Definition 2.1. Let 0 < v < 1, and 6707 < R < 2%0-7. Let J1 and J; be Jordan regions

in C with smooth boundary such that;

e Jy C Jy

0J1NdJy, =1

0€eJ;

{21 |z = 1,20 # 1} € L\Jy

Jo\J1 N By(R) C {2 : [lmz| > |Rez; — 1|7}

Define S, by

S, = Jo\Ji.

Define a crescent region K., C C* by
K’Y = {(21,22) e C: 21 € SV,ZQ = 0}

We define the diameter D of K, by D = sup,, ,.cr. |[P1 — pal-
Remark 1. By construction of K, D > 2.

Example 2.1. Giveny > £,71 > 1, <rp <land S, ={2 € C: z € By, (r1)\Bi—r,(r2)},

K,={2€C?:z €85,,2 =0} is a crescent region.



By Proposition 1.2 of [12], if K, C 99 for some domain Q C C? and 99 is strictly
pseudoconvex on O\ K., then Q admits a family of good vector fields and thus satisfies
condition R. To show that such a domain {2 exists, we will construct a defining function
following the setup used in Lemma 7.1 of [12] which is based on the construction of the

worm domains found in [9].

o 1/(m—1)
Example 2.2. Given a smooth function y: C - R, A >0,m > 1,B > (’”Am—fi”>
such that
1. u(0) > A

2. lim inf|z‘_>oo u(z) >0
3. u(e?) <0 forall f € R

4. (u(z))m%(z) + ‘g—‘z‘(z)}Q > 0 and ‘%(2)‘ > % whenever 0 < u(z) < A

5. {z € C: pu(z) < A} is bounded

and y : R — R such that

0 t<0
x(t) =
exp(—1/t™7 1) >0,

define the domain €2 C C? by the defining function p : C* — R where
p(z1,22) = |22 + exp(ilog |21 *) [P — 1+ exp(A' ™" B )x (B~ u(21)).

Q) contains a set of weakly pseudoconvex points K in its boundary where K = {(21,22) €
C*: p(21) < 0,2, = 0}.
If we want the above K to look like a crescent, given 0 < s < 1 we can define y by

wz) = (|2 = 1) = 8% — 1|1

7



In this case, K, ={z € C?: z € Bﬁ(lis)\B (1), 22 = 0}
Now that we have a defining function for such domains, we can consider D’Angelo’s
I-form « and a (1,1)-form § used in [12] on K,. We first note that on K,z = 0 and x as

defined above vanishes along with all of its derivatives. Given the defining function p from

Example 2.2,

1 _ 2 1
09Ik, =  lexp(—ilog 1) = .

So for the 1-form a on K,

" 9% 8p . 0?p 0Op
—~ 0z;0z, 82] 02;0%, 0Z;

——dz

= idzl + exp(—ilog |21 |*)dzy — _idzl + exp(ilog | z1|?)dz,.
21 21

For our purposes, it will be useful to look at the projection of « onto its (1,0) and (0,1)-

components, which we will denote by 7 gov and 7 ;o respectively. So,

1/
Mo = 3 (idzl + exp(—ilog \zl\z)d22>
21

and

o1& =

1
5 ( dz; + exp(ilog || )dZQ) .

We will also define the form ( by

2
=1 0| =— —4——— | AND|=— ),
Mzzl (8zj Ly 0zZ; Oz, 0z,
where [;, are the entries of the identity matrix. This form plays an important role in [12]

for finding good vector fields on 2. For our purposes, we will restrict 5 to the region K,



where 2o = 0. So using our defining function p gives us;

)
= ———dzy AN dZs.
B 4|2’1|2 29 Z2

We can now construct a new operator which will be important for the examination of the

Diederich-Forneaess index of €2.

Definition 2.2. Given a real valued function f € C?*(S,\{1}) and 0 < n < 1, define the

operator P, acting on f as follows;

P,f =i00f +28 — i 1 ~(0f = 2m00) A @f — 2mq00). 2)

Harrington has shown that when there exists a smooth, bounded, real-valued f such
that P,f > 0 on S, for every 0 < n < 1, then the Diederich-Fornaess index of a domain 2
whose set of weakly pseudoconvex points form a crescent K., in its boundary is 1 [12]. To
clarify what it means for a (1,1)-form to be positive, we will start by examining a (1,1)-form
on C. Given some function g, ig(z)dz A dz is written with standard orientation in C. Given

z = x + 1y, if we expand the term idz A dz, we see

idz N dz =i (dx + idy) A (dx — idy) = i (—idz A\ dy + idy A dx) = 2dx A dy.

Since dx A dy is the standard orientation in two real variables, we say 2g(z)dx A dy > 0 if
and only if g(z) is real valued and g(z) > 0.
In C?, a (1,1)-form would look like

igl (z)d21 A d21 + zgg(z)dzl VAN dZQ + ZgQ(Z)dZQ VAN le + Zgg(Z)dZQ A dZQ.

So the functions g1, g2, 92 and g3 form the entries of a Hermitian matrix. We say the above

form is positive if and only if the Hermitian matrix has positive eigenvalues. That is, if



g1(z) > 0,93(2) > 0, and g1(2)g3(z) — |g2(2)|> > 0.

3 Result on One-Dimensional Crescent Region

While [12] shows that for every 0 < n < 1 there exists some ¢, such that P,p, > 0 on S,
we will create such a function while also examining an upper bound on its gradient. First,

we note that when we restrict to this submanifold, we obtain 8 =0 and a = édz — %di.

Lemma 3.1. Giwen S, as defined in Definition 2.1, for every 0 < n < 1, there exists a

constant E, > 0 and a smooth real valued function ¢, plurisubharmonic on S, such that

= .1 i = s
100, — T p (890,, — ;dz) A <890,, + ;lz) >0 (3)
on S, and
sup [V, (2)] < E,. (4)
2E€Sy

1— 47rD2n
Furthermore, E, = O T”e = .

Proof. Let 0 < n < 1. Choose ¢ such that

. [4m 1—n
O<6<m1n{E,D—2n}, (5)
and M such that
1 _—20-v
1< M< §R v . (6)
Now, choose some A such that
1 M

Now, given such an A, we have AR? — 1 > 0. Also, given that e < 4% and R < 1 < D, we

also have that ¢ < 4% and so

1<es 7, (8)

10



So, there exists some constant B such that

AR? —1

am _ p2

0< B< .
e —1

Now, starting with
AR —1

ar _ p2
ee 1

Wwe call see

B(e® % - 1)< AR? — 1,
and by dividing both sides by B and then adding 1 to both sides we have,

41_R2 AR2 1
FoR 1——.
© B 7B

Taking the log of both sides shows that

4 AR? 1
g—R2<log< al +1——),

B B

or equivalently

4?7T — R? <log (AR* + B — 1) — log(B).

This can be rearranged to show

4
log(B) < R? +log(AR*+ B — 1) — ?ﬂ

Lastly, multiplying both sides by ¢ gives us

clog(B) < eR? + elog(AR? + B — 1) — 4n.

11



So, choose a C' such that

elog(B) < C < eR* + clog(AR* + B — 1) — 4. (10)

Define a new function A on S, by

When z € S, N By(R), |Rez — 1| < |Tm z| by definition of S,. Also, since we are inside

Bi(R),|Im z|? < R%. Given the upper bound from (6), we can see that

By reciprocating both sides, we have

1 1—v
— >R,
V2M

and by multiplying both sides by R, we get

R 1
— > R.

V2M
Now, we have that on K, N B;(R),|Rez — 1| < \/QLW’ and so

0<A(2) <1

Now define

©1(2) = ilog(z) — ilog(2) +¢|z — 1] (11)

12



on S, \{1} with the branch cut {z: Imz = 0,Re z > 0}. More precisely,
o1(2) = —2arg(2) + ez — 1P (12)
with arg(z) € (0,27). Now, computing some derivatives of ¢, we can see
Oy = (_72 +e(z— 1)) dz,
Oy = (2 +e(z — 1)) dz,

and

i00p, = iedz A dZ.

Since € > 0, ¢ is plurisubharmonic on S,\{1}. We now want to check that ¢, satisfies

(3). Computing the left hand side of (3) for ¢y, we get:

n (8g01 — idz) A (5901 + idz)
1—n z z

(£+5(z_1)_£)dz/\<_7i+5(z—1)+£)dz

:iedz/\di—iln

—n \z z

:igdz/\dé—iln

(e(z — 1)dz) A (e(z — 1)dz)

:z‘sdzAdz—z'l”

ez — 1°dz N dz

=i <1— 7 5\2—1\2> dz N dz.
L—=n

Now, using (5), we can see that

|z -1

ia(l—ln s|z—1|2>dz/\d2>i5<1— ©
-n

)dz/\d2>0.

D2

We would also like to find an upper bound on supg \(1y [Vgi(2)[. By the triangle in-

13



equality,

[Vipu| < [V (ilog(z) —ilog(2))] +¢lV]z — 1]%].

Now, computing the gradients, we have

1V (ilog(2) — ilog(2))| = ﬁ

and

IV]z —1°| = 2|z — 1].

