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Abstract

We generalize the Diederich-Fornaess index to bounded weakly g-convex domains with
bounded g¢-subharmonic exhaustion functions. Sufficient conditions for this generalized
Diederich-Forneess index to have a given lower bound are proved. We show this generalized
index is positive on bounded weakly g-convex domains with C® boundaries. Additionally,
we prove sufficient conditions for this generalized index to equal one. For example, we show

that if the domain has Property (ﬁ;) then the domain has high hyperconvexity.
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1 Introduction

Hartogs opened the door to studying pseudoconvex domains with his discovery of Hartogs’
Extension Phenomenon, see [28]. This phenomenon shows that for a bounded domain in C™
with n > 2, every holomorphic function defined in a neighborhood of the boundary can be
extended to the entire domain. For more background on Hartogs’ Extension Phenomenon
and its relation with pseudoconvex domains, see Section 3.3 of [6] or [28]. When the Hartogs’
Extension Phenomenon does not hold the domain is called a domain of holomorphy.

More precisely, a domain of holomorphy is a domain €2 for which we cannot find two
nonempty sets, A; and A,, where A; is not contained in 2 and A is contained in QU A; such
that every holomorphic function on €2 extends to a holomorphic function on 2 U A; and the
holomorphic functions are equal on As. Every domain of holomorphy satisfies a geometric
condition called pseudoconvexity (see, for example, Theorem 3.5.5 in [6]). Showing that a
pseudoconvex domain is a domain of holomorphy presents more of a challenge. This is the
Levi problem.

To define pseudoconvexity we will need the Levi form, a feature of the domain which
is independent of the defining function. A definition of the Levi form is given in Definition
2.2. For now, we note that the Levi form is a Hermitian quadratic form with (n — 1) real-
valued eigenvalues. A pseudoconvex domain is a domain where the Levi form is positive
semi-definite for all points in the boundary of the domain. A definition of pseudoconvexity
for domains which are not C® can be found in Section 3.4 of [6] for example. We will use a
definition that is equivalent for C® domains, see Definition 2.3 below.

Pseudoconvex domains have plurisubharmonic exhaustion functions, functions that are
subharmonic on any complex line (see Definition 2.5 when ¢ = 1 for an equivalent definition
for C? functions), as shown in Theorem 3.4.4 of [6]. The exhaustion functions are not
required to be bounded. However, when a bounded plurisubharmonic exhaustion function
exists, the domain is called hyperconvex. The Diederich-Fornaess index was presented by

Diederich and Fornaess in [11]. They proved for a bounded domain Q with a C? boundary



that there exists 0 < n < 1 and a C? defining function p on Q2 so that —(—p)" is strictly
plurisubharmonic on 2. The Diederich-Fornaess index for €2 is the supremum of all 7 for all
defining functions of €2. An important result they showed was that the index is positive on
all pseudoconvex domains with C? boundaries, [11]. As we would like to find a similar such
value for our situation we will also be using 7 in a similar fashion. The Diederich-Fornaess
index is a way of quantifying the hyperconvexity. A domain with 7 close to zero is said to
have low hyperconvexity. A domain with 7 close to 1 is said to have high hyperconvexity.
Range in [27] has a simpler proof of Diederich and Fornaess’s result for C* domains. We will
be adapting Range’s proof for this thesis.

The pseudoconvex domains as defined by the Levi form are thus related to eigenvalues
of this form. Less is known about the theory for (0, g)-forms when ¢ > 1. Early work of
Andreotti and Grauert [1] gives foundational results. A domain with a C? boundary is said
to be weakly g-pseudoconvex if and only if the number of negative eigenvalues of the Levi
form is less than or equal to ¢, as defined in [12], see the references therein. Eastwood and
Suria in [12] using that definition of ¢-pseudoconvexity made several connections between g-
pseudoconvexity and the extension of cohomology classes which is analogous to the Hartogs’
Extension Phenomenon when ¢ > 0.

A domain is said to be weakly ¢g-convex when the sum of the g-smallest eigenvalues of the
Levi form is nonnegative as in Definition 2.4 and [26]. Note that weak g-convexity actually
implies (¢ — 1)-pseudoconvexity in the sense of Eastwood and Suria. The characterization
of weakly g-convex domains we will be using was presented by Ho in [20]. In the same
paper, Ho provided a definition for a g-subharmonic function on U € C". Our definition of
g-subharmonic, see Definition 2.5 below, is equivalent to Ho’s definition when the function
is C%. Pinton and Zampieri expanded on Ho’s work as part of their study in [26]. The
motivation for our main theorem comes from their discussion of plurisubharmonic defining
functions of Section 4. Our later examination of the connection of a weakly g-convex domain,

the Diederich-Fornaess index, and g-subharmonic functions was sparked by their statement



that such a connection should exist (note that [26] uses g-plurisubharmonic in place of ¢-
subharmonic; we will use Ho’s terminology from [20] for the sake of consistency with earlier
definitions of g-plurisubharmonicity).

The Bergman Projection is the orthogonal projection from the space of square integrable
functions of a domain in C" onto the space of holomorphic square integrable functions for
that domain. A domain with the Diederich-Fornaess index near one implies regularity for
the Bergman Projection in Sobolev spaces (See [22], [3], [26], [15], and [23]). Kohn in [22]
showed that the Bergman Projection is regular in the Sobolev space W*(€) for a range of s
depending on the Diederich-Fornaess index and some other hypotheses, generalizing an earlier
result of Boas and Straube [4]. Berndtsson and Charpentier in [3] showed that the Bergman
Projection is continuous in W#(£2) for all s > 0 less than one half of the Diederich-Fornzess
index. Harrington in [15] proves that a Diederich-Fornaess index of one with some additional
hypotheses (referred to as a regularized Diederich-Fornzess index of one by Dall’Ara and
Mongodi [7]), implies that the Bergman Projection is continuous in W*(Q) for all s > 0.

The conditions g-pseudoconvexity and g-plurisubharmonicity are invariant under holo-
morphic changes of coordinates, but g-convexity and g-subharmonicity depend on the choice
of holomorphic coordinates. This is because eigenvalues of congruent matrices, see Definition
4.5.4 in [21], have the same signs but may have different relative sizes. Our proof of the main
theorem will only use orthonormal changes of coordinates. Thus our conclusions will show
g-subharmonicity.

A domain is said to be hyper g-convex when the sum of the g-smallest eigenvalues of
the Levi form is positive as in Definition 2.4 (see, for example, Wu [30]). We note that by
this definition every hyper g-convex domain is also a weakly g-convex domain. Thus all of
our later discussion for weakly g-convex domains trivially applies to hyper ¢g-convex domains.
Hyper g-convexity is related to weak g-convexity in the same way that strict pseudoconvexity
is related to pseudoconvexity.

In this thesis, we will generalize the Diederich-Fornaess Index to bounded g¢-plurisub-



harmonic exhaustion functions on bounded weakly g-convex domains. Our main theorem
is a sufficient condition for this generalized Diederich-Fornaess index to have a given lower
bound. In addition to ¢, this lower bound depends on two quantities B and A derived
from an arbitrary defining function and a quantity ¢ derived from a strictly g-subharmonic
weight function. The main theorem will be followed by three corollaries. The first corollary
will be generalizing work of Diederich and Fornaess and also Range to bounded weakly g¢-
convex domains. It will show that in the situation of low hyperconvexity the main theorem’s
conclusions hold.

The second corollary generalizes works of Liu [24], Yum [31], and Harrington [16]. Due
to their work it is known that the Diederich-Fornaess index has high hyperconvexity when
a = 0 and when restricted to weakly pseudoconvex directions. This «, an important real-
valued 1-form, was first defined by D’Angelo in [8]. In [9], D’Angelo further developed « and
its connection to pseudoconvex domains. For the second corollary, we need a comparable
condition to the vanishing of o in weakly pseudoconvex directions that applies to (0, ¢)-forms.
The quantity A defined by (6) represents this. In future research, we hope to relate A to the
vanishing of some ¢-dimensional cohomology class, as is true in the ¢ = 1 case. The second
corollary to the main theorem below shows conditions where the main theorem’s conclusion
holds for a domain with high hyperconvexity.

