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Abstract

In 2014 Brendle and Margalit proved the level 4 congruence subgroup of the braid
group, B,[4], is the subgroup of the pure braid group generated by squares of all elements,
PB2%. We define the mod 4 braid group, Z,, to be the quotient of the braid group by the
level 4 congruence subgroup, B, /B,[4]. In this dissertation we construct a group
presentation for Z,, and determine a normal generating set for B,[4] as a subgroup of the
braid group.

Further work by Kordek and Margalit in 2019 proved Z,, is an extension of the
symmetric group, S,, by Zgg) A classical result of Eilenberg and MacLane classifies group
extensions by classes in the second group cohomology with twisted coefficients. We first
construct a representative for the cohomology class, [¢], of H?(Sy; Z(g)) classifying the
extension, GG,,, of the symmetric group by the abelianization of the pure braid group. We
then show a representative for the cohomology class in H?(S,; Zgg)) classifying Z,, is the

composition of [¢] with the mod 2 reduction of integers.
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1 Introduction

Brendle and Margalit proved the level 4 congruence subgroup, B,[4], of the braid group,
B,,, can be described as the subgroup of the pure braid group generated squares of all
elements, PB? [6]. We define the mod 4 braid group, denoted Z,, to be the quotient of the
braid group by B,[4] = PB2. Kordek and Margalit proved Z, is an extension of the
symmetric group, Sy, by Zgg) in 2018 [12]. Furthermore, a classical result of Eilenberg and
MacLane proves a classification of group extensions by low dimensional group cohomology
with twisted coefficients (page 337 of [10]). In particular, there exists an element of the
second cohomology group of S,, with coefficients in ZQ twisted by the action of the
symmetric group permuting unordered pairs of integers which corresponds to Z,.

We represent the action of a group, ), on an abelian group, K, by a map
0:Q — Aut(K). Let E be an extension of () by K such that « : K — F and 7 : E — @ are
the inclusion and projection maps respectively, then E gives rise to 6 if conjugation of
elements in ((K) by any e € F is determined by (7 (e)). We will only consider the
standard action of the symmetric group on pairs of {1,2,...,n}, therefore we suppress 6 in
our notation and use H?(Q; K) to denote the second cohomolgy of Q with coefficients in K
twisted by 0. By fixing 0, Eilenberg and MacLane’s classification provides a bijection
between H?(Q; K) and the set of equivalence classes of group extensions of Q by K which
give rise to 6 [10]. In Section 3, we provide the background of group cohomology and an
explanation for the classification of extensions.

In Section 4 we give a more thorough exposition of the braid group. Extensions of the
symmetric group naturally arise while studying quotients of the braid group. The mod 4
braid group, Z,, = B,,/B,[4], arises as an extension of S, by Zgg) twisted by the standard
action of the symmetric group on unordered pairs on integers between 1 and n. In Section

4.3 we describe the generalization of the level m braid group, B, [m/|, as the kernel of a

representation B, — GL,(Z,,). Recent work by Appel, Bloomquist, Gravel, and Holden



prove Z, ~ B,[m|/B,[4m] for any odd m [2]. We will construct both a group presentation
and a representative for the corresponding cohomology class of Z,,. Our first result states a
representative of the cohomology class corresponding to Z,, can be determined by a

representative for an extension of .S,, by the abelianization of the pure braid group.

Theorem 1.1. Suppose n > 1 and let [k] € H*(S,; 252)) correspond to the mod 4 braid
group. If [¢] € H?(Sy; Z(g)) corresponds to the extension of S, by the abelianization of the

pure braid group, then a representative of [k] is the mod 2 reduction of a representative for

[¢]. Furthermore, [¢] is order 2 in HQ(Sn;Z(g)).

Since group cohomology with twisted coefficients is equivalent to the cohomology of an
Eilenberg-MacLane complex, we construct a representative for the cohomology classes in
Theorem 1.1 using the resolution given by the universal cover of an Eilenberg-MacLane
complex for the symmetric group, K(S,, 1) complex. In particular we construct a low
dimensional approximation for the cellular chain complex determined by the universal
cover of the presentation complex for S,,. The 2-chains in this resolution are generated by

the S, orbits of the following three classes of elements:
o ¢ jforalll <i<j<n.
o diroforall 1 <i<j<mnand1l<Ek<{<nsuchthat {i,j}N{k, €} =0.
e ¢, for all distinct triples ¢, 7,k in {1,2,... ,n}.

Each class above corresponds to a relation in the symmetric group: the squaring,
commuting, and braid relations respectively. Notice ¢€; ; and CZMW are generators when

n > 3 or n > 4 respectively. Therefore, to define a representative for [¢| or [k], it suffices to
define the image on these three classes. We use the following presentation to define the

image of our 2-cocycle corresponding to Z,:

n

Z§2) = {Gish<icien | 35 =1, [9i5: 0] = 1)- (1)

2



Theorem 1.2. Suppose n > 1 and {&;;}, {d; e}, and {&; 1} have the conditions on

indices above. Then a representative for the cocycle classifying Z, as an extension of S, by

29

s given by:
K(Cij) = Gij
4
N Gik + Gie + ik + gje ifi<k<j<lork<i</{<yjy
K(dijre) =
0 otherwise
)
. Gij + Gjk ifi<k<j k<j<i orj<i<k
K(€ijk) =
0 otherwise

\

In the construction of the cocycle described by Theorem 1.2 we build a group
presentation for Z, with relations given in Table 2. Considering Artin’s original

presentation for the braid group given by:
bibi+1bi = bi+1bibi+1 for all ¢
Bn: bly-“;bn (2)

we use Tietze transformations to determine relations of Z,, which are not true in B,,. Since

Z, = B,/ By[4], these extra relations determine a normal generating set for B, [4].

Theorem 1.3. Suppose n > 1. As a subgroup of B,,, the level 4 braid group is normally

generated by elements of the form:
1. [07,b62,] forall1 <i<n-—1.
2. [bib2 b, b b2 5b ] for all 1 < i <n—3.

3. bfforalllgign—l.



Remark The results in this dissertation appear in a paper submitted for publication.
The version submitted to a journal uses alternative methods to prove the presentation for

G, and order of the corresponding cohomology class.



2 Constructing Presentations via Extensions

Let @ and K be groups, then E is an extension of Q) by K if the following sequence is

exact:

~
—_

1 » K >y B > ()

To construct a representative for the cohomology class corresponding to an extension, F, of
@) by K we need to lift elements of () to £ and compute products of those lifts in F.
However, this requires the group structure of E. In this section, we describe the process to

construct a presentation for £ given presentations for () and K.

Remarks Although the extensions related to the second cohomology group require K to
be abelian, the results in this section are proved for the non-abelian case. Furthermore, the

results of this section are already known and included for completeness.

Notation Throughout this section, we will refer to the same presentations for ¢ and K.
Let (Sg|Rg) and (Sk|Rk) be group presentations for @ and K respectively. Without loss
of generality, we may assume the trivial elements of () and K are not in the respective
generating sets. Furthermore, let + : K — E and 7 : E — @ be the inclusion and projection

maps in the diagram:

We will not distinguish between K as a group and ¢(K) as a subgroup of E since ¢ is

assumed to be an embedding.

Generating Set Since F is an extension of @Q by K, Q@ = E/K. A lift of an element
q € @ is an element e, € E such that m(e,) = ¢. Fix Sg C E to be a choice of lifts from

elements in Sg such that 7 restricted to Sg is a bijection. We will show & = S U Sg is a



generating set for E.

Relations Since ¢ embeds K into E, the relations of K must be included in the
presentation for £. Furthermore, K is a normal subgroup of E. Therefore, for each k € K
and e € E there exists k' € K such that eke™ = k’. In particular, if k¥ € Sk and s € S,

we have sks™!

=k’ for some k' € K. Notice, the choice of s as a lift of an element in Sg
determines k’. Furthermore, &’ can be written as a word, wy, on the generators of K. So,
for each k € Sk and s € Sg, sks™' = wy, is a relation of E. By a symmetric argument, for
each k € Sk and s € Sg, there exists a word, u; on the generators of K such that

s 'ks = uy, is a relation of E. For all k € Sk and s € Sg, set R’ to be the set of relations of

U= w, and s ks = uy.

the form sks~
Now, any relation in Rg is given by 51 -+ -5, = 1o where ¢ > 1 and 5; € Sg for all

1 <17 < gq. Since, for each i, s; € Sq is defined to be a lift of 5; and £ is an extension of )

by K, there exists some k € K such that s; ---s;, = k. Furthermore, the choices of s; as a

lift of §; uniquely determines k € K. Therefore, k is expressed as a word k; - - - k; on the

generators of Sk, for some t > 1. Hence sy --- s, = ky - - - k; determines the relation

CREE sqkt_l k' =1gin E. Let Rg be the set of all relations in F determined by lifting

relations of Rg using this method. Define R = Rx U Rg U R’ and E' = (S | R).

Goal To show the group E’ defined above is a group presentation for £, we must show
there exists an isomorphism between E’ and E. Define f : E' — E by f(s) = s for all

s € 8. Since each element of S is chosen from the elements of E and by the construction of
R in the preceding paragraph, f is a well defined homomorphism. To prove f is an

isomorphism we use the 5-Lemma after constructing maps ¢/ and 7’ which make the



following diagram commute:

! /

1 y K —— B T Q 1
lidK lf lidQ (3)
1 y K ——— F —"= Q 1

Inclusion and Projection Maps We begin by defining the inclusion map ' : K — E’.
For every k € K, then there exists a word, kiks - - - k; on the generators of Sk representing
k. Since S C S and Rx C R, the map ¢/ : K — E defined by ¢/(k) = kiks - - - k; is a well
defined homomorphism. Furthermore, notice that f o //(k) = ¢(k) for all k € K. Therefore
(' is injective since ¢ is injective.