And so, we can see

2
’V901’ < m —|—2€’Z — 1’.

Since 0 ¢ S,,, and S, is closed, there exists some 0 < ¢ < oo such that

2|

Also, we have by definition of D and (5) that
4
2%z — 1] < 257r < 8.

This gives us;

sup |[Vy| < ¢+ 8.
Sy\{1}

Let En,l = C—f— 8.
Now define

I
©o(2) = —clog(Alz — 1] + B — A\(2)) — 2arctan <I§nz

ez

14

)+c

(13)



on S, N By(R). To show ¢, is a real valued function, we must show that

B> \z)— Alz —1)?

on S, N By(R). Define ¥ on S, N By(R) by

2M
U(z) = ﬁ(Rez —1)* - Az - 1)~

We wish to maximize ¥ over S, N Bi(R). Since S, N Bi(R) C {z : [Imz| > |Rez — 1|} N

Bi(R) := 2, it suffices to maximize W over §2,. Also, given the symmetry of 2, and ¥, we
will find the maximum over

Qy =Q,N{z:Imz > 0}.

Taking the Laplacian of U;

0? M
520z G = — A0

so ¥ is subharmonic. By the maximum value principle for subharmonic functions, ¥ must
obtain its maximum on the boundary of €2, . Restricting ¥ to Qp = Q. N{z:|z — 1| = R},

we can let z = 14+ Re?,0 < 6 < 7. Then,
U (2)|q, = 2M cos*(0) — AR

Since this restriction is convex in 6 its maximum occurs at the endpoints of Qg, i.e., {z :
(Rez —1) = Tmz7 or —(Rez—1) = Imz%, and |z — 1| = R}. Now, restricting ¥ to the
curves ; = Q. N{z: Rez -1 = Imz%} and Qy = Q. N{z: —(Rez—1) = Imz%} both
give us

2M

U(2)|a, = ¥Y(2)|a, = ﬁlm z% — A(Im z% + Im 22).

15



Letting Im z = y, we will rewrite this restriction as

M )
Y(y) = (2}72 - A) yr — Ay,

To check for critical points, we take the derivative in y to get

2M 2 2—y
)= —A) 2y —24

and by setting ¢/ = 0, we have

2M 2 2—y
— —A) -y =2Ay.
(32 )'yy Y

One solution is y = 0. Also, dividing both sides by 2y gives

Isolating the y term on the left hand side gives

2-2y 2M -1
y - ZVA(E—/Q ;

and then, by taking the appropriate root of both sides, we have

Now to check for concavity at yo and 0,

2M 22—y 2-2
"Y=|— —-A)———y » —2A
V(y) (R2 )7 po

16



So evaluating at 0,

P"(0) = —24 < 0,

and so 0 is a local maximum for ¢ with ¢(0) = 0. Also evaluation at y, gets

So, 1o is a local minimum for ¢, meaning the maximum of ) occurs on the endpoints of its
2

domain, being either y = 0 or 0 < 3; < R such that y +y; = R% If 0 < yo < y; then we

can use the fact that ¢ is an increasing function for y > 19, and the fact that on our domain

y < R to give us ¥(y;) < ¥(R). Evaluating ¢(R) :

2M 2
2M 2 2 2
== ﬁR’V - AR'V — AR

2—2vy

—2MR  — AR + RY).

If however yy > y1, we can use the fact that v is a decreasing function for 0 < y < y; to give

us that the maximum of v is 0. Since y; happens to also be the local maximum we found in

17



the first restriction, max{0,¢(R)} > ¥(z)|q, for all z € Qr. Now we have

sup ¥ < max{0,v¢(R)}
Q4

= max{0, OMR 5 — A(R% + R%)}.
Now, recalling (6),
Y IRM
< —
2t
so we have
1 292 1
M < -R ~ —.
2 + 2

Multiplying both sides by 2R gives us
2 2
2MR> < R*+ R~.

Now we divide both sides by R?(R? + R%) to give us

OMR> 1

—_— < =
RX(R?+ Rv) R
Since % < A, we then know
2
2M R~
—R2 < A’
R?>(R?>+ R>)

and we can multiply both sides by R? + R to see that

2—2~

OMR & < AR+ R%).

Thus, we know that the supremum of ¥ on our domain is 0. By (9), ¢s is a real valued
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function. Now, computing some derivatives of ¢o;

&h:—AV—Hj<B+M@5MV_1F+B_A&»_EM
=~ 1|25_ el G %(Rez - 1)) dz — ~dz,

o2 = —— 1!26— Tl = 1P+ B + édz
=~ 1|2€_ EYE <A(2 1) - QR—A;[(Rez - 1)) dz + édz,

and

. : € 2M
100py = [28 (—A|z -5+ )\(z)> (A(z —-1)— ﬁ(Rez — 1)>
. 3 2M Al
+Z—A|z 1o B+)\(z)a <A(Z —-1)— ﬁ(Rez - 1)) —za%}dz
_ [2 —e(—A(z—1)+ 2 (Rez — 1))(A(z — 1) — 2 (Rez — 1))
(—Alz =12 = B+ A(2))?

€ M
, M _
+Z—A|z—1\2—B+)\(z) ( RQ)]dz/\dz

_ [ie(—A(Z — 1)+ 2 (Rez — 1))(—A(z — 1) + 2 (Rez — 1))
(—A|lz — 12 — B+ A(2))?

€ M
, q_M _
+Z—A|z—1\2—B+)\(2) ( RQ)]dz/\dz

_ [2’6<A2|Z — 12+ 28N (z) — A2 (Rez —1)(z— 142 —1))
(—A|lz —1]2 — B+ \(2))?

, £ M _
+Z—A|z—1|2—B+)\(z) (A—ﬁ)]dz/\dz

_ [ie(A2|z — 12 + 2N (2) — 2AN(2))
(—Alz =12 =B+ A(2))?

, £ M _
+Z—A|z—1\2—B+)\(z) (A—ﬁ)]dz/\dz

Az — 1P+ 220(2)(& — A
o (PO M) e

:‘ A—_
AP —Bao) \ —AE—1P—B+Aiz) R
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Given (9), we have
€
—Alz—=12 =B+ A(2)

<0,
and by (7) as well as (9) we have

APz — 12 + 2X(2) (72 — 4) A4<1Pb—1P+2M@G%—A)
—Alz— 12 =B+ A(2) R? —Alz— 12 =B+ \(2)

< 0,

and therefore the product is positive. So we have ¢, is plurisubharmonic on S, N B(1, R).

Also,

i00py — i il <(9<p2 — 3dz) A (&02 + édi)
1—mn z Z

e <A2|Z—1|2+2A(Z)(%—A)+(A_%)>dz/\dz

T AP B \ A 1P = B4 A() I
n e(A(z—1)— 2 (Rez—1)) e (A(z — 1) — 25 (Rez — 1))

_ s
Ny A —1P—B+Az)  —A—1P-BtAz) %
A%z — 12 +20(2) (£ - A
— c [2 — 1P +20(2) (5 )+ A= MNY g2z
—Alz =12 =B+ A(2) —Alz =12 =B+ A(2) R?
Az — 124 2XA(2) (3 — A
_ i £ 2 1P+ (= 4) )
1—n \—Alz=1]2= B+ A(2) —Alz =12 = B+ \(2)
. 5 A%z — 112 4+ 2X(2) (% —A)
AR —1P—B1 A\ —Az— 12— B+ \2)

T 1-n —Alz—12P =B+ R2

o L e\ A= 12 (- 4)
Alz =124+ B — A(2) 1—n —Alz =112 — B+ \(2)

en ALz = 1P +2M2) (5 — 4) ~MAN g s
e +(A )>Md

M

Similar to before, we have

£
—A|lz =12 =B+ A(2)

<0,
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and by (5) we have that

Now, using (7), we see

LN A%z — 112+ 2X(z) (& — A) N A—%
1—n —Alz =12 = B+ \(2) R?
(1 _en Az — 112+ 2X(z) (& — A)
1—n —Alz =112 = B+ \(2)

<0,

and so the above product is a positive form.
We must also find some upper bound on supg_ g1 gy |V2(2)|. By the triangle inequality,

we can see

I
‘Vwk€4VbaAv—1F+B—An+2kumMn@$§N‘

Computing gradients on the right hand side,
Im 2 1
V arct = —
‘a““(m9’|4

A(z—1) — 2 (Rez — 1)
Alz =12+ B — 27 (Rez — 1)?

and

|Vlog(Alz — 17+ B—\)| =2

So currently,

V| < 2 A(E—l)—%%—]\f(Rez—l) 3
T Az =12+ B—-2f(Rez—1)?| |¢]
Using the same ( as before,
A(z—1) — 24 (Rez — 1)
Vo] <2 B +¢.
Vipal < 2¢ Alz =12+ B — 2 (Rez — 1)? ¢
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Now, we need to try and maximize

A(z—1)— 24 (Rez — 1)
Alz =12+ B — 2 (Rez — 1)?

over S, N B(1, R). This is equivalent to maximizing

A(z—1)— 24 (Rez — 1)
Alz =12+ B — 27 (Rez — 1)?

w2:

9

which can be rewritten as

- (A—%_.{—Agf(Rez—l)z—l—AQIsz

((A—-2%) (Rez —1)? + Alm 22 —i—B)Z'

R2

Define s, t, and c as follows:

s=(Rez—1)%
t = Im 22,
2M
CcC = — ﬁ
Now we define a function f(s,t) by
s+ A%t
t) = .
f(s:1) (cs + At + B)?