The third corollary is a generalization of work done by Harrington for Property (P)
from Corollary 6.1 in [16] and for Property (ﬁ) from Corollary 6.2 in [16]. Property (P)
is a boundary condition introduced by Catlin in [5]. A domain satisfies Property (P) if for
every positive number M there is a uniformly bounded (i.e., with a bound independent of
M) plurisubharmonic function on the domain for which there is a lower bound of M for
each eigenvalue of the Levi form for all points in the boundary. Catlin also proved that for
a smoothly bounded pseudoconvex domain that satisfies Property (P) that a compactness
estimate holds for the 9-Neumann problem on that domain, Theorem 1 of [5]. Later authors

(see, e.g., Chapter 4 in [29] for references) showed that a compactness estimate for (0, ¢)-forms



holds whenever Property (F,) holds. Property (P,) replaces the eigenvalue bound with a
bound on the sum of any ¢ eigenvalues. Property (/]5;) , a possible generalization of Property
(P,), was introduced by McNeal in [25]. He introduces two conditions to build Property </qu> :
the self-bounded complex gradient and a condition analogous to the eigenvalue condition in
Property (P,). The formal definition of Property (E) is given in Definition 2.12. The third
corollary to the main theorem below shows that if the domain has Property (ﬁ;) then the
domain has high hyperconvexity.

We conclude with some examples demonstrating that it is possible to be weakly g-convex
without having hyper g-convexity. In our examples B = A = 0, as defined in (5) and (6), but
there do not appear to be local obstructions to the vanishing of these. To obtain examples
where these do not vanish for any choice of defining function, it seems that it will be necessary
to study domains with g-dimensional complex submanifolds in the boundary with non-trivial
g-cohomology, and this is likely to be a difficult question. When ¢ = 1, the classic example
is the worm domain of Diederich and Fornaess, which has an annulus in the boundary and

arbitrarily small Diederich-Fornaess Index.

2 Definitions

Let A9 be the space of (0,¢)-forms at z € C" with 1 < ¢ < n as in the discussion before
Lemma 4.7 in [29]. For u € A9 we write u = > "u;dz’ where >’ indicates the sum over

J
all increasing multi-indices of length q.

Definition 2.1. A domain Q in C*, n > 2, is said to have a C* boundary, 1 < k < oo, at the
point p € 9 if there exists a C* function r(z) defined in an open neighborhood U of p such
that QNU = {z € Ulr(z) <0}, 0QNU ={z € Ulr(z) =0}, and 9r(z) #0on QN U. If
U is an open neighborhood of 2, then 7(z) is a defining function for €2, see Definition 1.1.2
in [6].

Definition 2.2. Let Q be a bounded domain in C™ with n > 2 and let r(z) be a C? defining

function for 2. The Levi form of the function r at the point p € 012, denoted L, is the

5



Hermitian form

" 9P
L (u,v) = T
(1.0) = 3 5= T
J.k=1

defined for all u,v € C" with f:lujaa—;(p) = 0 and ilvjaa—;(p) = 0, see Definition 3.3.1 in
6l j= =

Definition 2.3. Let Q be a bounded domain in C™ with n > 2 and let r(z) be a C? defining
function for 2. The domain 2 is called pseudoconvex at p € 0€ if the Levi form is nonneg-
ative for all u € T,)°(99) as in Definition 3.4.1 of [6]. The domain is called a pseudoconvex

domain if it is pseudoconvex for every p € 0f).

Definition 2.4. A domain  with a C? boundary is said to be weakly g-convex when the
sum of the ¢ smallest eigenvalues of the Levi form is nonnegative. This is equivalent to
Ho’s definition by Lemma 2.2 in [20]. A domain  with a C? boundary is said to be hyper

g-convex when the sum of the ¢ smallest eigenvalues of the Levi form is positive as in [30].

Definition 2.5. A C? function p is said to be g-subharmonic on a weakly g-convex domain
Q if the sum of the first ¢ eigenvalues of the complex Hessian, Z?,k:l %(p)t]ﬁ for all
t € C", is nonnegative as in Definition 1.1 and Theorem 1.4 in [20].

Let © C C" be domain with a C? defining function r. Choose p € 99Q and rotate

coordinates so that V1 < j < n—1 we have that g—;j(p) =0, Re 8‘972(19) =0, and Im a%(p) > 0.

Definition 2.6. Let u € A9 with ™ = 3 "uydz’ and v” = Y 'usdz’. For p € 99 and

Jng¢J JneJ
coordinates as above, define 74(992) be the complex tangent space of (0, q)-forms where
u= Y 'usdz’.
Jn¢J

n
Definition 2.7. For u,v € A9 let Ly(u,v) = DY %(p)uﬂqvk_hr. When we restrict
H jk=1 "

u and v to T9(99) on a weakly g-convex domain Q, L}(u,v) is a Hermitian semi-inner

product with semi-norm  /L?(u, u). Now we define

p

n—1
/ 0?
N = {u € T;,)’q(@Q) Z Z aT(,;?k(p)ujHUkH = 0} .
j

H jk=1

6



We will show that a Cauchy-Schwarz inequality applies to the space represented by /\/;?

and also that J\/}g is a vector space in Lemma 4.1 and Lemma 4.2 below.

Definition 2.8. Let © be a domain in C". The reach of 012, denoted reach (052), is the
supremum of € such that if z € C™ and the distance from z to 0 is smaller than e, then 0f2
contains a unique point, p., nearest to z as in [13]. If 9Q is C? and compact then 9 has

positive reach.

Definition 2.9. A continuously differentiable complex-valued C* function f(z) defined on an

open subset D of C" is called holomorphic, denoted f € O(D), if f(z) is holomorphic if

of _
o =

0 at every point in D as in [14].
Definition 2.10. A domain D in C" is called a domain of holomorphy if we cannot find two

nonempty open sets D; and Dy in C" with the following properties:
e D, is connected, Dy € D and Dy C Dy N D
e For every f € O(D) there is a f € O(D;) satistying f = f on Ds.

Definition 2.11. A domain D in C" is a g-domain of holomorphy if and only if, for all p € 9D,
there exists m < g and a cohomology class [a] € H™(D, Q) which does not extend though p
as in [12].

In [25], McNeal defines Property (ﬁ;)

o~

Definition 2.12. Let ) be a domain in C". Property (Pq) is said to be satisfied by 2 if the
following holds: there exists a constant C' such that for all M > 0 there exists a C? function

f in a neighborhood Uy, of 0f) with

0
Z af (2)u;m

7j=1

2

|H|=g—1

<c >y Zazﬁzk VU g (1)

|H|=g—-1

and

>y 2yusntin > Mluf? (2)

|H|=¢—1 j,k=1

8z] 8_



for z € Uy and u € A9 (2) as in [29).

When (1) holds, we say that f has a self-bounded complex gradient.

3 Theorem and Corollaries

Let Q be a weakly g-convex domain with a smooth boundary and r a C?® defining function.
For real values a and n with a > 0 and 0 < n < 1, we will show the following conditions are
sufficient so that for a C® defining function p, defined by p = re~**(*) on a neighborhood of

0 in Q, we have that —(—p)" is g-subharmonic on €.

Theorem 3.1. Let Q be a bounded weakly q-convex domain in C* with a C3 boundary and
a C? defining function r. Let 0 <n < 1 and let ¢ be a C3 (ﬁ) real valued function such that

for a real nonnegative number £ the following hold

2

|H|=g—-1

Z 9z; 2)u;m

<€ Z Zazjﬁzk Junkn (3)

|H|=g—1

and

DD P az a— (2)usrtr > qlul? (4)

\H|=q—1 jik=1 7
for all (0,q) forms u on a neighborhood of O in Q. Let Ly(u,v) and N be defined as in
Definition 2.7. For p € 02 and > 0, let

Upp ={2€Q:(—r(2) < |z —p| =dist (z,00)}.

