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ABSTRACT

Asymptotic Properties and Separation Rates for Navier-Stokes Flows

Patrick Michael Phelps

In this dissertation, we investigate asymptotic properties of local energy solutions to the
Navier-Stokes equations and develop an application which controls the separation of
non-unique solutions in this class. Specifically, we quantify the rate at which two, possibly
unique solutions evolving from the same data may separate pointwise away from a
singularity. This is motivated by recent results on non-uniqueness for forced and unforced
Navier-Stokes and analytical and numerical evidence suggesting non-uniqueness in the
Leray class. Our investigation begins with discretely self-similar solutions known to exist
globally in time and to be regular outside a space-time paraboloid. We prove decay rates
for these solutions with locally sub-critical data away from the origin and show improved
decay for the ‘non-linear part’ of the flow. We also lower the Holder regularity required to
obtain our maximal decay rate. To achieve improved decay, we use Picard iterates to
approximate solutions. We demonstrate a scale of decay rates for Picard approximations
which determine upper bounds for how non-unique, discretely self-similar solutions may
separate. In subsequent sections, we replace the self-similar condition with local
sub-critical regularity and are able to obtain all but the maximal separation rate for

Lorentz solutions, a subclass of local energy solutions.
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1 Introduction

1.1 BACKGROUND

The incompressible Navier-Stokes equations are a system of partial differential
equations which model the velocity, u, and pressure, p, of a viscous incompressible fluid
with viscosity v inside a domain 2, under a body force f. In particular, u : Q x (0,7) — Q

and p: Q x (0,7) — R are required to satisfy

ou—vAu+u-Vu+ Vp=f;
(1.1)

divu = 0; u(+,0) = uy.

Intuitively, the equation says that the acceleration (0;u) of the fluid is influenced by
diffusion (—Awu), inertia (u - Vu); := >, u;0;u;, pressure gradient (Vp), and the body force.
For our investigations, we take v = 1, f = 0, and 2 = R3. This system has applications in
many fields including but not limited to aerodynamics, meteorology, oceanography, and
cosmology. Open problems including well-posedness and global regularity for large data
still remain.

Well-posedness consists of the existence, uniqueness, and stability of solutions.
Existence and regularity of solutions constitute one of the Millennium Problems offered by
the Clay Institute of Mathematics, a set of longstanding open problems; more specifically,
the problem of whether singularities can form in finite time from smooth initial data
remains largely open.

By definition, a solution to this system is unique in a class if no other solution in the
same class with the same initial data ug exists. It is not known whether solutions to (1.1)
with rough data are unique; in fact, non-uniqueness has been affirmed in some settings for
the non-forced 18] and forced Navier-Stokes equations [2]. Within the Leray class [54],

where solutions satisfy a global energy inequality, the numerical work of Guillod and Sverak



[35] simulates non-uniqueness. They simulate a pair of solutions from the same initial data
and zero forcing, where one is axi-symmetric and the other breaks this symmetry. This
program first proposes a scenario of non-uniqueness in a class of solutions with large data
in the Lorentz space L*»* which can be truncated to give non-unique Leray-Hopf solutions.
This space is critical, as it is on the borderline of well-posedness theory. To investigate this

symmetry breaking, we work in a class of scaling invariant solutions.

1.2 SELF-SIMILAR FLOWS

In the analysis of partial differential equations it is useful to consider the scaling
properties an equations to investigate its solutions. This has been used, for example, to
show the blow-up of the semi-linear heat equation. The Navier-Stokes enjoy a scaling

invariance: For (u,p), a solution to (1.1), we may define another solution (u*, p*) by
u Mz, t) = Mu(Az, Nt),  pMa,t) = Np(Az, At),

with data u)(z) = Mug(Ar). A space whose norm is invariant under this scaling, i.e. X
such that ||ul|x = AP||ua||x, for p = 0, is called critical. Some examples include
L#(0,T; L9(S2)) for 2 +2 =1, eg L>L3 A subcritical space has this property for p < 0
and a supercritical space for p > 0.

These types of spaces are important, as the critical spaces lie on the boundary of
known well-posedness, i.e. there are small data results, whereas subcritical spaces are

generally well behaved, e.g. large data results, and supercritical are poorly behaved.

Definition 1.1. A solution is called self-similar if (u, p) = (u*, p*) for all A > 0 and
discretely self-similar (DSS) if this is true for some A > 0. The data ug is self-similar or
discretely self-similar respectively if the above property holds with the time variable

omitted.

We consider scaling invariant solutions to (1.1), as their symmetry makes them good
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candidates to exhibit non-unique solutions [35]. Motivated by this numerical work, we
quantify how non-uniqueness would evolve from locally sub-critical data: first, for a class of
local energy solutions with scaling invariance, and second, in the class of L>* weak
solutions with no scaling assumption.

Self-similar solutions with large C* data were first constructed by Jia and Sverak in
[40]. Tsai [67] then constructed DSS solutions with C* datafor A close to 1. In [10],
Bradshaw and Tsai construct solutions with data in L*°. This space contains functions
with multiple isolated singularities. The literature on the existence of DSS or self-similar
solutions to (1.1) in R% in a variety of function spaces is rich, including

1,4, 10, 11, 12, 13, 21, 22, 25, 33, 40, 42, 47, 53, 67].