(14)

We now wish to maximize f over the region bounded between the curves t = R?—s,s = 0,

and t = s7. Since v < 1, we can also enlarge our domain to be contained within the lines

t=R?>—s,5=0,and s = t. It is worth noting that by construction, the denominator of f is

never equal to 0. We begin by finding the Laplacian of f, so we first find the second partial
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derivatives in ¢t and s. First with respect to t,

Of  A*(es+ At+ B)? — (s + A%t)2(cs + At + B)A
ot (cs+ At+ B)4
_ A%(es+ At + B) — 2A(cPs + A%t)
B (cs+ At + B)?
(A%c — 2Ac*)s — A%t + A’B
B (cs + At + B)3 ’

and

O?f  —A3(cs+ At + B)? — ((A%c — 2Ac%)s — A%t + A’ B)3A(cs + At + B)?

o2 (cs + At + B)S
_ —A%(es+ At + B) — 3A((A%c — 2Ac%)s — A%t + A’B)
B (cs + At + B)*
(6A4%c? — 4A3c)s + 2A% — 4A3B
(cs + At + B)* '

Then taking the partial derivatives with respect to s,

Of  *(es+ At+ B)? — (?s + A%t)2(cs + At + B)c
ds (cs + At + B)4
_ Pes+ At + B) — 2¢(c®s + A%t)
B (cs + At + B)3
(A —2cA*)t — *s+ *B
(cs + At + B)3 ’

and

f  —c(es+ At + B)? — ((PA —2cA*)t — s + ¢ B)3c(cs + At + B)?
0s2 (cs + At + B)S
—c3(cs + At + B) — 3c((c*A — 2cA)t — 3s + ¢?B)
(cs + At + B)*
(6A4%¢* — 4AA)t + 2¢'s — 4Bc?
(cs + At + B)* '
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So, the Laplacian is:

(6A%c% — 4A3¢)s + 2A% — 4A3B + (6A%c® — 4Ac3)t + 2¢*s — 4Bc3
(cs + At + B)* '

Af =

We note that based on the sign of A, B, c,s and ¢, if we show that A% 4+ ¢3 < 0, then the
Laplacian is positive. Since —c =24 — A > A > 1, —c® > A% This means f is subharmonic
so its supremum must occur on the boundary of the region.

Restricting to the line s = ¢, we want to find critical points for

(A% + ?)s
((A+c)s+ B)*

f(S,S) =

Taking the derivative and setting it equal to zero, we see

2( )_B(A2+02)—5(A2+02)(A—|—c) B
gs? = (A+c¢)s+ B)3 B A+c

However, since AL;C < 0, this falls outside of our boundary.
Next, restricting to the line s +¢ = R?, we wish to find any critical points for

(A2 — @)t + 2R?

F =60 = (A gt L Bt RO

Similar to before,

—t(A—c¢)(A?2 = )+ (B+cR?)(A? — ¢*) — 2*R*(A — ¢)
((A—=c)t+ B+ cR?)?

9,
EJC(R2 —t%,t%) = =0

B(A+c¢) +cR2(A—c)‘

D 7 iy o7

To check if this value of ¢ lies on the boundary of our domain, we wish to check if

B(A+c)+cR*(A—¢c) 1

O diaa—ag <2t
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Given the sign of A, B, and ¢, we can see the left hand inequality is satisfied. However, by
multiplying everything by (A + ¢) < 0, we get

B(A+¢)

1
2 L2
1. +cR >2R (A+c),

and by subtracting the cR? term and simplifying, we get

B(A+¢) 1,

By checking the sign of both sides we come to a contradiction since A—c¢ > 0 and A+c¢ < 0.

Restricting to the final line of s = 0, we wish to find critical points for

A%t
f(0,t) = (At+ By
We find
9] A’B — A% B

If % > R?, then the three corners of our region are candidates for the maximum point.

Plugging these points into our equation,

f(0,0) =0,
A?R?
f(0,R?) = AR+ B

and

f R? R?\  A’R?—2AM + 255
22 ) (AR?— M + B)?

M

£z, we have that 2%—22 — 2AM > 0. So, since the numerator

Now, recalling (7), since A <
of f <R72, %2> is greater than the numerator of f(0, R?), and similarly it has a smaller de-

nominator, f (%2, %2) > f(0,R?) > f(0,0). However, if % < R?, then f(0, %) = % is also
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a candidate for a maximum point. So, we have the two cases:

AZR2_2AM+2M7 o )
AR 2AMA 5y B
Am—irEe 4 > I

sup f(s,1) = >
A2R2-2AM+2M°
max ( 2 A > , % < R?

(AR2—M+B)? 4B

So, we now have

V| < 2e(sup f(s,))7 +C.

Let B,y = 2¢(sup f(s,1))2 + (.

Now, taking a look at how ilog(z) — ilog(z) and —2arctan (£22) compare, one can see

that when Rez > 0,Im z > 0,

Im 2
1 —ilog(z) = —2arct — .
ilog(z) —ilog(z) arctan (Rez)

However when Rez > 0,Im z < 0,

Im 2
1 —ilog(z) = —2arct — | —4m.
ilog(z) —ilog(2) arctan (Rez) T

Now, we will show that near |z — 1| = R, p; > @9 and near z = 1,95 > 1. By (10),
a(1) = —elog(B) + C > 0.

Choose some p1 > 0 so that

wo(1) > py > 0.

By the continuity of ¢,, there is a §; > 0 such that @9 >y on S, N B(1,6;). Now, by (12),

we can see that ¢ < ]z — 1|*. We can choose
1
0 < <ﬂ> ’
E Y
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so that we can have

v1(z) < glz — 1|2 < 56% < o(1),

on S, N B(1,01)\{1}. Now, letting |z — 1| = R,

I
©o(2) = —elog(AR? + B — \) — 2arctan <1;nz) +C.

ez
Taking the sup of A, we have

I
@o(2) < —elog(AR? + B — 1) — 2arctan (%) +C.

Also when |z — 1| = R,

p1(2) = ilog(z) —ilog(z) + eR%.

S0 ¢y < ¢y if,
ez

I
C —¢clog(AR? + B — 1) — 2arctan <¥) < ilog(z) —ilog(2) + eR>.

Imz

Rez

Given the above relationship between ilog(z) —ilog(z) and —2arctan (f22) , this will always

hold so long as

—elog(AR*+ B — 1) + C < eR? — 4,

which is true given (10). Since ¢ > @9 when |z—1| = R, by continuity, there is some J, such

that @1 > @9 on S, N B1(R)\B1(R — 02). Let 6 = min{d, d»}, which gets us the following:

1 <@g on S, N B(6)\{1},

©1 > P 0N S’y N Bl(R)\Bl(R — 5)
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We now wish to find the following values,

= inf —
51 {z:\zlfll|=5} P2 A

—  inf — .
&2 {z:\z7111’|1=R76} Y1 — P2

Looking first at &,

oM Im 2
P2 — P1]{z:]z—1)=5) = —¢log (A5 + B - E(Rez —1) ) — 2arctan (Rez) +C

—ilog(z) +ilog(z) — &d®

Imz

Rez

Given the relationship between —2arctan (£22) and ilog(z) — ilog(z),

2M
P2 — §01|{z:|zfl\:6} < —610g (A(SQ + B — E(RGZ — 1)2) +C - 552

To attain the infimum, we need to maximize Aé*> + B — 25} (Re z — 1)?, so on our restricted
domain, we attain the infimum when Re z = 1, getting us

& = —¢elog(Ad® + B) + C — 6%

For &,

©1 — Qalza—1j=n—s) = tlog(z) —ilog(Z) + (R — 5)?

2M Im 2
+elog (A(R 0)*+ B 2 (Rez —1) ) + 2 arctan (Rez) C

Imz
Rez

Again from the relation between —2 arctan ( ) and 7log(z) — ilog(Z),

2M
©1 — Yol (z:)2—1=R-s} < (R — §)? + log <A(R — 6%+ B — E(Rez — 1)2) — C — 4.
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To attain the infimum, we need to maximize %(Rez — 1) = \. Since the sup of X is 1, we

can see
£ =e(R—0)*+¢clog(A(R-0)+B—1)—C —4x.