Let
B = lim sup sup sup < ((—r(z))|v|2)_1L2(v,v)). (5)
H=0 pedQ 2€Up 4 veNT
v;é()



When N = {0} we define B =0. Let

A=sup sup sup <|8r(p)|_1
PEIN weA0:a—1) veN,]
v#£0

v OrAw
a5 orren)l) o

When the set of v € /\/;;1 such that v # 0 is empty we define A =0. If

Wi K
[

NI

2A82 4+ ¢

and

q(l—n)_é 42
B < 16 féA A (8)

then there exists a nonnegative real valued number a and a C? defining function p such that

p =re~) on a neighborhood of O in Q and —(—p)" is g-subharmonic on €.

We have three corollaries to the main theorem. Note that Corollaries 3.2 and 3.3 are

similar to Corollary 6.1 in [16] (up to a constant multiple of A) when ¢ = 1.

Corollary 3.2. Let Q be a bounded weakly q-convex domain in C* with a C? boundary. If
0 < n <1 is small enough then there exists a C* defining function p such that —(—p)" is

g-subharmonic on Q.

On hyper g-convex domains, A = 0 by definition, and we can always choose r so that
B < 0 (see Lemma 4.4), so the next corollary, Corollary 3.3, always applies to hyper ¢g-convex

domains.

Corollary 3.3. Let Q be a bounded weakly g-convexr domain in C* with a C3 boundary.
Suppose there exists a C° defining function v for Q such that A =0 and B < 0 where A is
defined by (6) and B is defined by (5). Then for all 0 < n < 1 there exists a C* defining

function p such that —(—p)" is g-subharmonic on 2.

Next we have a corollary when our domain satisfies Property (/qu> We will see in the



proof that Corollary 3.4 is quantitatively stronger than Corollary 6.2 in [16] when A is large

and ¢ = 1 even though the results are qualitatively the same.

Corollary 3.4. Let Q be a bounded weakly g-conver domain in C* with a C® boundary.

Suppose £ has Property (Pq> as defined in Definition 2.12. Then for any 0 < n < 1 there

exists a C® defining function p such that —(—p)" is q-subharmonic on .

4 Basic Properties

In this section we will prove some basic properties we have found. Let Lg(u, v) and ./\fg be
defined as in Definition 2.7 for all lemmas in this section. First, we claim that a Cauchy-

Schwarz inequality applies to the space represented by ./\/;?.

Lemma 4.1. Let Q € C" be a weakly q-convexr domain with C? boundary. Let u,v €

T)9(08). Then |Lj(u,v)| < \/Lg(u,u)\/Lg(v,v).

Proof. Let Ly(u,v) be defined as above and let t € R. Now,

0 < Li(u+tv,u+tv)
r r r 27r
= Ly(u,u) +tLy(v,u) +tLy(u,v) +t"Ly(v,v)

T T 2rr
= Ly(u,u) + 2t Re Ly (u,v) +t°Ly (v, v).

We will first prove | Re L} (u,v)| < \/Lg(u, u)\/LZ(U, v). To see this, we will consider two
cases.

Case 1: Ly(v,v) =0

Then 0 < Lj(u,u) + 2t Re Lj(u,v) for all t € R. Thus Re L} (u,v) = 0. Hence

| Re Ly (u,v)| < \/Lg(u, u) \/LZ(U, v).
Case 2: Li(v,v) # 0. Since § is weakly g-convex Lj(v,v) > 0 in this case.

10



Re Ly (u,v)

Let t = —W. Then
2(Re L7 (u, v))2 (Re L (u, v))2
0< L (u,u)— — - -
/ Lq<U7U> Lq(’U,’U)
. (Re Lr(u,v))2
= Ly(u,u) — ~ 1 7

Ly (v,v)

Thus (Re L (u, v))2 < Lj(u,u)Ly(v,v). Since this is true for all u,v € 77 we have that

| Re Ly (u, v)| < \/Lg(u, u) \/L;(v, v).

Now, suppose L;(u, v) = se? for s > 0. Then we have that Ly (e*wu,v) = s. We have

shown that
|Re L, (e u,v)| < \/Lg(e*ieu, e~ 0y) \/LZ (v,v).
So
s < \/Lg(e*wu, e~ ) \/Lg(v, v)
= \/Lg(u, u)\/Lg(v, v).
Hence,

Ly, 0)] < \/ L, w)y /L (v,0).

Now, since \/Lg(u, w) \/Lg(v, v) = 0 in NV, we can show that N/ is a vector space.

Lemma 4.2. Let Q be a bounded weakly q-convex domain with a C? boundary. Then /\/;g 18

a vector space.

11



Proof. Let u,v € /\/;? and Ly(u,v) be defined as above. Let a,b € C. Now

r = 2rr bIT =TT 27T
| Ly(au + bv, au + bv)| = |[a|" Ly (u, u) + abLy(u,v) + baL(v,u) + [b]" Ly (v,v)|

= |aBLg(u, v) +baly(v,u)|.
By the triangle inequality and Lemma 4.1,

| Ly (au + bv, au + bv)| < |al[b|| Ly (u, v)| + |al|b]| Ly (v, u)]|

< Q\aHb\\/Lg(u,u)\/Lg(v,v)

=0.

Thus au + bv € Ng. Hence Ng is a vector space.

O

Lemma 4.3. Let Q be a bounded weakly g-convex domain with a C® boundary and a C?

defining function r. For p € 0S) and > 0, let
Upp={2€Q:(—r(2) < |z —p| =dist (z,00)}.
If % denotes the outward normal derivative, then

n 3r L
%:/ Z <_8V§ﬁazj (p))ujHUkH
B = sup sup

PEOD uEN! o (p)|ul?
u#0

(9)

Proof. Let p € 090, z € Q such that |z — p| = dist (z,09), and 2z, = tz + (1 —t)p for all
0 <t < 1. Choose local coordinates in a neighborhood of p € 92 so that V1 < j <n—1 we

have that %(p) =0, Re %L(p) =0, and Im 887’;(]9) > 0. Also, let u € V. Then

12



37"
S (i () (s — po)uss e + e (20) (5 — )y

I (2 G — Pl + 2 5 — Il

Since the numerator and denominator are both approaching zero in the first line above,
we employ L’Hopital’s rule to get to the second line above. When z € U, , we have that
|z — p| = dist (2,09). Thus z; = p; for all 1 <7 <n—1 and Re z, = Rep,. Additionally, we

have - — 0 when ¢ # n. Hence

n 3, 3 _ N
5 52 (8 (0) (on = )it + 2,32t () (5 — P
~(Z ) — Pl + Z )z — Bo)lul?)

Z/ Z (%(p)(ilmzn—z'Impn)u]HukH—l—azg#( )(zImz_n—zImp_n)u]Hm>
H =1

()i z, —ilmp,)[u? + 2 (p)(i Tz — i Ty uf?)
> il (azjg;,:azn (p) — azjg;:az(p))ume
(=i - 2207 lul?
(szazkayn (p)> UjHURH

— gy (D) |uf?

|
wMz

Note that % is the unit outward normal at p. Thus when we take the supremum over

13



all p and u such that p € 90, u € Nz;] and u # 0 we obtain

n 5 L
;l .kz_l <_auaé)7,:azj‘. (p)>ujHUkH
B = sup sup — or 2
PEORuEN gy ()]ul
u#0

[]

Lemma 4.4. Let Q be a weakly q-convex domain with a C* boundary. Let r be the signed

distance function. Let B be defined by (5). Then B < 0.

Proof. The signed distance function is also C3. For p € 9Q and p > 0, by Lemma 4.3 we

have that )
3 —
2/ .kz_l <_au887,:azj (p)>UjHUkH
B = sup sup — or 2
peom ey ol
u#0

In [16], (5.3) provides justification that sign of our numerator is negative. Hence B < 0. [

5 Proof of Main Theorem

In this section we will be proving the main theorem, Theorem 3.1.