Recall the generating set for £’ is S = Sk U Sg where S is a lift of the generating set
for Q. In particular, for each s € Sg, there exists an 5 € Sg such that 7(s) = 5. Define

7' . E' — @ on the generators of E' by the following:

S if s € SQ
m'(s) =

1Q if s € Sk

Notice that if r = 1 is a relation of Rk, then r can be written as a word on the generators
of K. By definition, 7'(r) = 1g and 7’ preserves the relations in Rg. If » = 1 is a relation

of Rg, then by the construction of Ry as a lift of RQ, r can be expressed as a word:

3132"'5pkt_1kt_—11 kl =1

on the generators of £ where 5,5, - -5, = 1g. By definition, 7'(r) = 5152 - - - 5, = 1g.

1

Furthermore, if 7 = 1 is a relation in R', then r can be expressed as sks™'w; ' or s_lksugl

L and u,;l can be expressed as a

where s € Sg, k € Sk, and w;, ' and u; " are in K. So w;,
word on the generators of Sk and 7'(r) = §57! = 1 or @'(r) = s~'s = 1g. Therefore 7’

preserves the relations of E’ and is a well defined homomorphism. Furthermore, for any



q€Q,q=55--5 where §; € S’Q for all <. By the choice of Sg as a lift of g@,

7'(s182 -+ 8;) = q. Therefore 7’ is surjective.

Lemma 2.1. Let K and Q) be groups with presentations defined above. Let E' be the group
with generators and relations described in the preceding paragraphs. Then any element
e € E can be described by wiwy where wy and wy are words in the generators of () and K

respectively.

Proof. Since E' is generated by S, any element of E’ can be described by a word s;ss - - - s,
where s; € S and t > 1. We induct on ¢, beginning with ¢ = 2. Suppose e = s15, where
si€ Stori=1,2. If s € Sg or both sy, 59 € Sk then the lemma is trivial. Therefore,
suppose 51 € Sk and sy € Sg. By the relations of R/, there exists a word, us,, on the

generators of K such that s;'s;sy = u,,. Therefore:

8189 = 5252_13152

= Solg,-

Since u,, and so are both in Sk, the lemma holds for ¢ = 2.

Now, suppose the lemma is true for any element of E’ that can be represented by a
reduced word of length ¢ — 1 in the generators of S. Suppose e = s; - - - 54, then by
induction sy - - - 841 = wjwy where w; and w, are words in the generators of Sg and Sk
respectively. If s, € Sk, then we are done. Therefore assume s; € Sg, then we have
e = wywyS;. In particular, wy = ky - - -k, where ky, ..., k; € Sk. By the relations of R’ there

exists a word wu; on the generators K such that s; Ykis, = u; for every i such that 1 <i < /.



Thus we have:

8§15t = W1W2S¢
-1
= wrky - ko158, kesy

-1
= wiky - kp_a8Sy kp-184ue

= W1StU7p * * - Uyp.

Since each wu; is a word on the generators of K for all 7, the product of the wu;’s is a word on

the generators of K and the lemma is proven. O

Remark In the paragraphs constructing /' and 7’ we showed ¢’ is injective and 7’ is

surjective. To apply the 5-Lemma to (3), it remains to show im ' = ker 7.

Theorem 2.2. Let K, ), and E' be groups with the presentations described above.
Furthermore, let ' : K — E' and 7’ : E' — @Q be the homomorphisms defined previously,

then E' is an extension of Q by K.

Proof. Suppose ' and n’ are the inclusion and projection maps defined above. For any
k € K there exists a word kiks - - - k; representing k such that k; € Sk for all i. By the

definitions of ' and 7':

7 ol(k)=7'(/(k))
— o (kks - k)
= ' (k) (ko) - - 7' (k)

— 1o



Therefore im ¢/ C ker 7’. It remains to show ker 7/ C im (/. Suppose e € ker 7/, by Lemma
2.1 there exists words w; on the generators of Sg and ws on the generators of Sk such that

e = wiwy. Let wy = s1---s, where s; € S and for all i. By the definition of 7":

m'(e) =7 (51 sgk1 - k)

Therefore 3 - - - 3, = 1 is a relation of Q. Since Rg normally generates all relations of Q,

there exists words Z;, T, ..., T, on the generators of §Q such that:

1

o 1= — ——1 o
S108g = T1T1Ty T2S2Ty - TqSqT,

where 7; € RQ for all i. For each ¢, Z; lifts to a word x; on the generators of Sy and 7; lifts

to the relation r; = k; for some k; € K. Therefore:
_ -1 -1 -1
wy = T1k13] wokoxy - - wkyy .

Furthermore, for each 7, k; can be represented by k; 1k; o - - - ki ¢, where each k; ; € Sk.

Therefore, for each i, x;k;z; ' can be represented by:
~1 -1 ~1
wikiaxy xikigxy o wikigx

Since each z; is a word on the generators of Sg, applying relations of R’, there exists
ki ; € K such that for all 4, j:

/
xiki,jxi = ki,j'

For each 4, ki = ki 1ki2- - - kiy, = ki where kj € K. Therefore e = kjky - - - Kjw, where k; and

10



wo are words on the generators of Sk. So e can be expressed as a word on the generators of

Sk and e € K. Thus ker 7/ C im ¢/ and E’ is an extension of () by K. O]

Remark Recall the diagram from (3):

Theorem 2.2 proves the top row of (3) is exact. Furthermore, f : £’ — FE is defined by
f(s) = s for all s € S. Notice that ¢ and 7" are constructed such that f o:/(s) = ¢(s) and
7' o f(s) = m(s) for all s € S. Therefore (3) commutes and f is an isomorphism by the

5-Lemma. This completes the proof of the following theorem:

Theorem 2.3. Let E be an extension of (Q by K with presentations as above. If S and R

are as defined in the paragraphs on generators and relations, then E =~ (S| R).

11



3 Group Cohomology

Group cohomology provides information about a group by studying the actions of the
group on modules. In particular, Eilenberg and MacLane proved group extensions of G by
an abelian group A can be classified by elements of the second cohomology group of G with
coefficients in A [10]. However, the structure of cohomology groups is highly dependent on
the action of G on A. In this section we will provide the background on group cohomology
required to construct a representative for the cohomology class corresponding to a group

extension, most of which can be found in chapters I, III, and IV of Brown’s text [7].

Definition Let GG be a group, then a topological space, X, is an Filenberg-MacLane space

of type (G, 1), denoted K (G, 1)-space, if it satisfies the following three properties:
e X is connected.
e The fundamental group of X, m(X), is isomorphic to G.
e The universal cover of X is contractible.

If X is a CW-complex, then X is often referred to as a K (G, 1)-complex.

Topological Interpretation Let G be a group and A, an abelian group on which G
acts. Suppose X is a K (G, 1)-space with universal cover X and let o, be a path in X
which begins at = and ends at y. Let {A,}.ex be a set of groups which satisfies the

following three conditions:
e As a group, A, is isomorphic to A for all z € X.

e For cach class of homotopy equivalent paths relative to endpoint, a,,, there is an

isomorphism A, — A, given by a - o, for each a € A,.

e For any two paths a,, and G, in X with a € A,, (a- auy)By. = a - (g yfy.z).

12



If we take x( to be the basepoint of z, then the fundamental group of X acts as a right
action on A, by a — a -« for any a € m(X). Since X is a K(G, 1)-space, m1(X) = G and
we get an action of G on A. We call {A, }.cx the local coefficients system determined by A,
denoted M 4, if the right action of 71(X) on A,, induces the given action of G on A.
Eilenberg proved the following theorem which gives the topological interpretation of group

cohomology [9]:

Theorem 3.1. Let G be a group and suppose A is an abelian group such that G acts on A.

If M 4 is the local coefficient system determined by A for a K(G,1)-space, then:

HY(G; A) = H(K(G,1); M,).

3.1 NORMALIZED BAR RESOLUTION

Let G be a group. The integral group ring, denoted ZG, is the set of all finite linear
combinations of elements of G. Under addition, consider ZG as the free Z-module with the
elements of G as basis. We extend multiplication in G to multiplication in ZG by satisfying

distribution laws. A resolution of Z over ZG is an exact sequence of ZG-modules:

o)) o1

>P2 >P1

> Py y 7 > 0.

A resolution of Z over ZG is called projective, or free, if P; is a projective, or free,

Z.G-module, respectively, for all .

Normalized Bar Resolution Let G be a group and let P, be the free Z module
generated by ¢t + 1 tuples (go, g1, - .., ¢g;) where g; € G for all i. To describe P, as a ZG

module, consider the action of G on P, given by ¢ (g0,91,---,9:) = (9 90,9 G1,---,9 " Gt)-

13



Then, as a ZG module, P, is freely generated by the G orbits of (1,g,...,g:). Set:

i lg2| | g)l=01,01,9192, -, G192 G¢).

Then the set of all [g1 | g2 | - -+ | ¢¢] generate P, as a free ZG module. Let | | denote the

generator of Py, define ep : Py — Z by ep([ |) = 1. For t > 1, define 9} : P, — P,_; by
t

(g1 g2l 1al) Zz;)(—l)idi where:
¢
gilg2 |-+ | g 1=20
dilgr |-+ [ 9:] = g1 |- 1 gi—1 | 9i%i+1 | Gixa | -+ | 9] O<i<t
\[91“"’%71] 1=t

Then the bar resolution of G is the following free resolution of Z over ZG:

P > P, y Py sy Py —25 7 > 0.

Let D; be the subcomplex of P, generated by elements of the form [g; | g2 | - - - | g;] where
gi = gi11 for some i between 1 and n. The resolution P determined by P, = P, /Dy is the

normalized bar resolution.