Choose the constant € such that,

0 <& <min{&, &)

Now, let x € C*(R) be a convex function such that x(xz) = |z| when |z| > 1. Now,
define ¢, such that

¥n

| 5001+ 92) + 3Ex(¢(01 = 92)) on Ba(R — §)\Bu(3)

By the construction of £, ¢, = ¢ on a neighborhood of {z

: |z —1] = R — ¢}, and
similarly ¢, = ¢, on a neighborhood of {z : |z — 1| = §}. Thus, ¢, is smooth on S,. The

convexity of x implies that |x/| < 1, so we define,

Horeow)

Note that by construction, 0 < ¢ < 1. We will also compute 0t:

ot = %X” <%(901 — 902)> (Op1 — 0p2).
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Now, we wish to compute i@gwn. Starting with 5@,7,

1 - 1,1
Opy = 5(3% + 0pa) + §€X (5(901 — P2

~—

) %(5901 — Dip2)

(D1 — Dpa)

(1 X' (%(901 - wz))) dipa

1 — _ 1 1
= 5(3901 + 0ps) + §X, (2(901 — )

= % (1 +X' (%(901 — 902))) dp1 +

= t0p; + (1 — t)0epy.

N — e

Now, taking 9dy,),

D0, = Ot N Dipy + tDDpy — Ot A Dipy + (1 — 1)0eps

= Ot A (D1 — Dpa) + 1Dy + (1 — 1)0Dipy
1 /" 1 Y 0
= X (—(901 - 902)) (Op1 — Oipa) A (Op1 — Opa)
267 \¢
+ 1901 + (1 — )00,

Given the convexity of y, we have that x” > 0, and so the multiplication of i gives us that

2—1§X” <%(801 - 902)> i(0p1 — 0p2) A (D1 — Dipa) > 0.

Thus,
100, > 00y + i(1 — t)00ps.

By applying our computations of (3) for ¢; and 2, we have

100, > it il (8901 — zdz) A (&01 + 1dz>
1—n z Z

+i(1 — t)% (8902 - édz) A (5902 + %dz) :
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Letting 6, = dp1 — édz and 6, = 0y — édz, we simplify this to

U

(t0y A Oy + (1 — 1)y A D).

100, > i
Now, we wish to show that for (1,0) forms #; and 65, we have
i(t0y A O + (1 — )03 A Oy) > i(thy + (1 —t)0y) A (101 + (1 — 1)65).

First, by expanding the right hand side we get,

i(t0; + (1 —1)05) A (t0; + (1 — 1)6y)

= i(t?01 N Oy +t(1 — 1) (01 A Og + 02 A Oy) + (1 —1)%05 A Oy).
By subtracting the above from i(t0; A 6, + (1 — )0y A 6), we have the following:

it — )0 A0+ (1 —1) — (1 =)0 A Oy + (1 —t)(—01 A Oy — 02 A Oy))
=it(1—t) (0L NGy + 02 A Oy — 01 NOy — 0y A Oy)
= it(1 = t)(01 A (01 — 02) — b2 A (61 — 02))

= it(1 —t)((6, — 03) A (6, — 65)) > 0.

Thus, we get that

Ui

100, > i (t0 + (1 —t)0y) A (0, + (1 — 1)6;).

By substituting for 6; and 6, and then simplifying, we now see

AF . [ = (.
100, > T 7 (Ggon — ;dz) A (83077 + Edz) )
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We extend ¢, to the rest of S, by defining

¥n = 1 Ol SW\Bl(R)'

So (3) holds for ¢, on all of S,. Now we must estimate the gradient of ¢,. By use of the

triangle inequality,

1 1
V| < §(|V901| + | Vpa|) + 5

X' <%(901 — 902)> ’ (V1 — V|,

Again by the convexity of x, we get
1 1
V| < §(|V901| + Vo) + §|V<P1 — Vi,
and applying the triangle inequality one last time yields,
Vgl < [Ver| + [Vgo| < Epy + Eypo.

Letting E, = E,1 + E, 2, we have shown ¢, satisfies (4).

10g(27%1%2)+R2

PPy ANk we can find that

When we let 1 be close to 1, that is, for 1 > n > »

1—n 47

O<e< < .
c D%y log(2 — o) + R?

When this is true, we can also see that

B R* — <
— < < R*.
A " exp(£-R?) -1

2
A A?R?-2AM+24

V35 > AR AT B)P? for sufficiently small B.

However, we can show in the case of % < R?
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This is equivalent to showing

2M?
A(AR?* — M + B)* > (A2R2 —2AM + 72 ) 4B.

Rearranging this inequality shows that it is sufficient to find when the following is true;

2

0>—-AB*+ <2A2R2 —6AM + 8%) B — A(AR* — M)2.

As this is a quadratic polynomial in B with negative leading coefficient, the minimal solution
to the quadratic formula will serve as an upper bound on B such that the polynomial is

negative. Thus we would like to know when;

M3 MA
AR+ A 3AM 2/~ APREM + 44202 — 645 + 4307

B < A )

(15)

To confirm this is a real solution, since 6*0-v < R, one can check that

3 2 1 —20-—
— >-R > M.
(3) =3

This can be rearranged to give us

Dividing both sides by R? gives us

This can again be rearranged to show

M?
2 2
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and we can add A?R? + 4%—22 to see

M? M?
2 2 2 p2
4A°R —|—4—2 > AR +6—R2.

Since AR < %, we can multiply the left-hand side by A}g—j and the right hand side by

AR—IR” = AM to get
M4 M3
2712 3 p2
AAM® +4—- > AR°M + 6A—.

This tells us that (15) is a real value for B, and we will also show it is in fact positive. Since

(AR — %£)? > 0, we can see that

M2
A’R? + o5 > 2AM.

We multiply both sides of this by A2R? to yield
AR + APM? > 2A°RPM.
Next, we add 1642M2 + 1624 — 6A3R*M — 24A2L to both sides to get
M? M* M3
A'R* — 6APR*M + 17TA’M? — 24,4? >4 <4A2M2 +apr - APR*M — 6Aﬁ) :

The left hand side can be factored to yield

M ? M M
2 p2 2772 3 p2
<AR +a4— —3AM> >4(4AM +4 —ARM—GA—2),

and so (15) is a positive upper bound for B. So for

2p2_ M2 _ 22 MY o aM3 a3paas s
log (2AR A+42M AN -2(4A2 M2 +4 M7 6 A, ARM)?)+R2

1
A2R2 44 M2 _3AM-2(4A2M2 4400 6 AMD _ A3R2MM)2

1>n>

?

3 1
1 2A2R2— A+4 207 _3AM-2(4A2 M2 +4 M7 643 A3R2 M)
o
& AZR24AME AN -2(4A2 M2 44 M1 6 AM] _ A3R2M)?

> + R2 + 47 D?
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we can rearrange this inequality to find

1 - 4
e < 1 T

- :
D?n o 2A2R2 - A+4 M7 _3AM-2(4A2M2+4201 6427 — A3R2M) LR
. 1
A2R2 4403 3 AM-2(4A2M2+4 00 6 AMD _ A3R2M)2

This new upper bound on ¢ can then be used to find that B is in fact bounded above by

(15). So when 7 is sufficiently close to 1,
A\ 2
E7772 =& (E) + C
Given the upper bound on B, we can see that

E

n

Alexp(z — R?) — 1)\ ?
’2>€( AR2—1 ) —|—<

Ifn> ﬁ, then }5—22 < %, so we can let ¢ = 2152”77. Substituting this into our inequality
gives us,
8w D2 2 3
P Alexp(571 — R%) — 1) i
"2 oD AR? — 1 '

Since A, R, and D are not dependent on 77, we can combine many of these terms to some

constant ¢; independent of 7. So,

1-— A D?
E,>>c nexp( 77> +C.
n 1—n

Adding F, ; = ¢ + 8w, we get

1— A1 D?
Epi+Ey2>c nnexp( 1_:) + 2¢ + 87

Thus, as n — 17,
1 — us 27
Ey=E, +E,5=0 ( 7764an;) .
n
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]

Remark 2. If we consider this type of behaviour in comparison to the gradient estimate

needed for the Regularized Diederich-Forneess index, we would see that

1—n)3 47 D?
liminf(—n)exp( T 77) #0,
n—1— n 1—mn

and this limit is in fact unbounded.

This means either more work is required to find a sharper estimate on the gradient of
the current function, or further alterations must be done to create a function satisfying the
required gradient estimate. Either way, we move to the next section where we extend our

function to be defined on the entirety of €2 in several steps.

4 Extension to a Neighborhood of the Two-Dimensional Crescent Region

Now we prove that such a function defined on K, exists by reintroducing the dz, and dz,

components of our operator.

Lemma 4.1. Given K, as defined above, for every 0 < n < 1, there ewists a constant E{7 >0

and a smooth function ¢, plurisubharmonic on K., such that

U

004, + 20 — 2'1 — 77(0(,0;7 —2m o) A (0], — 2 1) > 0, (16)
on K, and
sup IV, (2)] < E;. (17)

Proof. Given ¢, from Lemma 3.1, define @] by

0 (2) = @nlz1) + 8|2/, (18)
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where s > 0 is a constant to be chosen later. Our goal is to isolate the dz; A dzy, dzo N dZs,

and dz; N dZy coefficients, so that

286%7 +268 —1i - (890,7 — 2my o) A (5@% — 2T )

= iAdz A dz + iBdze A dzy + i€dzy A dzs + iC€dzy A dZ
) ¢ R S . ¢)? _
=2 (dz1 + ﬁd@) A (d2:1 + ﬁd@) + 1 (% — %) dzy N dZo,

and then show that 20 > 0,8 > 0, and AB — |€|*> > 0. First, looking at derivatives of O

restricted to K,

Iy
agp;y aZn le )
_ Op
8@; aZn le )

and
2

— 0
88@% = azfgz_l dzy N dzy + sdzy A dZzs.