Proof. Choose orthonormal local coordinates in a neighborhood of p € 9€) so that for 1 <
j <n —1 we have that %(p) =0, Re (%;L(p) =0, and Im %(p) > 0. By (8), we can find a
real number R such that

B<R<M—Z—2A—A2.

Consider the function

_qr 1 nx -1 2%—7737
f<x>_7_A2(2_§_1—77> (1—77)_]%

For




1
we have that a is nonnegative based on our assumption that n < 2A§q12 . Then by (8),
2+4q2

f(a) > 0. Notice that x = @ maximizes f(z) over 0 <z < 122—7’77 The inequality f(a) > 0 can

be rearranged to be

1 na - 2_15 —na qa
—R—- A - = >0. 10
A(% 1—77) (1—?7 T (10
Let u be a (0, q)-form. Let v and u” be as in Definition 2.6 and u™ = u] + u] where

uf € N at p € 0Q and uj € (/\/;;’)L at p € 0Q2. Fix e > 0, ¢ > 0, and § > 0 such that
Ly(u", ") > elup]* = R(=r)[ui|* — e(=r)uf|[uz] + 6(=r)|u"|” (11)

on U, , for p sufficiently small. Let

v OrAw
55 o))

[=sup sup sup (]87"(}7)]1
PpEIN e A(0,9-1) ve(Ng)l

and suppose u” # 0. Define a (0,¢ — 1) form ¢ by

n %)
(=YY 8—5“5'11@'
J

j=1 H

Let

2 1 na ! 2%—77@
2 (2_5_1—n> 1-n ) )

By (10), A > 0. Thus for z € U,, sufficiently close to the boundary with a distance

Q
I
VR
B

15



independent of p we have 4Ae + (—r)(4AC — B?) > 0. Rearranging terms we have
4A(=r)(e + C(=7)) > B*(—r)*.

Hence A(—r)[u]|? + B(—r)u]||uj] + (¢ + C(—r))|ui]|?* > 0 since the discriminant of this

quadratic form is negative and so

eluz|* — R(=r)|ui]* — e(—r)luiuj]

1 na - %—7]@ T T1\2 qa T2 T2
> (=) 2% 11— 1= (Aluf| + lus]) —(—7’)7(|U1| + [ug]?).

(12)

Since u] and u} are orthogonal, we have |u7|*> = |u]|? + |uZ|?. So these along with (12)

imply the following

elup]* = R(=r)[ui|* — e(=r) uflu3]

2L_ 1 - 2 T
><—r><§_za> (36~ 12) (ATl + gl = (-0 S 13

Next we recall our bounds for A4 and [. Since |0r(p)| = %(p) , for z € U, ,, we may

assume |r(z)| is sufficiently small so that

e M\ (1 e TN 4@, 1
<—r>< )(2—5—1_) (A + 13 — (=)

1—n n
—2 2
sl V) () (o et
u [ [ —
A 1—n J\26 1-9

or o .ou
4 o)
qa T T
— (=) P = (=)l (14)

Oz

> (—r) +

16



Notice that

) Gm) - () )
(e ) (5 )
- (<1nia;>2 - <1n—aj7>2 i 2£<1a— )(‘5 N 177:1277)_1
)G
<1_n> (5 1%) o0 09

. Then from the first term on the right hand side

2 1 2 -1
o ,ou 2 —Na a na
L - - _
' q<u2’IU”!>D ( L —1 )(25 1—77)

Let & =

r T u¥
Ly (ul, W|)

of (14) we may write

-2
T T uV
( (o)

or

(=) oz

or - na *la na? -
— ()| 2 2 _ _ _ !
=) ¢ ((1—n) (25 1—n) +3-=m )
(16)
Expanding the right-hand side of (16) we have
or - na \’/( a na* \ '
)52, ¢<(1— ) (25 1—n> = )
(Y (2 e |2 e | 2] e
- 1—n 2¢ s 1 0zn " 1 0z,

17



Notice that

If we add this to the right-hand side of (17) we obtain the inequality

n(725) (F-mea-07)

> (1) ((E —net(t =) el

—na(l —n)~" (2& —na*(1 — n)_1> b 5—; 1@> |
)

£
2/ , N —2
(i —na”(1 —n) >

-2

o A

0z,

or

Oz,

=

2

or
0z,

Expanding the square on the right-hand side of (18) we have

() ((i (1 ?7)_1>;WHC! ~walt =) (5 = -

-2

+ (=) <177_an> <% —na*(1 - 77)_1)_ aa_; O+ (—r)(1—n) |5
= (¢ et =0 PP+ 20t ) )| 5
=)

18
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)—;

-1
[Cl[uT|®

o2,



Rearranging the — (% —na*(1 — 77)_1> on the first term, we have

-1
a 2 -1 2 12 —1 or .
= (56 0= P+ 2malt = 7 0| | el
—2
1 87” 2
+ (1 =n) (=) oz o
— gl (e - - (-t )
or o or -
+2na(1 —n) "' () oz, [T + (1 —n) " (=) oz o2 (20)
Completing the square for ®, we have
el (e = = (et )
-1 -2
—1 or - ~1 or 2
+2na(l —n) " (-r) oz, [¢[lu|@ + (1 —n)" (-r) oz, s

-2

e e | K B R O e [ A et

or
0z,
Then from (13)-(21) and substituting the expression that ® represents back in, we can write,

elupl* = R(=r)[ui|* — e(=r) uil[uz| + 6(=r)|u"]*

-2 2
T a/’q T T uy T T uy
(g o )|+ s o )

~ (=) (35 = e P = (=) S 22

or

0z, +

+

> (1=n)"'(-7)

2

Note, we have

19



By (11), the inequality (22) implies

-2 2
T ar A T ul/
(a5 (o))

= (=) 55 = e ICPIa = (=) S

or

L) > (1 =) (=) | 5

7|2 results in

—2
or
(W\d '8_% +|L

Dividing this inequality through by |u

L (i) > e

ju”|” Ju|

or

0z,

Rearranging, we have

(55 ) = (5 =) (o

or

0z,

-1
u" v
rl—,—
dzn| T q(wruw)‘)
-2
um o
(—,— ).
(”“ ! q<|uf|’|uv|>D

From this inequality, there exists a constant d > 0 such that we can write the following two

> (1L=n)"' (=)

inequalities

1/ . (u  u” a
(4l i) e - )ier %) (“a

and
2
(naK | 5

1
u”u”
+ Lr(_,_) = d
"\ ] T |>

(24)

u"ur
+ LT(—,—> | (25)
"\ Jur] T D

or

a> 5107 ()|

20



We can rearrange (24) and multiply through by n(—r)"'e=1%() to get

Tl emmae(z) pr( 2 U_T - _ —nap(z)| ~|2 ) emag(z) 4%
eyt (B ) (g -t ) (oG e

u’ o our
L' —,— d>0 (26)
qu|m4M>

We can rearrange (25) and multiply through by n(—r)""'e=1%() to get

u”uv 1
L —, — )] =
! quvww)DQd

(L= )(=r)" e

—am—m“%"w@(mmﬂg—+

0 < —n(—r)" g9 (

2

or

0z,

Next we multiply (26) through by |u7|*

.
_W)

a
£ gy = 10 ) (=r e 4 (e B

u”ouv
+ U‘<—, ) du™]* > 0. (28)
Q\m\ww‘)

to get

— 29—y <na|<|'§zi

Similarly, we multiply (27) through by |u”|* to get

u” o u” 1
Lr o V|2
quWm%M)zﬂ'

(L =) (=)o)

0 < _n(_r)nfle—mw(Z) (77@|<| ‘aa_r

or

V2
8%\ 2 (29)
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Next we add inequalities (28) and (29) together to get

-1 7(1(2) r UT UT
eyt (A )
( I\ Jum]” fur]