Remarks For a topological interpretation of the bar resolution, consider the contractible
simplicial complex, X, in which the vertices are elements of G and every finite subset of G
is a simplex of X. Note that if GG is finite, X is a simplex; otherwise X is infinite
dimensional. We get a free resolution of Z over ZG by taking the ordered chain complex
with the basis of (¢ + 1)-tuples of vertices (go, g1, - - -, g:) such that g; € G for all i. The
boundary operator on this ordered chain complex is the alternating sum from ¢ = 0 to ¢ of
the map which forgets g;.

The generating set of P, is of size |G['. To define a homomorphism from P, to another

14



module, we would need to define the image on each generated. We will use the fact that any

two projective resolutions of Z over ZG are chain homotopy equivalent (Section 1.7 of [7]).

3.2 CLASSIFICATION OF GROUP EXTENSIONS

Equivalent extensions Let K be an abelian group and let () be a group which acts on
K by the map 6 : Q — Aut(K). An extension, F, of @ by K, with inclusion and projection
maps ¢ and 7 respectively, is said to give rise to 6 if it satisfies the following property: for
any k € K and § € E such that n(§) = g € G, then gu(k)g~' = 1(6(g)(k)). Two group
extensions, F, and FEs, are equivalent if there exists an isomorphism ¢ : Fy — E5 such that

the diagram:

Es
commutes. We denote the set of equivalence classes of group extensions giving rise to 6 by

E(Q; K).

Constructing 2-cocycles Let K be an abelian group. Suppose E is an extension of @)
by K giving rise to 0. Let « : K — FE and 7w : E — @ be the inclusion and projection maps.
A section, s, is a function s : ) = E such that 7o s = idg; furthermore we say s is
normalized if s(1g) = 1. Since s may not be a homomorphism, s(p;)s(p2) is may not
equal s(p1ps) in E. Therefore we can measure the failure of s to be a homomorphism by
some function K € Homg(P,, K) such that s(p1)s(p2) = t(k([p1 | p2)))s(pip2). If we know

the structure of E, we have a formula:

K(lpr | pa]) = s(p1)s(p2)s(pip) ™

15



which determines a cocycle corresponding to E as an extension of () by K. A thorough
explanation that x satisfies the cocycle condition can be found in chapter IV, Section 3 of

Brown [7].

Corresponding Extensions Let xk be a representative for a cohomology class in
H?*(Q; K) determined by the normalized standard resolution. Suppose @ acts on K by the
action 6, define E, to be the twisted semi-direct product K x, () with multiplication

defined by:

(a,g) - (b,h) = (a+g-b+r(g,h),gh).

Note that multiplication in E) satisfies associativity since s is a cocycle (page 92 of [7]).
Thus FE, is a representative for the equivalence class of group extensions of Q) by K
corresponding to [k].

The following theorem by Eilenberg and MacLane provides the classification of group

extensions by 2-cocycles constructed above [10].

Theorem 3.2 (Eilenberg MacLane 1947). Suppose Q and K are groups with K abelian
such that Q acts on K by 0. There exists a natural bijection between £(Q, K) and
HQ; K).

Remarks The choice of section determines the representative of the cohomology class in
H?(Q; K). By definition, F is a split extension of @ by K if there exists a section which is
a homomorphism. Since a representative of the cohomology class measures the failure of
the section to split, the semi-direct product K x4 ) corresponds to the trivial cohomology
class.

Furthermore, changing the choice of projective resolution of Z over ZG yields a
corresponding representative in an isomorphic cohomology group. In Section 5 we build the

resolution used to define our cocycle in Theorem 1.2.
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4 Braid group

4.1 DEFINITIONS

Strand Diagrams Let {x1,22,...,2,} be a collection of distinct, marked points in C.
We consider an element of the braid group, called a braid, to be a collection of n
non-colliding paths f; : [0,1] — C x [0, 1], called strands, such that f;(0) = z;, fi(1) = z; for
some j, and f;(t) € C x {t}. Note that since the paths f; and f; are non-colliding,

fi(1) = f;(1) if and only if ¢ = j. An isotopy of any surface, S, is a homotopy

H : S x[0,1] — S such that H restricted to any ¢ € [0, 1] is a homeomorphism. Two braids
f=(fi,fo, -, fn) and g = (91,92, - - -, 9n), are equivalent if there exists an isotopy

H : (C x[0,1]) x [0,1] = C x [0, 1] such that g; = H o f; for all i. Notice that strands
cannot cross each other throughout the isotopy.

To obtain the group structure of the braid group under this description it remains to
define the composition of braids, the identity element, and inverses. We compose two
braids, f and g, by gluing f;(1) to ¢;(0) and scaling by half. The identity element in the
braid group is the braid which is constant on the marked points and the inverse of f is the
reflection through the plane C x {1}.

A strand diagram for a braid is a projection of the images of a braid to R x [0, 1].
Under a projection to R x [0, 1], a rotation between two strands will intersect. In
particular, a clockwise rotation of two adjacent strands should have the lower indexed
strand laying under the higher indexed strand. Therefore we use a gap in the strand which
is laying underneath the other to describe crossings in the strand diagrams. To describe
the multiplication of two braids, f and g, by a strand diagram we do the following: first we
scale both f and g by 1/2, then we stack the diagrams so that g begins where f ends. We
will omit the re-scaling of the diagrams to improve readability.

For any braid, there exists a homotopy such that for any t € [0, 1], there is at most one

crossing in the strand diagram. Therefore the braid group is generated by adjacent
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Figure 1: Strand Diagram of b, 3.

crossings in the strand diagram. Define a positively oriented twist to be the clockwise
rotation between two strands. In Artin’s presentation given by (2), b; represents the

positively oriented twist between the i*" and (i + 1) strands. For any 1 <i < j < n,
define the the half twist between the ™" and j* strands, denoted b; ;, by the following

strand diagram:
e The i'" strand passes under all strands between i and j.
e The i'" strand passes under the j* strand.
e The ;' passes under all strands between i and j.

By the generators given in Artin’s presentation:
bi,j - bibi+1 tt bj—zbj—lbj_,lg tet b;rllbz_l

Note that b;_ jl only changes the description of b; ; by passing the j™ strand under the "
strand. Figure 1 gives the strand diagram for the positively oriented half twist between the
first and third strands. The choice of b; ; gives us the following presentation for the braid

group which is equivalent to the Birman-Ko-Lee presentation [5]:

(03 bree) = 1if (j — k) (7 — ) (i = Kk)(i —£) >0
(4)

bijbirbi ) =bipifi <j <k k<i<j, j<k<i

B, ~ <{bi,j}1§i<j§n
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Remark Artin’s presentation describes all braids by a composition of clockwise rotations
between adjacent strands. Our presentation in (4) describes all braids by a composition of

clockwise rotations between any two strands.

Mapping Class Group Suppose S is an orientable surface. The mapping class group,
Mod(S), is the group of isotopy classses of orientation preserving homeomorphisms which
restrict to the identity on the boundary of S. Let D,, be the closed disk with n marked
points. Let h : D,, — D,, be a homeomorphism which is invariant on the collection of
marked points; note that h may permute the marked points. Forgetting the points are
marked, h is isotopic to the identity, therefore there exists a homotopy

H : D? x [0,1] — D? such that for every ¢ € [0,1], H restricts to a homeomorphism which
is the identity on the boundary. The marked points will move around the interior of the
disk and return to their starting position throughout H. Therefore we get a collection of
non-colliding paths in D? x [0, 1] by following the path of each marked point throughout
H. This collection of non-colliding paths describes a braid in the strand diagram definition.

Therefore, we can consider the braid group as the mapping class group of D,,:
B, ~ Mod(D,,).

4.2 EXTENSIONS OF THE SYMMETRIC GROUP

The symmetric group of order n, Sy, is the group of all permutations on the set {1,2,...,n}
under composition. Let o; be the transposition which swaps ¢ with ¢ + 1. The standard

presentation of the symmetric group generated by adjacent transpositions is given by:

ol =1, [o,0;] =1if [i —j| > 1
Sn ={({01y,...,0p1 . (5)

0i0i+10; = 0410041
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Remark Since multiplication in S, is function composition, words on the generators of
S, are usually read right to left. For consistency with computations outside the symmetric
group, we will read words on the generators of S,, from left to right.

Under Artin’s presentation (2), the homomorphism which maps b; to o; is surjective.
The kernel of this surjection is the pure braid group, PB,. Since we use the
Birman-Ko-Lee presentation (4) for computations, we use a presentation for S, generated
by all transpositions. We denote the transposition which permutes the integers i and j by

o;; and choose as a word on the generators of (5):

_ -1 -1 -1
Oij = 0i0it1 0520510, 9" 0;110; -

A presentation for the symmetric group of order n generated by all possible transpositions

is given by:

ol =1, [oij,000 =1if {i,5} N {k, €} =0
> . (6)

2%
Sn = <{Uz’,j}1§v:<j§n
Ui,jajvkcri_’jl =o; for all 7, 5,k
Since the pure braid group is the kernel of the surjection from B, — S,,, the following

sequence is exact and B, is an extension of S,, by PB,:

1—— PB, > B, > Sy,

~
—_

Consider the commutator subgroup of the pure braid group, [PB,,, PB,]. A well known fact
of group homology is: for any group G, H,(G;Z) with untwisted coefficients is isomorphic
to the abelianization of G (page 36 of [7]). Furthermore, H,(PB,;Z) ~ 7() (page 252 of

[11]). Since [PB,,, PB,] is a characteristic subgroup of PB,, and PB,, is normal in B,,
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[PB,,, PB,] is a normal subgroup of B,,. Therefore, by the third isomorphism theorem:

(B,/|PBy, PB,))/(PB,/|PBy,, PB,)) ~ B./PB, ~ S,.