We now note that 165@;] > ( so our function is plurisubharmonic. Substituting the deriva-

tives, , and f into (16) yields:

z@@g&n + 25 - Z (a@n —2m 00[) (5%0;] - 27'('0?10[) =
O Pn o N oyt sdog Az ) + oy A d2
92,07, 1 1 2 2 2‘ 1‘2 2 2

S S DR P PR D (L DS T
1—n 0z1 = 0z1 =z
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Regrouping terms gives us,

a7 .n
18890;74-26—21_77

‘ 8290,, n Ao i 0oy 7
_ B 4y —)|d dz
! <8z1821 1 -0 (821 Zl) (azl - Zl)) andm

1 n n eilog|21|2 % _ i dz1 N\ dz
1 — 77 821 21

+i(s+———> dzog NdZy +1
) 0 ]
+ ZL eleog|zl\2 ﬁ —+ _i dZQ A dgl.
1 -1 821 21

2|2 1-—n
Now, we know that 2 > 0 from Lemma 3.1, and 8 > 0 given s sufficiently large. Now, to

(O¢,, — 2m1 p0r) A (590;] — 2m () =

check that AB — |€|* > 0,

ot n [0 i ) i 1 n
_ 2 — n__ n_ - —-rn - I
QlEB |Q:| <8218,§1 1-— n (821 Zl) (821 + 21)) <S + 2|21|2 1-— 77)
_ 772 89077 _ i % + i
(]_ - 77)2 aZl Z1 821 21
Py 1 n n 1 0p, 1 Op, 1
02107 <S+ u? 1- 77) C1-y (8 " 2|Zl|2) (3_31 - Z_l) (3_21 " Z_1>
(ot Poy __n_(Opy 1)\ (Opy i\)__n_ O
2|21|2 821621 1-— n 62’1 21 821 21 1-— n 62’1821

1 n 0%
_ LI R B
(3 + 2|z1|2> 1= 19207

. . : 8o
Since ¢, is smooth on our bounded domain, we have supzeKW{m} < 00. So, we have

sup

n %
AB — |2 A — n
o> (S+ ) 1—-n kg, 02107

1
2‘21‘
Then, we have that inf.cx 2 > 0, so

. n ot
AB — |¢]? £ — n
€] >Slfr<lw 1—778135) 02107

We can choose s large enough so that we have our desired result. Now, to estimate the
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gradient,

Vel = 1Vey + sV[zl’| = [V, + s|zll.

Restricting to K, where 2z, = 0, and using the result of Lemma 3.1,
Vel = Vey| < By

]

Since the results of [12] depend on a function satisfying our properties in a neighborhood

of K., we show very simply that our result above extends to such a neighborhood.

Lemma 4.2. Given K, as defined above, for every 0 < n < 1, there exists a constant E,) > 0

and a smooth function ¢, plurisubharmonic on a neighborhood of K., such that

1005, + 26 — i e Oy = 2m00) A (03, — 2mo10) > 0, (19)
on a neighborhood of K., and
sup |V, (2)| < E,,. (20)
zeKy

Proof. Let ¢, = ¢, . By Lemma 3.1, the desired traits hold on K, and the smoothness of

the function implies there is some neighborhood satisfying the lemma. O]
We now have to tools to prove the main theorem.

Proof of Theorem 1.1. Given ¢, from Lemma 4.2, by Lemma 5.3 of [12] for every 0 <n < 1
there exists a smooth, bounded, real-valued function ¢ on a neighborhood U of 9€) such
that P, > 0. Then by Lemma 5.4 of [12], there exists some neighborhood U of 99 such
that —(—p)" = —e~"%(—0)" is strictly plurisubharmonic on U N Q. Furthermore, Lemma 3.1

provides us with the order of magnitude for the upper bound on the gradient. O

We can use the work of [12] to find an extension of this defining function as well.
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Proof of Corollary 1.2. Given ¢ from Theorem 1.1, for every 0 < 1 < 1, the proof of Theorem
2.11 (1) in section 5 of [12] gives us a smooth defining function p such that —(—p)7 is

plurisubharmonic on €. O

5 Defining a Crescent and a Family of Automorphisms

For Section 6, we will narrow our focus to a specific class of crescent regions we will denote as
K,, as well as a family of automorphism Hy of K,. While we acknowledge that by definition
our crescent regions lie in C?, for the sake of notation we neglect to include the z, coordinates

in the coming discussion as they are not relevant.

Definition 5.1. Let a € R be a constant such that 0 < a < 1. Define the circles K; and K,

a - 1
Z_
a—1 l—al’

a < 1
z — .
a-+1 1+a

as follows;

Klz{ZGCZ

KQZ{ZE(CZ

Now, define the region K, to be as follows:

K, = K\ Ko. (21)

K, satisfies the conditions in Definition 2.1 to be an S, for v > %

This type of domain is helpful to us as it is constructed by a group of circles that all in-
tersect at a single point z = 1. This allows us to construct our family of automorphisms of K,
that fix z = 1 by mapping the crescent region to the unit disk, performing an automorphism

of the disk, and then mapping back to K,.

Definition 5.2. Let ¢t € R be a constant such that —1 < ¢t < 1. Let D denote the unit disk

in C. Given K, as defined above, we let z € K,, and w € D. Now, define the maps F,G,

40



and f; as follows;

1 —exp (&£l
F:K,— D, F(z) = p(“ﬂ)a
1+exp(%§_1)
w+t
D— D =
Ji fi(w) tw+1’

and .
_log (553) + 5
log (172) — &

The map F' consists of the composition of several isomorphisms:

G:D— K,,G(w)

1. j—f} takes K, to the region in C bounded by the lines Re z = a and Re z = —a.

2. ;—’;z rotates and stretches that region to be a strip of C bounded by the lines Im z = i3
and Imz = —i7.
3. exp(z) takes that band and maps it to the right half plane of C.

1—2 .
4. {7Z then takes that half plane and maps it to D.

Thus, F' is an isomorphism from K, to D, and one can check that G is the inverse of F'.
Likewise, f; is an automorphism of D that fixes 1 and —1. By taking the composition of

these three maps, we get

Go fioF(z) =

We know that log (i—;i) is a bijection from (—1,1) into R, so we now define a new parameter

1-t

s € R where s = log (1_+t)

Now, define a new function H, where

s(z—1)+ 2z
s(z—1)+Z°

a

Hy: K, — K., Hy(2) =

H, is an automorphism of K, that fixes z = 1.
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Now that we have defined our family of automorphisms of K,, we prove some useful

properties of these holomorphisms that we will make use of in Section 6.

Lemma 5.1. Let § be a real number such that § > 0. If Cy is a circle contained in K, that
passes through the point z = 1, then Cy can be defined by Cy, = {z € K, : 2z = b+ (1 — b)e’}

where 45 < b < 5. H; satisfies the following properties;

1. Hs; maps any Cy, to itself.

2. Hy(Hi(2)) = Hopa(2).

3. limgyoo Hg(2) = 1 with ImHg(z) > 0 on K,\B;(9).

4. limg, o Hy(2) =1 with ImHy(z) < 0 on K,\B(9).

5. ‘%Hs‘ is bounded above by some constant Es, = (1 + ﬁ)Q on K,\B1(0).
Proof. We will start with property 1. Let z = b+ (1 — b)e?'. We wish to show that

Hy(b+ (1 —0)e) =b+ (1 —b)e,
So,
s(b+ (1 —=Db)e — 1)+ Z(b+ (1 —b)e™™)
s(b+ (1 —b)er — 1)+ =

Cs((b=1) + (1 =b)e™) + Z(b 4 (1 —b)e™)
B s((b—1) + (1 = b)eitr) + = ‘

Hy(b+ (1 —0b)e) =

Now, we will add and subtract a b, and combine the negative b with our current term after
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finding the common denominator.

s((b—1) + (1 = b)e™) + Z(b+ (1 — b)e'™)
s(O=D+ L= be) + =
s((b—1)+ (1 —=b)e™) +Z(b+ (1 —b)e™) — sb((b—1) + (1 — b)) — bZ
(=1 + (1= b)) +
s(1=0)((b—1) 4 (1 —b)e) + Z(1 — b)e
s((b—1)+ (1 —b)e) + = '

Hy(b+ (1 —=0)e™)=b—b+

=b+

=b+

After removing a factor of (1 — b) from the numerator, and a factor of (1 — b) from all

((b—1)+ (1 —b)er) terms we have;

s(1 —b)(er — 1) + Zeits

a

s(1—b)(er —1)+ =

a

Hy(b+ (1 —0)e™) =b4 (1 —)