—|—7] (ﬂ _ 77@2) (_T)ne—naap(z)’<|2 + n(_,r,)nena@(z)%) |uT|2

2
T uT uV T 2
LKWTWO)ﬂ“

u” v 1 2

LT - _ v
¢ M)D 2"
2

[u’|* > 0. (30)

or
— (=) Lemar(2)
n(=r)"™ e (nalcl| S| +

— (=) (nam |+

or

Zn

(L= (=) e

By Cauchy’s inequality ab < da® + Z—z for a,b > 0. Using this in inequality (30), we have

T

=1 _—nap(z) 1T U u’
n(=r)" e ML < - 7_7_)
( N

(g = 1) (=r e (e B

— 2= e (nalCl ra

T uT /U/V T v
*L4WMMN)WW‘
a 2
(L= ) ()" e O | fut > 0. (31)

The next goal is to show that the left side of this inequality is less than or equal to
90 (— (—p)") (u,u). To work to this goal, we will consider the |u7|?, |u7||u”|, and |u”|? terms
from the left side of this inequality individually. After we have examined each of these

individually we will bring the results back together.
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We first compute 99 (— (—p)") (u, u):

0~ (=) ) = 30 5 (a1 =) 52 T () G )

n

/ or 8%0 _
— _ _p—ap(2) —ap(z) _ . 2 —ap(z)
gH (7}(1 7])( re ) (62'] ra S e )

Ji:k=1 J

2
(ﬁe—aw(a _ma_‘Pe—mp(z)) +n(—re—‘w<2>)”‘1< O —ape) _ 97 09 o)
0z

0z Z 02,07 87:] 8zk
8290 —ap(z) or 8@ 7ago(z) 26(,0 8@ 7a<p(z) —_—
—T(Lazjaz_ke aaz_k @Z] +ra 82] aZk U;HUELH
_ZZ ( )1~ 2 —nap(z <ﬁ_ 830)(2_70@8_90)
Pl 0z, 82] 0z, 0z,
_ 0?r or Oy oAt or Oy Do Op
PRl S 116 N N St 2¥Y Y e
(=) e (azjazk o om | om0m  omon | 0 az—k) ki

- / o _ dp Oy o 0*r
= 1— _ )12 77@99(2) 2 2 2\ nap(z)
p3H) (v - w2 00 28 gyt O
) 0? B dp 0 -
(=)t O (1)’ 16‘”““"(”7“a2—¢—90) Wi

02,07z 0z; 0z
o Op [ Or Op
_ e\ 2, —nap(z) . - _
(11 = eyt J2 (I~ ra 2 )
_ 0?r ot or Oy 2 0p Oy —
)11 o—nap(2) _ _ g2 T U
(=) e (azjaz—k Mnom ‘omos, Vo azk)>“JH“kH

# (1= menem - 22 (2~ raff )

+n(—r)"‘1e‘”“@<2>( Fr__ . 2o _ ﬁa_@nt 200 agp)) v

— —ra ra U U7,
8zj8zk 82382% aZJ 8zk 32] 0zk JHTRH

or 0 or 0
_ _ 2 \12 —nap(z) TN 4
+ (n(l m(=r)" e (82] Ta@z]> (@z—k 8zk>

()o@ ( 0r 87“ D 0% (?7“ %)

(9zjaz_k 8,2] 8zk 8zj8,zk 8zk azj
dp Oy v ——
-H“faa—z_k)) ujHukHl . (32)
J

Now we estimate each term in (31) with the corresponding term in (32). From the |u"|?
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term of (31) we use (3) and (4) to show

-1 —nap(z) 1T u’u’
eyt (A )
< A\ ur]” fu]

b g =) (= eGP e B

2§
= ' O*r
< _ (n—1) —nap(z)
<Y (77( et S
7,k=1 H
2\ ,—nap(z) a dp @ 8290 T ouT
Fal=r)e ((25 " )azj o 20205 ) )

9%r

Z Z ( ) (1-1) g =na(= )azjaz—k

Op 0 0 —

0z; 0z 02,07

Rearranging terms results in

—na z 62
Z v ( nag( )8zj5z—k

7,k=1 H
590 99 e
)1 ,—nap(z) T
2
= Z Z —r)"" 2, —nap(2) .2 2890 890 _{_77(_7“)77*16—%%(3) 07r
Pl azj 0z 02,;0%
_ 0% _ dp Op —
1 _—nap(z 1 —nap(z T T
—n(—r)" et )mazj@z_k + n(—r)" el )raga—zja—z_k WS U gy
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Thus we have

-1 7(1(2) r UT UT
eyt (A )
< I\ Jum]” fur]

b g =) (= eGP e B

_ dp O _
(nu e e () e

—1 _—nap(z 82%0 —1 _—nap(z 890890 T T
—n(—r)" 1 o—nap( )raazaz_k +n(=r)" Lemnag(2) g2 X X U UL g (35)
j

This provides us with an upper bound for the |u”|? term.
Next, we consider the |u"||u”| expression from the left side of (31). Due to our choice of

coordinates, ujuf,; # 0 only if n ¢ H, j # n and k = n. So here we have

T uT UV T 12
Lq(W’W>|> k]
WIS )

Hn¢H
77(-7“)”716_77@90(2)[/; (u_T’ u_y)

n—1
! 1 Op Jp ar dp
2¢_\1—1_—nap(z) At S Y
2 2 e “(arazj % azaz)“ﬂ“"ff

j=1 Hn¢H
n 2
! n—1_—nap(z o°r T U
DD I et

jk=1 H

or
_ 171 —map(2)
n(=r)" e <nar<|\32n +

> (r e )| 2

+

>

+
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Then rearranging and using the triangle inequality, we have

u”ur
LZ(W’W)D k]

9*r
)" L —nap(z) oy
]kzlg azjaz_k g
n—1
! 1 dp Or 890 0p 0% -
_ o\ mmap(x) (2 P 2, T v | _\7
- JX—;H%;H 77( r> ‘ ( naaZj 8% +776L aZ] Gzn szaz_n u]HunH O(( T) )
0 or 0
12 ,—nap(2),. v <_ ~ so)
1; ( ) ( )82] 8Zk 6zk
O*r 0? or 0 O 0
_oA\1—1_—nap(z) . 2 QD 2_@_@ v i Y
+n(=r)""e (—sz(?z_k Taf)zjﬁzk azk 9z +ra 5z, 8z_k>> wigui | —O((=7)").

(36)

Finally, we consider the [u”|* expression from (31). Here we note that uyuj,; # 0 only

if n € H or j = k =n. We then have the following

2
—na aT 1/ —nap(z 87” v U
A=) ()P T e < 3T (L= () e e T iy (37)
Hn¢H
Note that we can rewrite the right-hand side of (37)
3 2
/
> =)= e S iy
0z,
Hn¢H
- / 9 _ or Oy or Op
= n(l—n)(=r)" fe o) <_ - ra—> (—_ - TCL—_)
];1; < E)zj 82]' 8zk (()Zk
0?r or 0 02 or 0 dp 0
1 lpmmapz) (9T 9T O¥ Yo oe 2 9¥ 9P Vo
(=) e (azjaz—k “onom  “onom  ‘omos, o az—k)> itk

+O((=r)"). (38)

Note, the terms of the form 2 -2r

b 5 Can be ignored since in our coordinates, |%| < O(]r])
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when 1 < j <n —1. Thus

9 ol | OT y
11— ) (=) e D) S Jut
& ! 9 or Op or dp
< 1 — ) (—p)1 2 mav(2) [ B I e i
2.2 (= remen (G rag? ) (G - roge)
1 _ 0r or Oy 0% or Oy O o
_ )1 L pmae(2) g2 St 29 Y¥ v op
F(=r)Te (azjaz—k “on,0m  “onom  “omon Lo az—k)>“ﬂ“kff

+O((=r)"). (39)
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Now bringing (35), (36), and (39) back to (31), we have