Set G,, = B,,/[PB,, PB,], then G, is an extension of the symmetric group by

H,(PB,;Z) = PB,/|PB,, PB,]. Recall, in [6], Brendle and Margalit proved B,[4] is the
subgroup of PB, generated by squares of all elements, PB2. Let PZ, be the image of
B,[4] in Hi(PB,;Z). By the work of Kordek and Margalit [12], Z,, is also an extension of

the S,, by PZ,. Therefore we get the following diagram where each row is exact:

1l— PB, > B, > Sy > 1
0 —— H{(PB,;Z) y G, > Sy, > 1
00— PZ, > Zn > Sp > 1

4.3 LEVEL m BRAID GROUP

Integral Burau Representation The unreduced Burau representation is the

representation p : B, — GL,(Z[t,t7']) defined on the presentation given in (2) by:

1—t ¢t
bi— 1; 1 ® @ Ini1
1 0
where I; represents the j X j identity matrix. The Burau representation maps b; to the
square matrix which is the identity except for the square at the ¢, i + 1 row and columns.
Evaluating the unreduced Burau representation at ¢ = —1 yields the ntegral Burau
representation, B, — GL,(Z).
Topologically we can describe the integral Burau representation by considering the

two-fold branched cover, X,, of the disk with n marked points, D,,, where the branch locus
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Figure 2: Double cover of D?

are the marked points. Since the fundamental group of the n punctured disk is the free
group of rank n, X, is an orientable surface with genus 2n — 2. Furthermore, choose a
basepoint in the boundary of D,,. Since we are taking the two-fold branch cover, the lift of
a loop which encompasses all the marked points in D,, to X, is a loop if n is even and a
path with different endpoints if n is odd. Therefore X,, is a compact, orientable surface of
genus (n — 1)/2 with one boundary component if n is odd and a compact, orientable
surface of genus (n — 2)/2 with two boundary components if n is even. Recall the mapping
class group of a space is the set of orientation-preserving homeomorphisms which restrict
to a homeomorphism on the boundary equivalent up to homotopy. So each element of the
mapping class group of D,, lifts to a unique element of X,,.

Let Dy be D,, with the marked points removed. Pick a basepoint of p € D¢ and let
{z1, 2} be the lifts of p in X,,. Any path in the fundamental group of D¢ is a path in D,,
the lifts of which generate Hy (X, {z1,22};7Z). Figure 2 depicts the lifts of paths in Ds to
paths in X5. Since B,, is the mapping class group of D,,, the integral Burau representation

can be described by the following composition:

B, —— Mod(X,,) —— Aut(H(X,, {z1,22};Z)) C GL,(Z).

Furthermore, composing the integral Burau representation with the mod m reduction of

integers yields a representation B,, — G L, (Z,).
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Definitions

e The kernel of the representation of the braid group given by the composition of the
integral Burau representation with the mod m reduction of integers is the level m

braid group, B,,[m]:

t=—1

Bu[m] = ker{ B, —2— GL,([Z[t,t™"]) -==% GL.(Z) — GLu(Zn) }.

e The mod 4 braid group, denoted Z,,, is the quotient of the braid group by the level 4
braid group, B,/ B,[4].

Structure of B,[m| In general, the algebraic structure of B,[m]| is unknown. Arnol’d
first proved B,[2] ~ PB, in 1968 [3] while Brendle and Margalit proved B,[4] ~ PB2 in
2014 [6]. The algebraic structure of quotients of level m braid groups are better
understood. Stylianakis proved that for each odd prime p, B,[p|/B,[2p] = S, in 2018 [15].
In 2020 Appel, Bloomquist, Gravel, and Holden generalized Stylianakis’ result to
By,[l]/B,[20] =~ S, for every positive, odd integer ¢ [2]. Furthermore, they give the following

theorem in the same work [2]:

Theorem 4.1 (Appel, Bloomquist, Gravel, Holden). For each n and each ¢ odd:

B,ll)) BaJdl) ~ Z,,.
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5 Universal Cover of an Eilenberg-MacLane space

We begin this section by constructing a truncated resolution of Z over Z.S5,, determined by
the universal cover of a K (S,,1)-space. We first construct the 2-skeleton of the Cayley
complex, X for the symmetric group and describe the corresponding cellular chain
complex, denoted C(X), in dimensions 0, 1, and 2. Then, for 0 < i < 2 we construct

homomorphisms ; : Cl-(X' ) — P, such that the following diagram commutes:

(X)) -2 oy Xy A o ey g
2( ) 1( ) 4 0 4 7 O
l’yz Y1 l"/o J{id
P, %, P % ,p_,7 > 0

The existence of this commuting diagram yields the following theorem:

Theorem 5.1. Let 0 - K — E — S, — 1 be a group extension which corresponds to
(k] € H?(S,; K) under the normalized standard resolution. There exists

K € Hom(Cy(X), K) such that [x'] = [k] in H*(S,; K) defined by &' = ko .

Cayley Complex Consider the symmetric group with presentation given by (6). The
presentation complex of the symmetric group, X, is the CW-complex with one 0-cell, a
1-cell for each generator of S, and a 2-cell for each relation in S,,. Let xy denote the 0-cell
of X and z; ; denote the 1-cell of X corresponding to the generator o; ; of S,. Note that we
only use positive generators to label 1-cells. Let ¢; ; be the two cell glued by the relation
07; =1 and d; 1, be the two cell glued by the relation [o; ;, op,] = 1 if {3, j} N {k, £} = 0.
Consider the relation Ji7jaj7k0;]<1 = 0, from (6) as O'i,jo'j,ko'i_,jlai_,kl = 1; let e; 1 ; be the 2-cell
that glues along this relation in X. Note we have one 2-cell, e; j ;, for each distinct, ordered
triple in {1,2,...,n}, while ¢;; and d; ¢ assume ¢ < j and k < /.

The Cayley complex for the symmetric group, denoted X is the universal cover of X.

For each p € S, there exists a 0-cell of X denoted p- 5. Choose the basepoint of X, 7, to
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Ok tij 04, kTi,j

Ok00 04,j0k,0L0 0 k20 0i,j04,kT0
fkj di.j.k,l O'i,]‘fk7( ji,k @ Ji,ji‘]‘ak
.’io ~ O'“,‘.’i'o .’i’o ~ g; jo

Ty w Tij "

Figure 3: Gluing 2-cells of the Cayley Complex.

be the 0-cell corresponding to p = 1g, . Let Cy(X) be the set of all 0-cells of X, then S,
acts on Cg(f() by the following: for any p;,ps € S,, p1 acts on po by p1 ™ paZy = pap1lo.
Therefore C’O(X ) is generated by Zy as a ZS,, module.

For every p € S, and 1 < i < j < n, there exists a 1-cell of X, denoted p - Z; ;, which
begins at p -  and ends at o, ;p - To. Let C’l(f() be the set of all 1-cells of X, then S, acts
on CI(X) by p1 ™~ paxij = pop1Z;; for all p1,pe € S, and pia;; € Ry. Take z;; = 1g, - Z;
for all 1 <i < j < n, then the set of all 7, ; generate C (X) as a ZS,, module.

There are three types of 2-cells glued into X. We denote the first type of 2-cell in X by

p - ¢ij where 1 < ¢ < j <n. Then each p- ¢;; is glued in by the following loop:
e Begin at p - o and follow p - Z; ; to o, ;p - Zo.
e Follow bo; ;- Zi‘@j back to p- Zi’o.

If {i, 7} N {k, 0} =0 with 1 <i<j<mnand1l<k</{<n, there is a second type of 2-cell

denoted p - cZ@j’k’g glued into X by the following loop:
e Begin at p - 2y and follow Z; ; to po; ; - Zo.
e Follow po; ;- Ty to poy o j - Zo.
e Follow poy - T, ; in reverse to poy e - Zo.

e Follow p - Ty in reverse back to p - Zo.
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The third type of 2-cell occurs for all ordered, distinct triples of {1,2,...,n}. For each

p € Sy, let p- ¢ ;1 denote the 2-cell glued in by the following:
e Begin at p - Zy and follow Z;; to po; ; - Zo.
e Follow po; ;- Z; % to po; ok - Zo.
e Follow po; ;- Z; ; in reverse to po; i - Zo.
e Follow p - 7, in reverse back to p - Zo.

Notice S, acts on the 2-cells of X by changing the 0-cell at which each loop begins and
ends. Therefore the 2-cells ¢; j, Jm,k,g, and €; ;5 representing the 2-cell with p = 1 in their
respective classes generate the 2-cells of X, Cg(f( ), as a ZS, module. The gluing maps of
CL"]"]C’g and ¢; ;5 are given in Figure 3.

To construct a resolution of Z over 7ZS,, it remains to define maps on the generators of
Cy(X) for 0 < i < 2. Define the augmentation map ec : Co(X) — Z by ec(i) = 1. Since
X is a CW-complex, the differential maps are determined by the gluing maps. So

8? : Cl(X) — Co(X) is defined by 810(:2w) = (O-i,j — 1)52'0 For 826 : CQ(X) — Cl(X) we get:

05 (G1y) = (i) + 1)Ty
agc(czuu) =Tij; +0ij  Thy— Ok Tij— Ty

C/~ ~ ~ ~ ~
0y (€igg) = Tij + 0ij - Tig = Oip* Tij — Tik

For 0 <1 <2, C’i(f( ) is the truncated resolution of Z over ZS,, corresponding to the
universal cover of a K(S,, 1)-complex. To describe our cocycle by this truncated resolution,
C(X), it remains to construct a map from the truncated resolution C(X) determined by the

Cayley complex to the normalized bar resolution, P. Since Cy(X) is a free ZS, for

0 < < 2, it suffices to define ~; : Cl(f() — P, on the generators of C’Z(f() Define
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Y0(Zo) = [ ] and 71(Z; ;) = [044]. By the construction of the bar resolution, vy and v

commute with the differential maps.
Theorem 5.2. Define v, : Co(X) — Py by:
12(Cij) = 035 | 0ig]

Yo(dijke) = [0ij | Orel — [ore | i)

Yo(€ikg) = [oij | ojk] — [oin | 0]

Then o commutes with the differentials:

Sy 08 Sy oF S\ €
Cy(X) — C1(X) —— Ch(X) > Z > 0
l’Yz 71 Y0 lid
= P _ P _ €
P, %, P, o, P, L 37 » 0

Proof. Since 7, is defined on the generators of a free ZS,, module, 5 is a well defined

homomorphism. Therefore it suffices to show v, 0 3¢ = 9F o 5. Recall the generators of

C(X)l are ji,j and ’)/1(3?1"]') = [Ui,j]- Therefore:

Y1 005 (¢i5) = [oi5] + 04[04]
005 (dije) = 03] + 0ijlone — oneloig] — o

V20 05 (Eigy) = [045] + 0i5l050] — oiklois] — [o04]

Since we are using the normalized bar resolution, [py | --- | p;] = 0 if p; is trivial for any i.