All that remains is to show that

s(L—b)(e” — 1)+ =™

s(I—by(etr — 1)+

a

for some 6,. It is sufficient to show

s(1 —b)(er — 1) + Zeits 2
, a_ =1.
s(1—="0b)(e —1)+ =

a
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Computing this modulus gives us;

a

s(1—=b)(e" — 1) + Z¢itn ? S(1=0)(e — 1)+ Zeft (1 —b)(e™ —1) — Zemi0n
: = —— % , .
s(1—="0b)(er — 1)+ = s(1—="0)(e? —1)+ = s(1—b)(e7r —1) ==

a a
2

s2(1—=b)%(2 — 2cos(b) + Zers(1 —b)(e7™ — 1) — Ze15(1 = b) (e — 1) + 55
s2(1—0)2(2 — 2cos(01) Ts(1—b)(e™ —1) — Zs(1—b)(e’ — 1) + i
)

s (1 —b)3(2 — 2cos(fy) + Zs(1 —b)(1 — i) — i—”a(l —b)(1—e )+ Zi

s2(1 —b)2(2 — 2cos(fy) + Zs(1 — b)((e0r — 1) — (e — 1)) + %
CS2(1-0)2(2 - 2co8(6)) + Ts(1 - D) (1 — ) — (1 — e ™)) + 5
s2(1 —b)2(2 — 2cos(fy) + Zs(1 — b)((e0 — 1) (e — 1))+ =

_ s2(1—b)*(2 — 2cos(b) + Zs(1 — b) (e — 1) + I3 _

s2(1 — b)2(2 — 2cos(fy) + Zs(1 — b)(e~ir — ewl) + “i '

For property 2,

t(zfl)Jr%Tz i t(z—1) %Tz
e — 1)+ ()

(e ) ¢
(i) +

)
z—1
§ (t(z—l)-i—%r) +1

1
_ o) + ()
s <t(z—zl_)l+%f) + izjiiz
s(z—1)+t(z—1)+ =2
s(z—1)+t(z—1)+ =
(st (z—-1)+ 22
C (sHt)(z—1)+ =

HL(H,(2)) = - (

= Hert(Z)'

Now, let 0 be some positive real number. For properties 3 and 4, we will rewrite H, as

follows;
s(z—l)—}—%rz_l Z(z—1)
s(z— 1)+ s(z—1)+=

Hy(z) =

44



Then, looking at |H(z) — 1|, we see;

e —1)? B e —1)?

s(z— 1)+ 22 2z 12 + o+ ™ Imz

[H(2) — 1" =

If |z — 1] > 6, then the above converges uniformly to 0 for large values of s. Now, to inspect

the imaginary part separately, we will start by rationalizing H,(z) — 1.

@r—1
Hoz)—1=_a®=D_
s(z—1)+ =
B %r(z—l) 3(2—1)—%7r
s+ Es(z-1) - =
B sy 1P+ (2 - 1)
52\2—1\2—1—2—;4—2Re (==s(z — 1))
B g—j(Rez — 1) +i(Zslz — 1> + Z—zlmz)
B 32|z—1|2+2—3+%1mz .
So, we have now;
Tslz — 12 + SIm 2
ImH(z) = —*2 | Tt

$2[z — 12+ 5 + 2 Im 2
Our goal is to show that for |z — 1| > ¢ this term uniformly approaches 0 from above for large
positive s, and uniformly approaches 0 from below for large negative s. Clearly, because of
the degree of s, this term is approaching 0 for large s, so we need only check the sign. It is
worth noting that by construction, the denominator is strictly positive so we only need to
check the sign of the numerator.

For property 3, we start by supposing s > 0. If Im z > 0, then clearly ImH(z) > 0. Now

suppose Im z < 0. Since |z — 1| > ¢ and on K,, —Imz < ﬁ So we can see the above is

positive so long as

]

—TImz
a

>0
T e =12

s >

1
al—a
2

So we have a uniform lower bound for s that gives us the convergence we desire. Similarly, for

property 4, we suppose s < 0. If Im z < 0, then ImH(z) < 0. If Im 2z > 0, then ImH,(2) < 0
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if

- —Im 2 <0
s
[z =12
As before, |z — 1| > § and —Im z > .. So we have a similar uniform upper bound on s as
follows;

il “TTm 2

§< Lt < a <0
2 |z — 1/

Lastly for property 5, let Es, = (1 + 5(12_a)) We wish to show that ‘3Hs<z

< E5,a on

K,\Bj(9). For sake of notation, let hs(z) = aa_

. Then,

(s+%)(s(z — 1) +7) —s(s(z — 1) + =2)

o= EERSIERaE
" |GGy

It is worth noting that if s = 0, hs(2) = 1 < Ej,, so suppose s # 0. Without loss of generality,

suppose s > 0. Setting up our inequality, we wish to show;

i
a2

< FEys,.
(s(Rez—1))2 4 (sImz + 2)2 — ba

First, we have a positive denominator on the left hand side and so we can multiply both

sides by that denominator and divide both sides by Es, to get:

71.2

/7T 2
aQ—E(;a < (s(Rez —1))? +<sImz~|—E> :

Then we divide both sides by s? to get

71.2

2 T2
mS(RGZ—l) +(Imz—|—£) .
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Geometrically speaking, we can see that hy(z) < Ej, so long as z lies outside of the circle

centered at 1 — L with radius of —, or if that circle lies entirely within By (6). We will

2
asEéya

define this circle as Kg;,. We will show that one of the following cases must be true:

1. Kg,, NK,=10

2. Kg;, C Bi(9) .

First, looking at Es,, we have the following set of equations;

2 2 l—-a. 2t 1—a 1
Eso=(1+—") = EZ = -
> <+6(1—a)) 3 M= 5 T3
l—a, 1 1
— Ez —1)=-
2 ((5,11 ) 5
1—a(BZ,+1)(E;,—-1) 1EZ +1
— ’ T d = — ’1
2 EZ, ' EZ,

So, given any s > 0, one of the following cases must be true;

m(l—a) Esq—1

1. s <
: 2a 5
E(S,a
%
Es +1
s é,a
2. s> -
E(S,a

If the first inequality is true, we can see the following by multiplying both sides by 1T2a3

2s 7TE5,a—1
< — .

l—a a E%
d,a
g ) .. Bs.—1 i
Then after dividing both sides by s and rewriting =24— as E2, — -, we have
EZ, TEL,
1
2 m 5o 1
1—a as Sa E%
d,a



T— to get

Now we multiply both sides of the inequality by
asE(sQ’a

2 _ 2 | 1
a?s? Es./)

1
2
”

as(l —a)Ef,

We can distribute the right hand side and then add one of the resulting terms to see

2 n 72 2
as(1 — a)Eéa a*s*Eg, a?s?’
Now, we add ﬁ to both sides to yield
27 n 2 L 1 - 1 2
a?s’Es,  (1—a)?  (1—a)®> a?s?*

Now, the left hand side is a perfect square, and the right hand side can be rewritten to show

the following;
2
)G
— =0

T 1
+ <(1—
a—1 as

Now, we can recognize that the left-hand side of this inequality represents the square of the

sum of radii of circles Ky and K, and the right-hand side represents the square of the

distance between the centers of said circles. That is;

T 1 LT a
asE(;a —a as a—
which implies that
T 1 o a
P '(1 ~iT) - \ |
as a—1

1
ask, l—a
This tells us that Kg, , must lie entirely outside of K5 and thus case 1 is satisfied. If we look
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1
EZ 41 . C .
at when s > %L;, we can see the following by multiplying both sides by g;
Eé,a

1
WE(ia—i-l

1
as E(ia

0>

We can separate the second term on the right-hand side to see

s 1
5> 1+ —
as E(ia

and then distribute the right-hand side to get

™

T
o> — + .
as asEé’fa

Since the center of K, , is 1 —i2-, and its radius is —", this tells us that the point inside
’ asE(SZ,a

K, , furthest from z = 1 is still contained in By (6), thus satisfying case 2. O

3,

6 Representative Form

Now that we have constructed a family of automorphisms for our crescent region K, that
satisfy nice properties, including nice gradient estimates away from z = 1, we will use
those automorphisms to obtain a better understanding of our functions ¢,. Since these
automorphisms are inherently connected to the geometry of our crescent region, we are able
to see how this geometry changes our sample function into a more general representative
form. Since we are again looking at a region defined in one complex variable, we note that

the operator P, takes the form like that in (3) where § vanishes.

Lemma 6.1. Given a region K, as defined in Definition 5.1 and a real number n with
0 < n < 1, if there exists a real valued, smooth, subharmonic function ¢, on K, satisfying

the following conditions on K,;
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1. Pyp,(z) >0,

2. There exists some finite real constant E, such that |V,| < E,

then for all real numbers € > 0,0 > 0 there exists some real valued, subharmonic function
One € C*(K,) satisfying the following conditions;

1. Pypye(2) >0 on K,.

2
2. [V@nel < (B +#£8) (14 5525) + 22 on K\Bi(9).

3. There exists some negative valued convex function 1 : R — R such that

Pe(2) — {77 ; ! log (—w (;ji;é)) - 2Imlog(z)] ‘ <e.

sup
Ko\B1(6)

Proof. Let 0 < np < 1,e >0, > 0, and let ¢, be a real valued, smooth, subharmonic
function on K, satisfying properties 1 and 2.