7' T

u

(,7< r)" 1 naso(Z)Lr(|

or
— I —p )" L enap(2) =
(=) e (pald) 5|+

>—772( P)le= M) 2|2 4+ (= >e”w<z>qa)\uf\2

u”u¥
LZ(WW)D b

T ]

1= ) ()| 2 e
< j’::l ;/ Kn(l - 77)(—7")7726_”““0(2)7“%22—:3—2 4 ()T emmae(2) - 22’27
_n(_r>n1€_W(Z)mai2§Z—k + n(—r)"le‘"““”(z)rfg—:g—g) U
+ (77(1 —n)(=r)" 271 (—a )gz (5_2_7; - SZ)
2 2
+n(—r)" e (azgfk —ra azg% g; g: +ra aa: gi)) W
+ (n(l — ) (—r)" e (— )gi (5_; _ g:)
2 2
tp(—r)" e mae(2) (82827; —ra azg; aa; SZ " m2§_2§_;’_;)> -
# (=t (- 22 ) (2 - ralE)
Pr or dp Po  Oor dp

_ 2\ 1 —nap(2) _
(=) e (azjaz—k “on, 0% “on0m ‘om0

+m2g—2g—z_‘i))u;H kH] L O((=r)). (40)

From (32), we see that the left-side of (40) is equal to 99 (— (—p)") (u,u).

From Theorem 4.18 [13], the boundary of every C? domain has positive reach. Thus for
every point z € () sufficiently close to 02 there exists a unique closest p € 92 and so our
proof holds for every z € €2 on a neighborhood of the boundary. By Step 2 in the proof of
Theorem 1 in [11], we can extend to all of 2. We have shown (i) from Lemma 4.7 in [29]
to be true. This lemma states that what we have shown is equivalent to the sum of the ¢

smallest eigenvalues being nonnegative. Hence, for the conditions of the theorem and when

28



1
a= 5(12—;’7) — (g) ® A, we have that —(—p)" is ¢g-subharmonic on €. O

6 Proofs of Corollaries

In this section we will be proving the three corollaries. We start with the proof of Corollary

3.2.

Proof. Let ¢(z) = |z|2. We have that (4) holds with equality. If £ > supg, |2|?> then we also
have (3). This may mean that £ is very large. However, for every £ there exists an 1 so
that (7) holds since A > 0 and (8) also holds. Hence, for n sufficiently small, by Theorem
3.1 there exists a nonnegative real valued number a and a C? defining function p such that

p = re~®() on a neighborhood of 92 in Q and —(—p)” is g-subharmonic on 2. m
Next, we will prove Corollary 3.3.

Proof. Let o(z) = |z|?. We have that (4) holds with equality. If £ > supg |2|? then we also
have (3). This may mean that £ is very large. However, for every £ all 0 < n < 1 satisfy
(7) since A = 0. Now, since B <0, A=0, and 0 < % we have that (8) holds. Hence
for all 0 < 7 < 1 by Theorem 3.1 there exists a nonnegative real valued number a and a
C? defining function p such that p = re~%) on a neighborhood of 9 in Q and —(—p)” is

g-subharmonic on €. n
Finally, we will prove Corollary 3.4.

Proof. Let r be the signed distance function. Then by Lemma 4.4 we have that B < 0. Let
J be given by Definition 2.12 for some M > 0. Let ¢ = {5 f. Then § = % for some positive
constant C', so we can make ¢ as small as we want. A may be very large, but for

q(1 —n)*

&< 4A%n?
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we will satisfy (7) for any 0 < n < 1. Since we can make ¢ as small as we want, pick a £ so

that

Then, we have that 0 < q(ig ) q2 A A?. Since we also have that B < 0, (8) holds. Hence,
for all 0 < n < 1 by Theorem 3.1 there exists a nonnegative real valued number a and a

C? defining function p such that p = re~%) on a neighborhood of 9 in Q and —(—p)” is

g-subharmonic on €. O

7 Local Examples

In this section, we will examine a couple of examples. Each of the examples below are
only constructed locally but still demonstrate important differences. They are unbounded
domains but since we are only considering a local construction they could be pieces of a
bounded domain. By a similar process used in Proposition 6.6 of [19], we can construct a
bounded domain  with the same properties as our domain €2 near zero. By Corollary 3.3,
for all 0 < 1 < 1 there exists a nonnegative real valued number a for every C? defining
function p such that p = re=?) on a neighborhood of o9 in Q.

Proposition 7.1 will present a diagonalizable Levi form while the Levi form in Proposition
7.2 is non-diagonalizable. In many applications, it is helpful to know whether the Levi form
is diagonalizable or non-diagonalizable, see Derridj in [10] for examples. Ben Moussa in [2]
considered Derridj’s ideas when ¢ > 1 on pseudoconvex domains and Harrington and Raich
in [18] consider Derridj’s ideas when ¢ > 1 on non-pseudoconvex domains. In both example
provided in this section, we note that they are on weakly g-convex domains that are not
always hyper ¢g-convex domains, as in Definition 2.4.

We begin by computing the trace of the Levi form in general. Let p be a C? deﬁning
function for Q. Let {L;}7~; ! be an orthonormal basis for T1°(9Q) with L,, = |9p|~* Z 82] 8Z]
Let aj; be C' functions so that L; = Y7, ajka%v‘ Then {L;}7_, and {(9zk }kzl are both
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orthonormal.
The characteristic equation for a matrix is independent of basis [21]. The trace, as part
of the characteristic equation, is then independent of the orthonormal basis. The trace of

the Levi form is then

n—1
> 00p(L; N L; Z 09p(L — 90p(Ln A Ly)
j=1
0 _ —
= Z aﬁp(— A —) — 90p(Ly, N Ly,) (41)
azk
- N~ O Pp Op
B Z az]azj ol Z 02, 02,07 oz

j=1

Proposition 7.1. Let n =3, ¢ =2, and u € A®? . Let

f(Zl, 2’2) = )\1|Z1|2 + )\2|2’2|2 + )\3|Zl|4 + )\4|2’2|4,

7(2) = M|z1)? + Aalz2)? + Aslza |t 4 Mgl zo|* — Im 23,
and Q ={z € C>: Tmz3 > f(z1,22)}. If either of the following are true
o N\ +X >0 or
o\ + )\ =0, /\3—/\£{’>0, cmd)\4—>\§’>0,
then 0S) is weakly 2-convex in a neighborhood of zero. Additionally, note that
o if \{ + Xy >0, then ./\/'02 1s trivial and
e if M+ X =0, A=A\ >0, and Ay — A3 > 0, then NZ = T2*(09).

In either case, B =0 and A =0 where B is defined by (5) and A is defined by (6) from the

statement of Theorem 3.1.
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Proof. We start by using our defining function to compute some necessary derivatives. Let

r(z) be as in the statement and compute

1
or = ()\12_1 + 2)\3212_12)d21 + (/\22_2 + 2/\4222_22)d22 - 5d23 (42)
]
and
90r = (A1 + 43|21 ) dzy Adzr + (Ao + 4hd]22]?) d2s A d23. (43)

At 0, Or = —2-dz3 and T,°(09Q) = span{-2, 2}. In a neighborhood of zero, the trace

0217 9z

of the Levi form using (41) is

n—1
Z@gp(L] /\L_j) = )\1 -+ 4)\3‘21’2 + )\2 + 4)\4|22‘2
j=1

— (4 -+ O(‘21’2 + |Zz‘2)) (()\12_1 + 2/\3212_12) ()\1 + 4)\3|21|2) ()\121 + 2)\32%2_1)
+()\22_2 + 2)\4222_22) ()\2 + 4)\4|22’2) (/\22’2 + 2/\4232_2))

=M+ 4\ = A 21+ Ao+ 4(Aa = AJ) [22]* + O(J1]* + |22]")

Hence, 052 is weakly 2-convex in a neighborhood of zero when A;+Xy > 0 orif \{+Xy = 0,
As — A3 >0, and Ay — A3 > 0. One can also check that T5*(9Q) = {u = u.dz A dz}.
Thus, when A; + Ay > 0 we have that N is trivial and when A\; + Ay = 0, A3 — A? > 0, and
As — A3 > 0, we have that NZ = T5%(09).