Now, since 05 ([p1 | p2]) = pilp2] — [p1 - po] + [p1] for any p1,ps € S, and 0% is a ZS,, module
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homomorphism, we have:

8y (05 | 0i]) = 0ijloig] = lo7;] + o]

= 055]00,] = [1] + [04,]

= |03 ] + 0i4l0i4].

Thus (0 o 7v2)(€j) = (m o ag)(ém). To compute 85('}/2(di7j7k7g)), recall 0; j0g 0 = 0% 00

since {4, j} N {k,(} = 0, therefore:

05 ([0ij | one) = lowe | 0i3]) = 0ijlone = [0i0ud + [045] — Onelois] + [Oneoij] — [on]
= 040kl — 050l + (03] = oneloij] + [0ijone] =[O0

= 0ij[oke] + [0i5] — Oneloi] — okl

Finally, to compute 9 (é; k) recall that in S, 0, = 04,0} k0. jl and therefore

0 k0i; = 0;;0;% Hence we have:

95 ([o:,5

ojkl = [oin | 0is]) = oijloji] — [oijoin] + [0ij] — oiklois] + [oikois] — o]
= 0i4(0jk] — oixoin] + 0i5] — oikloi] + (00054 — [0oik]

= 0i4l05k] + [0i] — oirlois] — [our]-

Recall in Section 3.2, the cocycle constructed from a group extension is given by:

&([p1 | p2]) = s(p1)s(p2)s(pip2) "

Therefore, given 5 : Co(X) — P, we can describe a cocycle on the generators of Cy(X) by

the image of C’Q(X' ) in P,. In particular, for the symmetric group we can measure the
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failure of an extension to split by determining the failure of the relations to lift. By taking

the images of ¢; j, d; j k¢, and € j, given in Theorem 5.2 we get the following formula for a

corresponding cocycle:

Theorem 5.3. Let K be any S,, module and let E be an extension of S, by K. Suppose
k € Hom(P,, K) is a representative for the cohomology class in H*(S,; K) corresponding to

E determined by the normalized bar resolution. Define k' € Hom(Ry, K) by:

K (Cij) = s(0i;)8(0i )

K (dijie) = 5(015)5(0ke)s(0ij0ke) " — s(on0)s(0i5)s(0ke0i;) "

K (Eigg) = 5(0i5)8(050)8(0005k) " — s(0in)s(0i)s(0ir0iz) "

Then k' is the 2-cocycle determined by the resolution corresponding to X such that (k'] and

[k] represent the same group extension.
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6 Extension by the Abelianization of the Pure Braid Group

In Section 4.2 we defined GG,, to be an extension of the symmetric group by the
abelianization of the pure braid group. Furthermore, the abelianization of the pure braid

group is isomorphic to z(3) (page 252 of [11]), therefore:

0 —— Z(g) > Gy, > S,

~
—_

Notice the action of \S,, on 7(3) is induced by the conjugating pure braids in B, by half
twists. Therefore the action of S,, on the abelianization of the pure braid group permutes
the strands of pure braids. So .S,, permutes the generators of 7(3) by acting on the indices

of the generators with the standard action of S,, on unordered pairs of integers.

6.1 GROUP PRESENTATION

Generators Under the presentation of B, given in (4), b; ; represents the positive half
twist between the ™ and j* strands. Let ;; be the projection of b; ; in G,,. For

1 <i<j<n,let g;; be the commuting generators of 7.(3). Since Z(%) ~ H,(PB,;Z), each
gi.j represents the positively oriented full twist between the i and j™ strands. From
Section 2 we need to choose a lift of generators for S,,. For each o, ; a generator in (6),
choose 7, ; to be the lift in the generating set of G,,. Therefore, for 1 <1i < j <n, we get

the following generating set for G,,:
{9i5} U {55}

Relations By Section 2, to construct a presentation for G,,, we need to include relations
of Z@), lift relations of S,,, and conjugate generators of 7() by generators of S,,. A full list
of all the relations in (G, are given in Table 1. Notice R1 is the included relation of Z@),

R2-R5 are the lifted relations of S, and R6 is the relation determined by conjugating
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Table 1: Relations of G,,

R1: [Gijs el =1 for all 4, 7, k, £
R2: &Zj = Gi;j for all ¢
R3: Gij0kj0;, = Oik if k<i<yj,i<j<k orj<k<i
R4: G, 0jk0ij = Oik if i<k<yj; j<i<k; ork<j<i
i kG0 it i<k<jg<lt
R5: [0, 0k = gk_jgkdgi,égzjl k<i<tl<y
1 otherwise

R6: G jGri0;, = Gou,s (ks s (0 for all 4,5, k, ¢ € {1,...,n}
generators of 7(3) by lifts of generators of .S,,. The rest of this section proves the relations
in Table 1. Since Z(g) embeds into G, the relation [g; ;, k] is preserved in G,,. Therefore
R1 holds in GG,, as the inclusion of the relation in 7(3) . Notice that since 0;; is represents
the half twist between the i*" and j™ strands while g; ; is the full twist between the i*" and

4 strands. R2 in Table 1 states applying a half twist twice yields a full twist. Therefore

relation R2 holds in G,, and it remains to prove relations R3-R6.

Remark Throughout this section we will remove the assumption ¢ < j to simplify the
statements and proofs. Furthermore, in the proof of relation R5 we will use strand
diagrams to determine an equivalent braid in B,,, then project to GG, and use R1 to
determine the relation. Also, relation R4 is derived from relation R3 by conjugating and

relabelling indices but included in the presentation to clarify future computations.

Theorem 6.1. Suppose k <i<j,1<j<k,orj<k<i InG,:
~ o~ ~—1 o~
O"i,jo'k,jo'@j = 0 k-
Proof. In (4), bi,jbj,kb;jl =b;r is arelationif i < j <k, k<i<yj,orj <k <i. SinceG, is
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a quotient of B,, with ¢; ; representing the projection of b, ; in G, &i7j6j7k&i_3-1 =0k 1S a

relation of G,,. O

Corollary 6.1.1. Suppose it < k < j, j<i<k,or k<j<i InG,:

~—1~ o~ ~
O-Z,j O’j7ko-17] = O-iak'

Proof. Suppose oo < <9, < <a,ord<a<f,then by Theorem 6.1:
0,005,805 = Oas-

Conjugating both sides of the equality by &;}5 yields:
G55 = 0p 500,500

By setting i = 3, j = «, and k = ¢ the proof is complete. O]

Theorem 6.1 and Corollary 6.1.1 prove relations R3 and R4 hold in GG,,. Next we prove
relations R5.
Theorem 6.2. Suppose |{i,j} N{k,{}| # 1. Then

.

gi,kg;glg;ggj,é i<k<j<l/t
(Gij Or] = g,;}gk7jgi7ggzj-1 E<i<il<j

1 otherwise

\

Proof. Suppose {i,7} N{k,(} =0. If (j —k)(j —0)(i = k)(i — ) > 0, then [b; ;, b e = 1is a
relation of (4). Since &; ; is the projection of b; ; in a quotient of B, it follows
(053, Okl = 1if (5 = k) (G — O)(i = k)(i =€) > 0.

Suppose (j —k)(j — €)(i — k)(i — £) < 0, since {i,j} N{k, £} =0 either i <k < j < {or
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k < i< /(< j. Begin with the strand diagram for [b; ;, by ¢] where i < k < j < ¢. We find

[b; ;,br¢] as a pure braid by the following sequence of homotopy equivalent rotations:

1. After the first crossing of ¢ and &, introduce a clockwise and counterclockwise half
twist of between the i and j*® strands. As a word in the presentation for the braid
group, we get:

2 ;-1 -1 —17-1
bi,kbz’,k bkvjbi,k bk,ébi,j bk,e-

2. After the first positive half twist between the i and j*™ strand, rotate the i*" strand
clockwise until it lays to the left of the k™ strand in the projection to R x [0, 1].
Then rotate the i'" strand counterclockwise around to its starting position after the
positive half twist between the j® and ¢*" strands. As a word in B,, we have:

2 7172 —1 —1p—2; 171
0105 s Ok, jbi 10k ;05,601 05 1 b 507 1 Ok -

3. After the full twist between strands ¢ and k, rotate the k*" strand clockwise around
the 7' strand until it returns to the starting position of the i*" strand. To preserve
the isotopy class, after the positive full twist between the i and j* strands, rotate
the k' strand counterclockwise around the j* strand until it returns to its starting
position. Then we have:

2 72 32 1-2;-1 —1p—2p 171
03,1k 07,101,301, 105,60 95,1, O 02 i O

4. After the positive half twist between the k" and ¢! strands, rotate the k" strand
clockwise until it reaches the starting position of the i*" strand. To maintain the
same isotopy class, rotate the k™ strand counterclockwise back to the starting

position of the ¢ strand after the final negative half twist between the ;'™ and ¢*®
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strands. On the generators of B,,, we get:

2 72 32 7127172 —1p-2p—1p p—1p—1 7231
bj 1Dk 07 501, bk 50500k 303 10;.6b1 505 0 O 505,607 1. b 55 05,4 O -
. After the negative full twist between the & and j*™ strands, rotate the j* strand
clockwise around the ¢ strand. Continue to rotate the j** strand clockwise around
the /** and k' strands. To maintain the equivalence class, rotate the j* strand
counterclockwise around the k' and ¢*" strands after the full twist between the k"
and /** strands. Continue the counterclockwise rotation of the j** strand until it
returns to the starting position. As a reduced word in B,,, we get:
212 12 1272 72 72 —1p3-2p-1p g—1p—17-2;-1
bi,kbk,j bi,j bk,j bj,fbklbjl bi,kbjﬂgbk,j bj,f bk,jbjuebi,k bk,j bj,f bk,j'
. After the first positive half twist between the i*" and /** strands, rotate the ¢** strand
clockwise around both the i*" and j' strands. After the following full negative twist
between the i and ;' strands, rotate the /*" strand counterclockwise back to the
starting position. As a word in B,, we get:
212 32 1232 12 327 72 3-2; 31313271
bi,kbk:j bi,j bk,j bj,fbk,@bj}f bivkijfb/w bj,fbi,/f bk’,j bJ}f bk,j'
. After the first negative full twist between the ;' and /" strands, swap the order of
the half twist between the i*® and k' strands with the following positive full twist
between the j** and ¢*® strand. We get a negative full twist between the j*" and /"

strands followed by a positive full twist between the 7 and ¢** strands, so we omit

them in the diagram.

Next, before the negative full twist between the i*" and j** strands, insert a negative

and positive half twist between the i*" and &*® strands. Then, immediately before the
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negative full twist between the i and /" strands, rotate the j* strand clockwise
around the i and /" strands. To maintain the same isotopy class, we rotate the j**
strand counterclockwise around the i*" and ¢*" strands after the negative full twist
between the i and (** strands. As a word in B, we get:

00k 3 i V50 Ui 1V b5 £V
. Before full negative twist between the k" and /" strands we rotate the j* strand
clockwise around the ¢** strand. Continue rotating the k" strand clockwise around
both the £™ and ¢** strands. To maintain an equivalent isotopy class, after the
negative full twist between the k' and ¢*" strands, rotate the K™ strand
counterclockwise around both the ™ and ¢*" strands. Continue rotating the k"
strand counterclockwise until it returns to its starting position. As a word in B,,, we
get:

2 2 2 1.—212 12 —21.—212 —271—-27—-2
bi kb ;03 ;0% 705,eDk D3 5 07 ¢ 5 obye o0 7 by -

Under the projection B,, — G, g;; is the image of a pure braid. By the choice of 7, ; and

since the g; ;’s commute in G,:

~ .1 -1 -1 -1 -1 _-1_-1
[O-Z',j7 O] = 9ik9%,j9i,59%,;95,69%,095,5 9i 0 95,09k,095,0 Ik,

_ -1 -1
= 9ixYi¢ 9k,;9;,0-

Now, suppose k < i < j < {, then [G; , 1] = [0k, i ;)" By the previous case relation R4

in Table 1 is proven. [

Remark Since the proof of Theorem 6.2 requires eight steps, the strand diagrams are

found in Appendix A.
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Theorem 6.3. Suppose i,j,k, (€ {1,2,....,n}. In G,:
GijGi0; ) = Gou, (ks s (0)-

Proof. By relation R2 we have:

GijGhi0,; = 0ij0hs0, ;-
If {i,7} = {k, ¢}, then the statement holds trivially. Suppose |{3,j} N {k, ¢} = 1. Without
loss of generality, assume j = /(. If k <1< j,7<j <k, or j <k <1t apply relation R3 to

—1~2 ""*

1 .
17 0ir0;; to obtain

obtain the result. Otherwise, use relation R4 to substitute 61-27 ; with o y

the result.
Suppose {i,j} N{k, (} =0. If (i —k)(i —£)(j — k)(j — ¢ > 0, then R5 implies ; ; and
oy, commute. Therefore the theorem holds. Now, suppose @ < k < j < ¢, then by relation

R3 and the previous case:

~ 22 <1~ o~ 1 o~ ~1x]
0ijO0ke0i; = 0ikOk,jO; 9k t0i kO ;0 i
o~ O
= 0i,k0k,jGi 0% ;04 i
- ~ 1
= OikYi0;

= k.-
By a symmetric argument, the theorem holds for the case k <1 < ¢ < j as well. ]

Remark Now that we have a presentation for (z,,, we can define the inclusion and

n

projection maps. By the constructions given in Section 2, the inclusion map ¢; : z(3) - G,
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by t1(¢g:;) = ¢;; for all 1 <1i < j <n. The projection map m : G,, = S, is given by:

0 j if s € {Gi;h<i<j<n
7Tl<S) =

ls, if s € {gij}1<i<j<n

6.2 CORRESPONDING COHOMOLOGY CLASS

Now that we have constructed a presentation for G, it remains to choose a normalized
section, s, to measure the failure of GG,, to split. The choice of s will determine the image of

the cocycle constructed in Theorem 5.3. We define our section s : S,, — G, by s(0; ;) = &, ;.

Normal Forms of Permutations Since our normalized section is only defined on the
generators of S, given in (6), we must choose a normal forms to represent each
permutation. To be consistent with multiplication in G,,, consider multiplication in S,
from left to right. Let p € S, such that p(n) = k,, then p- og, , € S,—1. Suppose

POk, n(n—1)=k,_q, then p- ok, - 0k, 1 n—1 € Sn—a. Inductively:

D Okyn* Oky_1m—1""" Ol = L.

Therefore p = 014, - 02, * * - Ok, n. Define the normal section s : S,, — G,, by:

S(p) = 01.4,02ky " * Ok -

This choice of normal forms give the following algorithm to describe a permutation in .S,,:

Rewrites p as a word in the generators of S, given in (6).

For all 1 <i < j < n, replaces azj with 1g, .

If {i,7} N {k, ¢} = 0 and max{k, ¢} < max{i,j}, replaces o; o1, with oy 40, ;.

If j = max{i, j, k}, replaces o; jo, with o; 0 ;.
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e If i = max{3, j, k}, replaces o; jo;, with ;40 .
First we determine the normal forms for products of any two transpositions.

Lemma 6.4. Suppose {i,j} N{k,{} =0, then

0i 0kt J<t
$(01,015) = 5(04,j010) =
Ok 04j t<y
Proof. Notice o 0;; and o; ;01 describe the same permutation, therefore they have the
same normal form. If ¢ < j then we take o; ;0 ¢0; ;o1 = 1 and o, jop becomes oy, 40, ;.
Therefore the normal form of both o; ;o1 ¢ and oy ¢0; ; is oy ¢0; ;. Therefore
s(0i;0k4) = 0140 ;. Now, suppose j < {. Then we take the transposition fixing k first,

yielding o; ;o5 00100 ; and thus s(o; joge) = 000 ;. O

Lemma 6.5. The normal form for products of transpositions with intersection are:

0ik0ij max{i, k, j} = j
S(Ui,kgi,j) = S(Uz‘,jgj,k) =N 0ij0jk max{z', k?j} =k
\&k’j&k’i max{i, k,j} =1

The proof of Lemma 6.5 is a computation similar to the proof of Lemma 6.4 and
omitted. Now that we have the normal forms for products of generators, it is possible to

compute a representative for the cohomology class describing G,, as an extension of S,, by

7.(5).

Theorem 6.6. Let:

0—— 73 “,.q ™5 > 1

be the group extension where the action of S, on 7.3) s determined by the conjugation of
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pure braids by half twists in B,. The cocycle, ¢, defined by:

&(Cij) = 95
4
Gik — Git — Gkj + Gje i<k<j<ld
¢<di,j,k,@) =\ 9kt i+ Gie— e k<i<il<y
0 otherwise

\
(

i Gij — Ok 1<k<jg g<i<k, k<j<i
P(€in) =

0 otherwise

\

is a representative for the cohomology class of H?(Sy; Z(g>) corresponding to this extension.

Notation The image of ¢ is contained in the abelian group 7(3) with additive notation.
However the extension G, non-abelian. The computations in the following proof use
additive and multiplicative notation to distinguish between the abelian and non-abelian

settings.

Proof. By Theorem 5.3 we have

¢(ij) = s(0ij)s(0i;)

= Gij-

Without loss of generality assume ¢ < j and k < ¢, then consider cim-,k’g. By Lemma 4.8

s(oke04) = s(0;;0k¢) depends on max{yj,(}. If j < ¢, then by Lemma 6.4,
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$(0y40: ;) = 0; ;0ke. Therefore by Theorem 5.3 and relation R5

O(di i) = Gijoki(Giik0) " — G0 (Gii0he) "
= —5k7g&i7j5,;;5ijj.1
4

GinGiedridye  i<k<j<l

0 otherwise
\
>

—Gik+ Gix+ Gk — Gjs <k<j<lt

0 otherwise

\
Gik — Gie — Gkj + Gje i<k<j<dt

0 otherwise

For ¢(d; j ), it remains to show the case ¢ < j. By Lemma 6.4, Theorem 5.3, and R5

¢(Czi,j,k,£) = G;;000(Frpi;) " — ThuGij(Gredis)
= 5i,j&k,g&ij].1&,;}
(

%bm%wﬁ E<i<il<j

0 otherwise
\
4

— kit kgt ik — Ge k<i<tl<j

0 otherwise
\

By Lemma 6.5, to determine ¢(é; ), there are three cases for the normal form of the

permutation o, ;0; ; = 0; j0; ) which depend on max{3, k, j}. Suppose max{i, k,j} = j,
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then by Theorem 5.3 and Lemma 6.5 we have:

P(Cing) = 5(015)s(0j0)s(015005) " — s(oix)s(0i;)s(ik055) "
= 5z‘,j5k,j(5i,k5i,j)_1 — 5i,k<~7i,j(5i,k5z‘,j)_1
= G1j0kj0;, O p-

By relations R3 and R4 together with Theorem 6.3 we get:

- SO U |
¢(Cikj) = 0ijOkj0; ;O

/

Gik0in k<i<j
R I it < k ;

\gmgi,'o-kdo_wgi,j Ok L< k<]

(

0 k<i<y

~ —1~—1 . .
9i,j0i kY Oik 1< k<)
\

(

0 k<i<y

-1 . .
9i,j 9k 1<k<jy
\
.