We now construct the map ®, on K, by,

P, (2) = —exp (Tnn(gon(z) + 2Im log(z))) :

Note that ®,(z) < 0. We find the Laplacian of ®,, is as follows;

0P,(2)

_ -n 3(,077(2) E
0z _(I)"(Z)l—n( 0z Tz)

st =i () (522 -) (%524

(B4 L) o o)
_ @n(z)l__”n (8292778(;) B 127] (%é,z(z) - 2) <8¢8L§(Z) X %))

= = B P o)
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This is strictly positive since ,(2)1=% > 0, and condition 1 of ¢;. So we can see that;

~dy(2) (117) ‘awgiz) _2‘ ‘

0<I)n(z)
0z

By the triangle inequality we get

cmen(s25) (52

and by using the definition of K, and property 2 of ¢, we see

we(i2) (5012)

So we have the constant E,, = 1 (£, + 441) such that

1

1,

z

3@,7(2)
0z

'M
D

< |®,(2)| E

= n,a-

’ 0, (2) o)

0z

Now, given M € N and H,(2) as defined in (22), define the map ®, 5 as

By () = ][_ B, (H,(2))ds.

M

Since M and s are independent of z, we see that

8<i)77,M(Z) _ ][M 8CI>7,(H5(Z)) amds

BB v 0w 0z

due to H, being holomorphic.
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Then we can see;

0P yai(2) _ ][M [ (a%(Hs(z))am) .

0207 w 07 Ow 0z
:][M (82<I>n<Hs(z>>8Hs(z> 0°®y(H,(2)) OH,(z )) OH(z) 0%y (Hy(2)) °Hi(2)
Y Owow 0z ow? 0z 0z ow 020Z
_ ][M 0@, (H,(z)) ‘8}[5(,2) ? n

v Owdw 0z ‘

Since ®,, is strictly subharmonic and H is non-constant for s # 0, we have

82&)77’]\/[(2)
902

8<I>n M Z)

)

Now, looking at )

a@, a

0z

- ][_;”4 ’8(1),7;}5(2))' ‘GH (2)

’][ 8<I> 2) OH.(2)

Using (24), we have

8&37,,]\4(2')

0z < Ena ][_]Z[ | Dy (Hs(2))] ‘8[2_5;2)' ds.

OH, (z 2 2
is bounded above by Ej, = (1 + m) on

Thanks to property 5 of Lemma 5.1, ’

K,\Bi(9). We now have the current upper bound for ‘—Ci%, m(2)],

6&3777]\/[(2)

M
W < Byasa f[04(H.())Ids.

—-M
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Now, since ®, < 0 and consequently ®, »; < 0, we can see the following;

fM @, (H,(2))|ds = ][M @, (H(2))ds

M -M

Now, we can rearrange the inequality to see

% n,M(Z)

= = ‘—log(—fl:)nyM(z))‘ < E,.Esq. (25)
®y ()

Our goal now is to show that so long as |z — 1| > 4, as M increases, Ci),%M(Z) converges
uniformly to a function that is constant along circles Cj, as described in Lemma 5.1. To do
this, we will show that the derivative with regard to rotation along said circles approaches 0
as M increases without bound. Since we have shown that H;(z) represents a rotation along
such circles, it suffices to show the following;

Given z € K, such that |z — 1| > §,

e B H(2) = By (2)

M—00 t—0 t

=0.
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Without loss of generality, assume ¢ > 0. First, looking at ®, 1/ (H;(2)) — ®, a(2),

By (Hy(2)) — By (2) = f &, (HL(H,(2)))ds —][ &, (H(2))ds
1

S ( /_ Z B, (Hysr(2))ds — /_ A; @n(Hs(z))ds>
_ ZL ( /_ Zj@ (H.(2))ds — /_ A; @n(Hs(z))ds>

Taking the limit of the difference quotient, we have;

i @n,M(Ht(z)t) — Ppu(2) ,lfl—%lﬁ (]i ®,(H,(2))ds — ][_M <I>,7(Hs(z))d5>
_ Py (Hu(2) — y(H_m(2))
2M

Using the definition of ®,, we have;

O, (Hu(2)) = Py(H-p(2))
2M

exp (724 (g (H 1 (2)) + 2Imlog(H_u(2))))
20
exp (24 (2 (Har(2)) + 21m log(Hay (2)))
2M '

Now, by properties 3 and 4 of Lemma 5.1, as M — oo, Hy(z) — 1 with ImHy,(z) > 0 and
H_p(z) — 1 with ImH_j(z) < 0. So, taking the limit of the above, we see the numerator

converges uniformly in M as follows;

T @, (Hyy(2)) = @, (s (2)) = exp (%wn " 47r>) — exp (%%m)

— exp (%7777%(1)) (eXp (1__777747r) - 1) .

o4




We note that since =L4m < 0, —1 < exp (1%747r> — 1 < 0. Also, since ¢, is continuous on
" n
K, ¢,(1) has a strict lower bound, and thus the above equation has a strict lower bound.

Thus, we have the uniform convergence of

L ®u(Hu(2) = By (H i (2))

So, én, am 1s uniformly converging to a subharmonic function that is constant on these

circles, and we will call this 5@,]. That is, we have the function

D, (2) = lim @, (2).

M—oo

We now wish to find a representation of this new function. First, we define a function

k: K,\{1} = R by;

k(z):1+2Re<Zi1).

Since this function is the real part of a holomorphic function, it is harmonic. For the purpose

of the next step, we will rewrite k(z).

k(z):1+2Re<zi1)

1 1

z—1+2—1

z—1 L z—1
[z =12 " [z =1
1P+ G-+ (E-1)+1-1

=1+

=1+

|z = 1P
(-1 +D)((E-1+1) -1
N |z =1
- +1P -1
|z — 1P
_ Pt
a1
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Now, using the representation for circles given in Lemma 5.1,

b+ (1 —-Db)efPP -1
b+ (1= b)ei? — 12
b + (1 —b)% + 2b(1 — b) cos(6) — 1
(b—1)2+(1—=0b)2+2(b—1)(1—b)cos()
26 — 2b— 2b(b — 1) cos(f)
~2(b—1)2 —2(b— 1)2cos(f)
~ 2b(b—1)(1 — cos(f))
2(b—1)%(1 — cos(0))
b
=T

k(b + (1 —b)e"?)

So k(z) is constant along each circle Cy,. We now consider the family of circles {Cb}be[L @ ]
a—1’a+1

to construct the next part of our representation.

We will let ¢ be an element of the image of k(z), i.e., t = b_% for some b € [ﬁ, #J )

Solving for b yields b = 4. This means the circle C. € {Cy}, where C. = {ze€C|z =

o~

A+ (1—5)e®,0 € [0,2m)}. Letting 6 = 7 shows us that the point z = ¥ € C_+_. Now,

we consider some function ¢ : R — R to be the function that takes an element ¢ in the image

of k(z) and maps it to &, (). Composing ¥ with & then yields:

Taking into account that k is harmonic, we can see that,

T = e |52 e G
= 002 |5

Since (i)n is subharmonic, the above must be positive, and so it must hold that ¢"(z) > 0,

which implies that 1 is a convex function.
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Now, we will define a new sequence of functions ¢, s as,

1L g (=, (=) — 2mlog(2).

Gy (2) =

Taking derivatives, we see;

and so

. 2 = ~
aZ@W,M(z) _n- 1 %(DU,M(Z)(I)U,M(Z
020z n

S~—
|
Sl
KA
3
=
—~
N
S—
Pl
KA
3
g
—~
N
S~—

2 o~

n—1 52D 0 (2) D ar(2) —
o @, 1(2)?

. 2
%@n,M(Z)‘

Now, since &),7, m(2) <0 and (13,77 M 1s strictly subharmonic, we can see that the numerator of

the second term is negative. Since n — 1 < 0, we have a positive product. Thus, @, y(2) is

strictly subharmonic. Finding an upper bound on its gradient, we have;

a@n,M(z) _
0z

By expanding FE, ,, we see

' Obna(2)
0z

1-— a+1 a—+1
S 7 7 En+ E&,a_{'
i 1—n 1—a 1—a

a—+1 a+1
=|(F Es, .
("+1—a) R

Combine all these terms into a new constant £, ;,, and we have an upper bound on the
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gradient that is independent of our choice of M. If we take the limit in M, this sequence

will uniformly converge on K,\B;(0) as follows;

We will call this new function ¢,. That is;

ool) = L og(—4(k(2))) — 2Imlog(2).

Since this is a uniform convergence, we know that there exists some M, such that;

Sup |Bran. (=) — Bo(2)] < e
Ko \Bi1(9)

We will relabel this function ¢, 2. as ¢, ., which is the function that satisfies our property

3. We now wish to show that ¢, . € C?(K,). Looking again at its construction, we have:

n—1

Gra(z) = T log <][M —@n(Hs(z))ds> — 2Tmlog(2)

A . (fM exp (ﬁ(%(ﬂs(z)) 4 2m log(Hs(z))> ds) ~ mlog(). (26)

Ui

We note that while Imlog(z) is not continuous at z = 1, our branch cut gives us clearly
defined limits as we approach from both the upper and lower half plane. One can also
see that each composition likewise has well defined limits. So, a natural way of showing
continuity at 1 is to let zp9 = b+ (1 — b)e® and check the limits as 6 approach 0 and 27.