When A\; + Ay > 0 we have that N is trivial. The set of v € N such that v # 0 is then
an empty set. Thus B =0 and A = 0.

When A + Ay = 0, A3 — A3 > 0, and Ay — A3 > 0, NZ = T5*(99). So the set of v € N
such that v # 0 is no longer an empty set. We start by considering B. We have from

Definition 2.7 and (43) that

Lg(’U, U) = ()\1 —f- 4/\3|Zl|2 + /\2 + 4)\4’22|2)012’U_12. (44)
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In U, ,, we have that z; = 2o = 0. Now since A\; + Ay = 0, we have that Lj(v,v) = 0 for all
z € Uy . Therefore, B = 0.

Now we will consider A. We have from Definition 2.7 and (43) for z € U,,,, that

v Or Aw ) or AN w
' — —— | = 4 2 4 2 — _— . 4
q(\vr’\mw\) O haleal®+ Ao+ Al >(|v\)12(ramwr>m ()

At 0 € 092, we have that (Or A w) is only a linear combination of dz3 A dz; and dz3 A dzy. So

(Or ANw),, = 0. Hence LZ( v, Oriw > = 0. Therefore, A = 0. Thus the only possibilities for

o [orAw]

B and A for this example are B =0 and A = 0. ]

Remark 1. It is important to note why there is a problem with A\ + Ay = 0. In the case
where Ay =0 = Ay, if 21 #£ 0, 250 = 0, and A3 < 0 the trace is negative. For the case where
A =0= Xy, if 29 #£ 0, 2y =0, and \; < 0 the trace is negative. Otherwise, if Ay + Ao = 0
either \; or Ay will be positive. If \; is positive then when z; # 0, 25 = 0, and A3 — \} is
small enough the trace is negative. Similarly, if A is positive then when z; = 0, 25 # 0, and
Ay — A3 is small enough the trace is negative. So in these cases we cannot construct a ball

about the origin to make the trace nonnegative.

Proposition 7.2. Let n =3, ¢ =2, and u € A®? . Let
f(2) = Mlz1 P+ Aol 2o)® + Aslza|* + Al 22]* + As|z1[? |22,

r(2) = M|z1)® 4 Xa|2o]® 4+ As| 21|t 4 Adf 22|t 4 As|21]?[22] — Im 23,
and Q ={z € C*: Tmz3 > f(z1,22)}. If either of the following are true
e M+ X >0o0r
o M+ =04  + A5 — 4N >0, and 4\3 + A5 — 4)3 > 0,
then 0S) 1s weakly 2-convex in a neighborhood of zero. Additionally, note that

o if \ + Ay >0, then N¢ is trivial and
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o if A\ + X =0, then NZ = Ty?(09).

In either case, B =0 and A =0 where B is defined by (5) and A is defined by (6) from the

statement of Theorem 3.1. Finally, in the case where \y = Ay = 0, if the following hold
e )5 #0 and

b A47é/\37

then the Levi form is not locally diagonalizable in a neighborhood of zero.

Proof. For this example, we again start computing some necessary derivatives. Let r(z) be

as assumed in the statement and we compute
1
37“ = (/\12:_1 + 2/\3212_12 + /\52_1222_2) le + ()\22_2 + 2)\4222_22 + )\521212’2)ng - ?dZ?, (46)
7
and

90r = (M + 4X3]21 7 + As|22]?)dzn A dzy + AsZrzadz A dz

+ )\5212_2d22 A\ d2_1+ ()\2 + 4)\4’22|2 + )\5’21|2)d22 A\ dZ_Q (47)

At 0, Or = —5-dz and T,°(09Q) = span{-2, 2}. In a neighborhood of zero, the trace

0217 9z
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of the Levi form using (41) is

n—1
Z@Ep(L] /\L_j) = )\1 + 4>\3|Z1|2 + >\5|22|2 + )\2 + 4)\4|2’2|2 + )\5|Zl|2
j=1
- (()\12’_1 +2X32171° + )\52_1|Z2|2) ()\121 + 2X32771 + )\52’1|2’2|2)

_ _ _ _ AN
-+ ()\222 + 2)\422222 —+ )\5’2’1’222) ()\222 -+ 2)\42’%22 —+ )\5’21|222) -+ Z)

. (()\12’_1 —+ 2)\32’12_12 + )\52_1|22|2) ()\1 + 4)\3|2’1|2 —+ >\5|2’2|2) ()\12’1 + 2)\32%2_1 + )\52’1|22|2)
+ (MoZ3 + 2M20%3° + As|21°%2) (AsZi2a) (M2t + 2032721 + Asz1|20)?)
+ (MZ1T+ 20321707 + A7) 22]%) (As21%3) (o224 2M425%5 + As|21[%22)

+ ()\22_2 -+ 2)\4222_22 + )\5‘21|2Z_2) ()\2 + 4)\4’2’2‘2 -+ )\5’2’1‘2) ()\22’2 -+ 2)\42’%2_2 + )\5’21|222)) .
Simplifying this we have
n—1
Z 88,0(LJ A L]) = )\1 + )\2 + (4)\3 + )\5 — 4)\?) ’21|2 + ()\5 + 4)\4 — 4)\%) |22’2 + O(’Z‘S) (48)
j=1

Hence, 0f€) is weakly 2-convex in a neighborhood of zero if \; + Ay > 0 or if A\; + Ay = 0,
AN+ X5 — 4N > 0, and 4X3 + A5 — 403 > 0.

Similar to Proposition 7.1, when A\; + Ay > 0 we have that NZ is trivial. Also, when
A1 + Ay = 0 we again have that NZ = Ty*(9Q).

When A; + Ay > 0 we have that V@ = {0}. Similar to the previous example, this means
that the set of v € N§ such that v # 0 is an empty set. Thus B =0 and A = 0.

When A\, + Xy = 0, N2 = T9(99). So the set of v € N2 such that v # 0 is no longer an
empty set.

We start by considering B. We have from Definition 2.7 and (47) that

Lg(v, U) = ()\1 —+ 4/\3|Zl|2 -+ /\5|ZQ|2 -+ /\2 -+ 4)\4’22|2 —+ )\5’21|2)U12U_12. (49)
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In U, ,, we have that z; = 2o = 0. Now since A\; + Ay = 0, we have that Lj(v,v) = 0 for all
z € Uy . Therefore, B = 0.

Now we will consider A. We have from Definition 2.7 and (47) for z € U,,,, that

v OrANw
L —,——— ] = (A1 +4X\ SR 2
(o) = Ot sl ke

[ OrAw\
Yot 4l +xslaP) () ()
+A2 + 4] 22|” + A5z ) (|U )12<|8T/\w|)12 0

At 0 € 092, we have that (Or A w) is only a linear combination of dzs A dz; and dzz A dzy. So

(Or Nw),, = 0. Hence Lj (IZ_\’ Ig:ﬁgl) = 0. Therefore, A = 0. Thus, similar to the previous
example, the only possibilities for B and A are B =0 and A = 0.

Now we assume that A\ = Ay = 0, A5 # 0, and \y # A3 and we will show that the Levi
form is not diagonalizable in this case. First note that

~ 0 0
Ly = — +2i(2X3]z1 ] + Xs|22)?) zr=—
=9 + 2( slz1]” + As|22| )Z1823

and

—~ 9 )
Ly = — 4+ 2i(2)4|21]% + As|20]?) 25—
P Ol T e i

form a basis for T%°(9Q) but not an orthonormal basis. The Levi form with respect to the

non-orthonormal basis L; and L is

4)\3|Zl|2 + )\5|22|2 )\52_122
(51)
)\52’12_2 4)\4‘22|2 + )\5‘21'2

We will look at the three situations where
e 2y =0and 2z, #0,
e 21 #0 and 2z, =0, and

02’122’27&0.
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Case 1: Let z; = 0 and 2, # 0.
The eigenvalues can be found using the characteristic equation 0 = det (A — vI). So, the

eigenvalues from (51) can be found from
0= 1/2 — ()\5 + 4)\4)’22|21/ + 4)\4)\5|22’4.