0 k<i<y

9ij — Gk,j 1<k<y
\

Hence we are done if max{i, k,j} = j.
Now, let max{i, k, j} = k, then by Lemma 6.5 s(0;;0; ;) = 7, ;0. Therefore, as above

we have

G(Cing) = 0i05k(5ij0j0) " — Gik0ij (510 j0) "

1~-—1
kGij -

= —0ik0i,j0;,
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Now, if ¢ < 7 < k then R3 applies to 6,-7j6j_’,ic~r;j1 and if 7 < i < k then R4 applies:

4

HEn) Gi k0 i<j<k
Cikj) = —

- a1 ok

09,5045 010,39, J <1<

(

0 1<) <k

~ ~—1 —1 . .
0ikGi,j0 1 9i j<i<k
)

0 i<ij<k

g;;gk,j j<i<k
0 1<y <k
Gij — Gk,j J<i<k

It remains to prove the result if max{i, k, 7} = i. By Lemma 6.5, max{i, k,j} =i

implies S(O'i’jO'Z'J') = &k,ja-k,i- Thus

G(Einj) = 65i051(0i10ki) " — Oki0;i(Fjk0ni) "

—~..~. ~_1~_1_~ >~..~_1~_1
— O-J,zo-],ko-].w; O-j,k; O-kﬂo-%]o-k,i Oj,k‘
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If j < k < i, then relation R3 applies to 6j,k&,;36;,i while R4 applies if £ < 7 < 7. Therefore,

(

~ ~—1 . .
_ _ 11 . O’]’/Lo-j,’t j < k < Z
05i05k0k; 0k =
~ ~lx—1~ -1 : .
;
0 g<k<i

~ ~—1 -1 . .
\aj’igkﬁjajvi 9k k<j<u
(

0 J<k<i

| 9kidky R <j<i

Furthermore, if j < k < ¢ then R3 applies to 5;971»5]-71‘&,;} while R4 applies if £ < 7 < i. Hence

(

o Gk0 j<k<i
O-k,io-j,io-kj Jj,k ==
9ki0hi05i0kidriOpy  k<j<i
>
0 J<k<i

~ —1~—1 . .
95,0k, 95 Ok k<j<u
)

0 I<k<i

gmgj k<j<i
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Therefore:

.
) 0—-0 I <k<i
¢(€i,k,j) =
\gk,z‘gk_j - gk,igj_ﬂ} kE<j<i
(

0 j<k<i

Gki — 9 — (Gki — Gj.i) k<j<i
4

0 J<k<i

\gj,i_gk,j k<j<i

6.3 ORDER OF COHOMOLOGY CLASS
To determine the order of [¢] we build the extensions G2 of S,, by 7(3) which correspond to

the class of 2 - [¢] and show that G? also corresponds to the trivial cohomology class. To

construct G2 we use the pull-back construction described in Adem and Milgram’s text [1].

Definition Let E; and E5 be extensions of () by K with projections maps m : B4 — @
and my : F5 — (). Define the pull-back of E; and E5 to be the set

Ey xg Ey ={(e1,e2) € Ey x Ey | m(e1) = ma(e2)}. A proof the pull-back construction is a
group can be found on page 20 of [1]. If t; : K — E; and 5 : K — FE5 are the inclusion
maps, define Ag = {(11(k),12(k)™') € Ey x Ey | k € K} to be the skew diagonal of the
pull-back.

Remark Notice that Ag is a subgroup of Ey X Es, however Ax may not be normal. If
both the kernel and cokernel of the extension are abelian, then the quotient of the
pull-back by the skew diagonal of the kernel is a group extension and referred to as the

Baer sum of two extensions. In the abelian setting, the set of equivalence classes of group
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extensions form a commutative group with Baer sums as the binary operator. In this
section, we will describe the pull-back of G,, with itself and prove the quotient by the skew
diagonal is an extension of the symmetric group with a corresponding cohomology class

represented by a multiple of ¢.

Lemma 6.7. Suppose Ey and Ey are extensions of QQ by an abelian group K. If Ey and Es
give rise to the same action of QQ on K, then the skew diagonal of the pull-back is a normal

subgroup.

Proof. Suppose F; and FE, are extensions of () by K which give rise to the action
6 :Q — Aut(K). Let (e1,e9) € By Xg Eo and (11(k), ta(k)™) € Ak. Since multiplication in

Ey x¢g Es is defined coordinate-wise:

(e1,€2) (1 (k) o (k) 1) (e, e2) ™" = (erta(R)er ™, eata(k) ez ).

Since (e, e2) € By X Ey, mi(e1) = ma(e2). Furthermore, since £y and E, give rise to 6,

O(mi(e1)) = O(ma(e2)). Let k' = 0 (c,), then:

(erer(k)er’, eaa(k) ey ) =

Since k' € K, (11(K'), 12(k')™1) € Ak and by definition A is a normal subgroup of

Ey xg xEs. N

The previous lemma gives a necessary condition for the skew diagonal to be a normal
subgroup of the pull-back for non-abelian kernels. The following Lemma shows the quotient

of the pull-back by the skew diagonal is an extension if the skew diagonal is normal.
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Lemma 6.8. Let Ey and Fy be extensions of Q by K. If Ak is a normal subgroup of
Ey xq Es, then (Ey xg Es)/AK is an extension of Q) by K.

Proof. Suppose A is a normal subgroup of Ey xXg Es. Define ¢ : K — E; x¢g Ey by

L(k) = (t1(k),1g,) and 7 : By Xg Ey — Q by w((ey, e2)) = mi(e1) = ma(e2). By construction

7o (k) = m(11(k)). Since E; is an extension of Q) by K, m(t1(k)) = 1¢ for all k € K.

Therefore 7o 1(k) = 1¢ for all k € K and im ¢ C ker 7. It remains to show ker 7 C im ¢.
Suppose (€1, es) € ker . Then e; € ker m; and, since m(e;)ma(e2), €2 € ker me. Since Fy

and F, are extensions of () by K, there exists ki, ks € K such that ¢;(k;) = e; and

t2(ka) = es. Since K embeds into both E; and FEs:

(t1(k1), (k) = (1 (k) - ea (k) - 1 (k)™ 1, - a(k2))
= (1 (k1) - 1(ka), 1p,) - (11 (k) ™, ta(ka))
= (1 (k1ka), 1,) - (11 (k2) ™", 2(k2))

= L(l{ilkg).

Therefore (e1, e2) = t(k1k2) in (Ey X E2)/Ak. So kerm Cim ¢ and (Ey X E»)/Af is an

extension of @) by K. O

Remark Let G2 to be the quotient of the pull-back G,, Xg, G, by the skew diagonal, A,
of Z(3). Lemmas 6.7 and 6.8 imply G2 is an extension of S, by 7(3). Next we will show G?
corresponds to the cohomology class 2[¢] in H Q(Z(g).

Recall ¢; : 7(3) - G, is defined by ¢1(g;;) = gi; while m; : G,, = S, is defined by
m(6;,) = 0;; and m1(g; ;) = 1g, for all 1 <i < j <n. Furthermore, in Section 6.2 we chose
the section s : S, — G, which lifted permutations by rewriting them as a product of

2-cycles, then lifting each 2-cycle to the projection of the corresponding half twist in G,,.

Theorem 6.9. Let ¢ be the representative of the cohomology class corresponding to G,

constructed in Theorem 6.9. G2 corresponds to the cohomology class 2[¢] in H?(Sy; Z(g>)
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Proof. Consider the pull-back G,, xg, G, with the skew diagonal

A={(uk), (k)™ eG, xG,| ke Z(g)} By Lemma 6.7, A is a normal subgroup of
G, xs, Gp. Furthermore, G2 = (G,, xg, G,,)/A is an extension of S, by 7(3) by Lemma
6.7. Recall from Section 3.2, the representative for the corresponding cocycle of an

extension depends on the chosen section from the quotient group to the extension. For any

p € 5, define s5 : S, — Gi by:

where s : S, = (G, is from Section 6.2. Applying Theorem 5.3, the corresponding
cohomology class for G2, denoted ¢», is determined by the image of ¢; ;, Ji’j,k,g, and €; j .
Consider elements of Z(2) under the inclusion to G, and computing the formula from

Theorem 5.3, we get:

$2(Cij) = (9(Cig), @(Cij))

Go(dijre) = (O(dijne), O(dijne))
P2(€i k) = (A€ k), d(Eijk))

For any (g,h) € G2, notice:

(9,h) = (gh.1c,) - (K", h).