We do know that our branch cut gives us limg_,o Imlog(29) = Imlog(z0) = 0, so we really
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only need to show that limg_,o, @y, -(20) = @n(1). By evaluating at z = 1, we see;

Boe(1) = 1= L log(~ B, (1)) — 2Imlog(1)

U
=7 ; L log (— ][M CI)n(Hs(l))ds> —0

_ 1 : L log (— ][M @n(l)ds)

-1 Log(—,(1))

= 2= Log (exp (2 (1) + 2mlog(1) ) )

= 9077(1)-

Then taking the limit as 6 approaches 27, we see;

-1 .
011121 357775<Zb79) = hIgl 10g<_(bn,Mg (Zb’g)) — lim 2Im 10g(2b’9)
—>2T

== log(ghm ncp a(29)) — 4Am
Hog (. Jim e (4 (B (a0) + 2B () ) ds ) — 4m
( exp (o (o) + i 2 log(H, 0)) ) ds) —n
L og (]i exp ( (1) + 4@) ds> _4r
L og (exp (_% 1) + 47r>) Cn
- %<1>.

59



So our function is continuous on K,. Checking first derivatives, we see

02uelz) _n =180 (2) | i

M. Oy (Hs (2)) i) 9Hs(z
1 f O(H(2))ty (PG ) GG Ll
n (fn,Ms(Z) -
2
M. Oy (Hs () : .
 h ®(H(2)) (=52 - i) G brerds
— M.
fur. ®n(Hy(2))ds

Then evaluating at z = 1 yields,

Me O (Hs(1)) i 22
0Pye(l)  Tm. D, (Hs(1)) ( 9z HS(1)> (s(0)+%f)2d3 N
= o
02 fME P, (Hs(1))ds
M, b (1 dpn(1) — 1) ds
fM 77( ) Oz
= c +/L'

Similarly to before, we can see that evaluating the limits gives us the following;

2
M. ;. Bpn (1 . —5
8@?7’6(217’0) :]CM6 limg_g q)n(Hs(Zbﬁ)) ( Lpgz( L Z) (S(O)j%r)zds

lim = -+ i
0—0 0z JE]\]/\ZE lim9_>0 CI),?(HS(Z@Q))dS
M. ;.
_ (8%(1) B z) fMS limg_,o @, (Hs(2,0))ds L
0z Far Timg_yo @, (o (21,6))ds
_ Dy (1)
0z '
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2
M, . 9o (1 . =7
05,(mng) ot Tm0osae ®a(Hi(200) (%52 — i) (et

lim = 4 + 1
6—2r Oz f]\]/\[i *limg_o, @, (Hs(200))ds
M. .
_ (M _ z) Far. limgor @y (H,(2,6))dls i
- M. .
0z Far img_or @y (H,(20))ds
_ Iy (1)
0z
Since agz,s is continuous, and % = %, it follows that 8‘5;1’5 is also continuous on K|,

which gives us ¢, € C*(K,).
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Now we look at the second derivatives, starting with g—;

022 0z P

(92@,,,5(2) _ 0 (n—1 a%fi)n,Mg(Z) n {
n (I)n,ME(Z> <

Pn.e.

=150, ()P (2) — 2800 (2)?

i
o By, (2)? 22
2 = = = 2
— N — 1 (%(P"’LME (Z)QnaME (Z) . n— 1 %Q'ILME <Z> . i
U P, 1. (2)? n Py, a1, (2) a
. M. Pon(He(2) _ =%
,,,/ - 1 (‘;a—;@’/],Mg(Z) B ,,,/ - 1 M. (I)W(Hs<z))77—n__1 ( Oz - Hs(z)) (S(z—l)—i—%’)?ds
n Py (2) U Far” @y (H(2))ds
o M. Pon(He(2) _ i ria
B 8z I M. n(Hs(Z)) < - 0z N Hs(z)) ( (z—1)2+%’)2d8
_ T
far. @y(Hs(2))ds
2 2
M dpn(Hs(2)) i 2
o v, Pn(Hs(2)) ( enlZa2) Hs(g)) (s(z—l)-l—%r)QdS i
=1 Far. ®y(Hy(2))ds 2
P RG] G S ds
_ n . T n\tts 0z H(z) (s(z—1)+Z)4
-1 futr @a(H.(2))ds
4
M 9%y (Hs(2)) i o
+ﬁﬂ%““”W S+ rt) s
M.
JCME q)n<HS(Z)>dS
2ﬂ2s
M. dpn(Hs(2) _ _i i
+-j3h Q”K}LJZ))( o He@>><s@—4i+%»3d5
M.
JCME q)17<HS(Z)>dS
2
5 O n HS z 7 =5
n | fu d)n(Hs(z))( en(la) _ HS(g)) R

GG—D)1D)2

n—1 Far @y(Hy(2))ds
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Evaluating at z = 1,

2
M. don() _ )" _a& M. 9%on(1) o
oy BS0(58 ) e 00 (%58 )

@)
= M M:
9:? n—1 fu. ©y(1)ds v @y (1)ds
2 2
Ms 0 n . 2225 Ms 0 n . _;52
e (1) ( 5 _’> gpds [ B ( 3 _Z> Gl I
M, o _ 1 Me -t
far. Pp(1)ds n far. @p(1)ds

(B () (B2 2

- ()

™

Using the same argument of continuity on the interior of K, as before, we can see that we

8‘:9775

have continuity of at z = 1. Following the same procedure, one can also check that

8925 . .
8‘;’;5 is also continuous at z = 1.

For the mixed second derivative,

2~

~ ~ 2
P¢pe(z) n—1 3252 Py s (2) Py, (2) — ‘(%q)mME(Z)‘

0202 7n O, 1. (2)2
£ @l )(M_L<&PW(H5(2’))_ ) (Bt 4 ))\am)?
. 020z 1-n 0z H(z) 0z Hs(z) 0z
fM€ O, (Hy(2))ds
2 2
M, Opyn(Hs(z i
n |fu %<Hs<z>>( 5 - i) st
L= fir a(H.(2))ds
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Evaluating at z =1 :

M, (1) Opn(1) ; 9y (1) ,
P@ye(1) Foar, Ol ( 5e0s 1_7]—77< @82 _Z> ( 5 +Z>) ds

020z st @, (
2
L @, (1) ("’%—“) - z) ds
11 far ®,(1)ds
_Pe)  m |9ea(1) [ m | Oea(1)
020Z 1—n| 0z 1—n| 0z
_ 0*p,(1)
020z
32957;,5(2)

And we can once again take the limits as we approach z = 1 to see that === is continuous
as z = 1, which shows that ¢, . € C*(K,).
Now, we show that @, .(z) satisfies property 1 of the hypothesis. Applying the operator

P, to ¢,.(2), we see;

Pn@n,a(z) =

n—1 8(222 n,s(z)(i)n (2) — azén,s(z) i n—1 ‘%&Dms(rz)r
o d,.(2)? N d,.(2)
_n—1 %én,g(z)'

n P, .(2)

Since éw(z) < 0 and is strictly subharmonic, the second term is negative, but so is "—_1, and
so the entire term is strictly positive. Because P,p, . is composed of functions shown to be

continuous on K,, we also know that P,¢, . itself is continuous on K. O
We will now finish with the proof of Theorem 1.3.
Proof of Theorem 1.5. Following a similar proof as that of Theorem 1.1, given ¢, . as defined
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in Lemma 6.1, there exists an extension of p, = de~%7< to a neighborhood of € following the
argument of the proof of Theorem 2.11 (1) in section 5 of [12] where —(—p.)" is plurisub-

harmonic on 2. The rest of the properties follow directly from Lemma 6.1. ]

7 Closing Statements and Future Work

Given the number of parameters involved in defining ¢,, the methods used in this thesis are
insufficient in finding a sharp upper bound on its gradient. A future course of action would
be trying different approaches to find sharper estimates that don’t have magnitudes like that
of F, 5, which may reveal that we do achieve the Regularized Diederich-Fornaess index of 1
on our domains containing crescents in the boundary. Numerical methods may be explored
to account for the many possible parameters over our crescent regions. We may also take
the method of averaging functions over a family of automorphisms to examine other regions
with interesting geometry. As this method has been useful in the study of worm domains
as well as our domains with crescents in the boundary, it could be useful to examine the
method over different regions with their own families of automorphisms as well. As the larger
objective of this thesis was to find a deeper understanding of the relationship between good
vector fields and the Regularized Diederich-Fornaess index, future work could be done to try
and relate the Regularized index to other sufficient conditions for global regularity of the
Bergman Projection. Some of these conditions include the Steinness Index developed in [16],
or the Levi Core which has been compared with the Regularized index on certain domains

in [7].
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