Solving this quadratic gives eigenvalues of As|22|* or 4\4]z,|?. Using these we can show that

1 0

and are normalized eigenvectors.
0 1

Case 2: Let z; #£ 0 and 2, = 0.

The eigenvalues in this case can be found from
0= V2 — ()\5 + 4)\3)’21|2V + 4)\3)\5|21’4.

Solving this quadratic gives eigenvalues of As|z1|? or 4)3]z1]?. Using these we can show that

1 0 ' .
and are normalized eigenvectors.

0 1

Case 3: Let z; = 29 # 0.

The eigenvalues in this case can be found from
0= V2 - (2)\5 + 4)\3 + 4)\4)‘21’2V + (4/\3 + )\5)(4)\4 + /\5)|Zl|4 - )\§|21|4

1
Solving this quadratic gives eigenvalues of v = (2)\3 +2X 4+ A5 £ (4(Xs — M)+ A2) 2) |21]2.

ANg|21|2—v
(a1 [2—) P+ (As]r [2-)2) 2
4)3|z1 |2 —v
((4)\4|z1|27V)2+(4)\3|z1\2711)2)%
as long as A5 # 0 and A3 # A4, the eigenvalues are distinct, non-zero, and more importantly

Using these, we can show that are normalized eigenvectors. So
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1 0
the eigenvectors are not the vectors and

0 1
Now that it is known that there are unique, nonzero eigenvalues in each of our cases,
we will compare our Levi form with respect to our non-orthonormal coordinates to the Levi

form with respect to orthonormal coordinates.

To find an orthonormal basis we will use the Gram-Schmidt Process. Let L; = %
1
From the next step of the Gram-Schmidt Process, we have that L, = Ly—(La.lily  Noy

(1Tal2— (B2, L0} 2)

L, and Ly form an orthonormal basis for T%%(99). Next we will compare L; with ZI and
Ly with Lo.

Note that 1 < [L]2 < 1+ O<(|z1|2 + ]22|2)2|zl\2>. From this, we have that

1> = > 1—O((\z1]2+\22|2)2]21]2>.
| L4 |

Thus when comparing L, and Evl we find that

L L] < |L4)

<O((Ja1* + 2P)*[1]?).

l— —=

| L4 |

Next we will compare Lo with Z; First note that

(B0 L] < 0((1af + |2 i)

Then
— I.,L
[(Ta, )] = B2 < (22 4 a2 ).
| L1 |
Thus

= (2 1)y

<O((J21 + 1)1l 22 )
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and

1
—_— -1
Ly — (L2, L1) L]

\Lg - (’LZ - <’L§,L1>L1)\ — \Z; — (L, L1>L1\

< O((Ial*+ =P P).

Hence, |Ly — L] < O((11 + |2 )’ 1)
Let £y be the Levi form with respect to {L;}_, and Lo be the Levi form with respect

to {LNJ}]QZ1 Now we estimate |£; — Lo| with

Le)|
L)) A (Lo (2= L) )) - 900 (L A L)
B) (5 (12~ 2) < 0{ (1, ) 1 )
+09p((Ls = L;) A (Le = L) ) — 99p(L; /\Lk>)
(5 (=) (- E) ) {1~ ) £ (- )|

‘33p JAL) — aap( A
= [0do( (5 + (2

-

Thus
(52)

€1 = Lo| < O( (121 +|2[2)*).

Now, consider the cases above again.

Case 1: Let z1 =0, 25 # 0.
From (52), we have |£; — £Lo| < O<(|22\2)4>. Let £, = tL1 + (1 — t)Ly be a differentiable
family of matrices connecting £, and £y. Then %Lt = L1 — Ly. Let v1(0) and 15(0) be the

eigenvalues for £y and v4(1) and 1,(1) be the eigenvalues for £;. Now by Al in [17]

#1(0) = (D] < O( (11 + |=2) ) 1L = 0]
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Note that

d
18dlor = 1dl |+ || .

In [17], the C' norm is used in the proof but the part of their proof that we rely on only
requires the norm of the derivative. We have that ||££,|| < O((!zl|2 + ]22|2)4>. From our

previous work for case 1, we have that |v1(0) — 15(0)] = |[A\s — 4\4]|22|?. Then
1(1) = 1a(1)] = [As = 4Aal]z2)* = O(|22[%).

So on a neighborhood close to the origin there are distinct eigenvalues that are bounded
away from zero when A\; — 4\y # 0. Now let P;(1) be the orthogonal projection onto the
span of eigenvectors corresponding to v; for £; and let P;(0) be the orthogonal projection

onto the span of eigenvectors corresponding to vy for Lo. By A2 in [17],

1
AW - RO £0( gl = 0ff).
So the eigenvectors for £; in this case are arbitrarily close to and on some

neighborhood of the origin.

Case 2: Let 2o =0, 2 # 0.
We have a similar setup for the differentiable family of matrices £; as we had in case 1 where
Ly =tLi+ (1 —1t)Ly and %Lt = L1 — L. Also similar, let 14 (0) and 15(0) be the eigenvalues

for Lo and (1) and (1) be the eigenvalues for £;. So by Al in [17],
11(0) = (D] < O( (121 + |I%) ") 11~ 0]

From our previous work for case 2, we have that |v1(0) — 15(0)] = |\s — 4)A3||21|>. Then

1 (1) — va(1)] > |As — 4A3]]2112 — O(]21[%). So on a neighborhood close to the origin there
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are distinct eigenvalues that are bounded away from zero when A5 —4\3 # 0. By A2 in [17],

1
AW - RO 0 Zalal) = 0far).
1 0
So the eigenvectors for £; in this case are arbitrarily close to and on some
0 1

neighborhood of the origin.
By hypothesis, A5 # 0 and Ay # A\3. Thus, at least one of A5 —4Xs # 0 or A5 — 43 # 0

is true. Therefore in at least one of case 1 or case 2 there are eigenvectors for £ that are

1 0
arbitrarily close to and on some neighborhood of the origin.
0 1
Case 3: Let 21 = 29 # 0.

We have a similar setup for the differentiable family of matrices £; and definitions for v4(0),

15(0), v1(1), and 15(1) as we had in case 1. So by Al in [17],
[11.(0) = (1)) < O(l1[*) |1 = 0].

1
From our previous work for case 3, we have that |11 (0) —15(0)] = |2(4(Xs — M)+ A2) 2|z %
Then
1
(1) = va(1)] 2 2(4(As = Aa)* 4+ A3)*[z1* — O(Jza[).

So on a neighborhood close to the origin there are unique eigenvalues that are bounded away

from zero. By A2 in [17],

1
AW - RO £0(ZlaP) = 0far).
1 0
So the eigenvectors for £; are bounded away from and on some neighborhood
0 1

of the origin. Hence, our £; is non-diagonalizable.
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8 Future Research

There are a few ideas that the local examples presented here motivate. In the examples
presented both A and B are found to be zero. Finding a domain where one or both of
these cannot equal zero is an interesting direction to consider. In an initial look into this, we
found that finding a domain where B # 0 or A # 0 will likely require an understanding about
higher dimensional cohomology. When ¢ = 1, it is know that 4 is bounded away from zero
on the Diederich-Fornaess worm domain (in fact, Liu [24] has computed the precise value)
because of the annulus in the boundary.

Another possible future project to be to generalize the methods of Berndtsson and Char-
pentier in [3] or Harrington in [15] to weakly g-convex domains. These both use bounded
plurisubharmonic exhaustion functions to prove that the Bergman Projection is continuous
in certain Sobolev spaces. Pinton and Zampieri made significant progress in this direction

in [26).
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