If h e L(Z(g)), then (h™', h) is equivalent to (1g,, lg,) in G2 and (g, h) = (gh,1g,). In

particular, ¢(z) € 75 for all z € {¢i;, d}}jykl, €;.jk . From the proof of Lemma 6.8,
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PR 7(3) is defined by to(k) = (k, 1g, ). Furthermore:

In H2(S,; Z0)), (6] = [6 + 6] = 2[g]. =

Remark [t remains to show [¢o] is equivalent to the trivial cohomology class. In Section
6.1 we chose the lift of 0, ; to be &, ;, the image of b; ; in B, /[PB,, PB,|, where
bij=0b;--- bj_gbj_lbj__lz e bi_l. As an element of the braid group, b; ; pulls the i strand
under all strands between i and j, rotates the i*" and ;' strands clockwise, then pulls the
j*® strand under the other strands until it reaches the i*® strand’s starting position.
Alternatively, consider the choice b; ; = b, R b;_Iij_lbj_g <o b L Notice that b;; 1s
the half twist between the ™" and ;' strands which pulls the i*" strand over all strands
between i and j, rotates the i and j** strands clockwise, then pulls the j* strand over the
other strands until it reaches the i*" strand’s starting position. In particular, b;. jl is the
braid in which the strands cross in the same order as b; ; with reverse orientation. Let 5\”
be the projection of b; ; in G,. Consider the section s : S,, — G, defined by s(o; ;) = 5\;}

with the same choice of normal forms as in Section 6.2.
Theorem 6.10. G2 corresponds to the trivial cohomology class in H?(Sy; Z(g))

Proof. Since the representative for the corresponding cohomology class is determined by

the choice of section from S, to G2, we define a section 5 : S, — G? which determines a

cocycle, 7, which is trivial on the generators ¢; ;,d; k¢, and €; ;. Define s by:

3(0ig) = (6ig, A}
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Applying Theorem 5.3 with Lemmas 6.4 and 6.5 we get:

~ (A o~ =—1x—1 Y-17-17
T(€ijk) = (Ui,jaj,kai,j O ks )‘i,j )‘j,k)‘i,j)‘ak)
Since A; ; reverses the orientation of every crossing for o; ;, the lift or relations in \S,, under
s yields the same product of pure braids as s with reverse orientation at the crossing of
every strand. Since the pure braids commute in G,,, reversing the orientation of every

crossing of a pure braid yields the inverse element. Therefore we have the following;:

for all x € {61'7]', Czi7j7k7g, éi,j7k}- In particular, T(ZL‘) =0 for all x € {Eiﬂ‘, dNi,j,k:,Za éi7j7k} since
(¢(x), —p(x)) € A. Therefore [7] is the trivial class in H%(S,,; Z(g)) Thus G? corresponds

to the trivial cohomology class. O

Remark Since 7 and ¢y correspond to G, but are constructed from different choices of
sections, they represent the same cohomology class in H?(S,; Z(g)) From Theorem 6.9 we
get [¢o] = 2[¢] where [¢] corresponds to G,,. Since T represents the trivial cohomology class

and [7] = [¢2], [¢] is an order two element of H?(S,; Z(g))

49



7 Mod 4 Braid Group

Recall the mod 4 braid group, Z,, is the quotient of the braid group by the level 4 braid
group, B,,/B,[4]. Furthermore, Brendle and Margalit proved the image of B,[4] in PB,,
denoted PZ,,, is isomorphic to yAY) (recall Section 4.2). Therefore we have the following

short exact sequence:

O—>Z§2) ‘s Z, —= S, s 1.

Note the action of S,, on ZgQ) is induced by the conjugation action of B, on PB,,. Since,
ZgQ) ~ PZ,, each g;; in (1) corresponds to the pure braid between strands i and j in

PB,/B,[A].

7.1 CLASSIFICATION BY COHOMOLOGY CLASS

Theorem 7.1. Let H, be the subgroup of G,, normally generated by {gﬁj}1§i<j§n. Then
G./H,~ Z,.

Proof. Since H,, is generated by gz-27 ;for 1 <4 <j<nand g; corresponds to the pure
braid between the i*® and ;" strands, H,, is the subgroup of G,, generated by squares of
standard generators of pure braids. Since the g; ;’s commute in G,,, the image of PB,, is an
abelian subgroup of GG,,. Therefore the set of all squares of pure braids in G,, is generated
by squares of generators of the pure braid group. Since the image of B,[4] in PB, is the
subgroup generated by squares of all elements, H, is the image of B,[4] in G,. Thus
G./H, ~ Z,. O

Presentation of Z, Let g;; be the image of b; ; in Z,,. Since A,, is the image of B,,[4] in
G, we get a presentation for Z,, by adding the relation gi ; = 1 to the presentation of G,.
Furthermore, the projection of g; ; to Z,, induces the mod 2 reduction of integers.

Therefore g; ; represents the image of a pure braid between the i'" and j™ strands in Z,,.
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Table 2: Relations of Z,

RO: g, =1 for all 4, j

R1: [Gij, Gre] =1 for all 4,7, k, ¢

R2: 5-1'2»]' = gi,j for all Z,j

M3: Gij0kj0;, = Ok if k<i<yj,i<j<k; orj<k<i
R4 5;].1aj,kai7j =Gix if i<k<yj, j<i<k, ork<j<i

Gi 1k Gi 0G5k G0 I<k<ji<lork<i<(l<]y

RS _i j 9 0 = .
o 7 Uk’g] {1 otherwise

R6: 00 0ke0;, = Jou,kyon,0  foralligk Ce{l,. .. n}

Therefore we get the following generating set for Z,,:
{9i5 U{ai,}-

where 1 < i < 7 <n. A full list of relations is given in Table 2. Notice that the relation R4
can be determined by relation 2R3. The following theorem completes the proofs of both

Theorem 1.1 and Theorem 1.2.

Theorem 7.2. Let k € Hom(Ry, Z§2)) be the represenative for the cohomology class in

(3)

H?(Sy; ZgZ)) corresponding to Z, as an extension of S, by Zs>’ given by the usual

)

construction. Let 7 : z(3) = Z§2 be the mod 2 reduction of integers. Then k =no ¢ where

¢ 1is the representative for G, defined in Theorem 6.6.

Proof. Define f : G,, = Z, by f(5,,) = 6:; and f(g;;) = g;; for all 4, j such that
1 <i<j<n. Then f is a well defined group homomorphism which commutes with the

following diagram:

~
—_

~

LT

0—2z06) 2 ,q M, g
0—>Z§g) s Z, —= S, > 1
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Choose a normalized section, s’ : S, — Z, by s'(0,;) = 7;;. Notice s (0;;) = f o s(0;;). By
Theorem 5.3

- ’ ’

K(Cij) = s (0i4)s (o)

’ / ’ ! !

K(dijre) == 5 (013)8 (04,08 (0150k0) ™" = 8 (000)8 (017)8 (Ohe0ig) ™"

i ! ! / / !

K (Eipg) =5 (015)s (0jk)s (0ijoje) ' — s (0in)s (0i5)s (0ik0i) "

So k = ¢ o f. Furthermore, f induces the mod 2 reduction of integers on the cohomology

groups. O

7.2 NORMAL GENERATING SET FOR THE LEVEL 4 BRAID GROUP

We begin with a well known consequence of Schreier’s formula which guarantees the
existence of a finite generating set for B,[4]. The proof of the following proposition can be

found in Lyndon and Schupp’s text (page 164 of [13]).

Proposition 7.3. If GG is a group with a generating set of size 7 and H is a subgroup of

finite index k, then there exists a finite generating set for H of size at most k(j — 1) + 1.

Note that Z, is finite of order n! - 2(3) since Z, is a group extension of finite groups.
Furthermore, B, is finitely generated with a generating set of size n — 1, therefore there

exists a generating set for B, [4] of size at most:

Theorem 1.3. Suppose n > 1. As a subgroup of B, the level 4 braid group is normally

generated by elements of the form:
Lo [b2,07.,] foralll1 <i<n-—1.

2. [bib2 b, b b2, 50 ] for all 1 <i<n—3.
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3.0} foralll1 <i<n-—1.

Proof of Theorem 1.3. Consider the quotient of the Artin presentation of B,, given in (2)
by the normal subgroup generated by b, [b7,b7,,], and [b7; 5,07, ;,5]. Then this quotient

has a group presentation:

b? =1, [b?’ bz?-l—l] =1, [bzz,i-l-va?—i—l,i-&-S] =1
bi,...,bh_1 .

b’ibi+1bi - bi+1bibi+1> blbj == bjbl lf |Z - j’ > 1

2
i; for all

Now, consider the presentation for Z, defined above. Replace g; ; with &
1 <i < j < n using relation R2. Therefore we can reduce the generating set of Z,, to {7, ;}
where 1 < i < j < n. Considering the case of 83 where i < j < k, the set {7, 41}
generates the set of all 7; ;’s. Thus we can take a generating set of {7, ;41 }1<i<n—1 for Z,.
Furthermore, replace 50 and 82 with 5,,, = 1 in Z, since since 7, = g;; and

2 . _ _ 1 =
gi,j =1. By relation R3 and 9%4, we have O-i,i+10'i+1,i+20'i,i+1 = 04i+2 and

5;117i 420i,i410i4+1,i+2 = Oi 42 respectively. Therefore:
_ _ B . | _ _
0i4,i+10i+1,i420; 41 = Oi41,i+204,i+10i+1,i+2

and we can replace relations SR3 and R4 with the relation braid relation. Furthermore, SR5
implies [7;41,5;;41] = 1 for |i — j| > 1. Replacing g; ; with 77, in relation 91 and
restricting to {741 f1<icn—1 We get (071,07 11,410) = 1 and [67,,5,57, 1 ;45 = 1. Thus we
get the same presentation as (7) with ;41 replacing b;. Since Z,, = B,,/B,[4], the relations

of (7) which are not relations of (2) normally generate B,[4] as a subgroup of B,,. O

Remark By Proposition 7.3 we know B, [4] has a generating set which grows faster than
exponentially in n. Brendle and Margalit pose the question [6]: does there exist a
generating set of B, [4] with polynomial growth in n? In future research we hope to build a

generating set by taking the normal generating set constructed in Theorem 1.3 and
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determine which generators are missing. Cohen, Falk, and Randell proved there exists a
surjection from P B, to the free group of rank 2 [8], therefore the commutator subgroup of
PB, is not finitely generated. In particular, we first must determine the intersection of the
subgroup of B, normally generated by squares of pure braids and the subgroup of B,

normally generated by commutators of pure braids.

o4



A Diagrams for Theorem 6.2
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