1.3 ASYMPTOTICS OF SELF-SIMILAR FLOWS

Our investigation begins with the asymptotic properties of DSS local energy solutions
to the Navier-Stokes equations considered on R? x (0, 00). Brandolese pioneered this
subject for small, smooth data in [16]. There, an asymptotic formula is given for the
time-independent profile of a self-similar solution in which the dominant terms only involve
the data. The remaining terms have faster decay, the worst of which is O(]x|~*). This
implies spatial asymptotics for the self-similar solution for all ¢ > 0.

In [67], in the rougher class of A-DSS local energy solutions with data in C¢ (R?\ {0})

for 0 < a <1 and A ~ 1 Tsai the following asymptotics.

1
ul(x,t) S ———. 1.2
We extend this to a scale of decay rates for the wider class of DSS solutions with data in
LI (R*\ {0}), ¢ > 3. Additionally, for A ~ 1, u is globally regular, by [67]; however, we

work with solutions with any A scaling, which are only known to be regular in the region

|z| > Rov/t, where Ry is the radius of far-field regularity from [43, Theorem 1.8]. We work



in the class of local energy solutions which can be thought of a a localized version of Leray

solutions.

Theorem 1.1 (Algebraic decay for rough data). Let q € (3,00] and ug € L{ (R \ {0}) be

loc

divergence free and DSS. Assume u is a DSS local energy solution with initial data ug. For

any | € Ny and |z| > Rov/t,

1
U+3 1-37
\/g q (|I| + ﬁ) q

|vlu|(x> t) Suo,q,)\

(1.3)

where the dependence on ug is via the quantities |luo||z2, —and |[uollLe s\ {o})-

loc

We then pursue improved decay for the ‘non-linear’ part of these flows. Let u be the
solution to (1.1), and Py = e"®uq be the solution to the homogeneous heat equation with
the data ug. The difference u — F, has the following improved decay rates compared to u
shown by Tsai [67] for A ~ 1, and by Lai, Miao, and Zheng [55, 56] for self-similar

solutions, respectively,

W ug € L2 (R?\ {0}) & self-similar  [55, Theorem 1.1]
w— B(et) < m ug € CE(R3\ {0}) & A~ 1 [67, Theorem 1.1]
u— 1ro|\7, .
~ o m
“(ilg;%f) ug € CL.(R*\ {0}) & self-similar 56, Corollary 1.1]
m up € Ct(R?\ {0}) & self-similar  [56, Corollary 1.1].
\

One goal of this research program is to generalize and improve the decay rates in [55], [56]
and [67]. This is done by establishing pointwise bounds for local energy solutions with
large, rough initial data in the DSS class for any scaling factor A > 1, leading to the

following theorem.

Theorem 1.2 (Improved algebraic decay for rough data). Let ¢ € (3, 00] and

up € LL_(R3\ {0}) be divergence free and DSS. Assume u is a DSS local energy solution

loc



with initial data ug. For |z| > RoV't, the difference u — Py satisfies

1
6_1 _s6’
Vi (x| + Vi)

| = Pol(2,) Suo g

(1.4)

where the dependence on ug is via the quantities |luo||z2, —and |[uollLe s\ {o})-

loc

Next, we reduce the exponent of Holder regularity required to obtain the decay in [56]
and establish a finer bound on the ‘non-linear’ part of the flow for Hélder regular data

compared to [67].

Theorem 1.3. Let 0 < a < 1 and assume ug € C2 (R*\ {0}) N DSS is divergence free .

loc

Assume u is a DSS local energy solution with initial data ug. Then

14+«
Vi a <1

[u— Pol(2,1) Sugan { FHV , (1.5)

t || _

for |x| > Rov/t, where the dependence on u is via the quantities |uollz2, —and |lugllce(ay)-

To avoid the logarithm in Theorem 1.3, we assume slightly more Holder regularity and

obtain the following theorem.

Theorem 1.4. Let 0 < o < 1 and assume ug € CL*(R?\ {0}) N DSS is divergence free.

loc

Assume u is a DSS local energy solution with initial data ug. Then for |x| > Rov/t,

t
u = Bo|(2,1) Supar 73 (1.6)

(|l + v1)*

where the dependence on ug is via the quantities |[uol|z2 — and [lugllcra(ay)-
uloc



We summarize the above results as the following scale of decay rates: for |z| > Rov/t,

(\xfm up € Ly, (R*\ {0}), ¢ >3

\/El+&
u— Pyl(w, 1) S { (V0P

tlog 2+%
(|a:|(+\/f\)/;) up € Cio(R*\ {0}),

| evr W€ CLe(R3\ {0}), a € (0,1)

ug € Cig(R*\ {0}), a € (0,1)

Compared to previous literature, we work in a more general case of DSS solutions with no
assumption of global regularity. These solutions are only known to be regular in the
sub-paraboloid region |z| > Rov/t. Our L9 result is identical to [55] when ¢ = oo, but for
general DSS solutions and extends down in ¢, almost to the critical class L3.

To understand the limitation on ¢ note that in [10] it is shown that ug € L>*° N DSS if

3
loc

and only if up € L} (R?*\ {0}). Our decay estimates create a scale of spaces that approach,
but do not reach, the critical initial data space L*»* on one end. On the other end, when
q = 00, L® is weaker than the Holder-type spaces considered in [40, 67]. We expect the

q = 3 case to be excluded because, as shown in an example in [10], there is no algebraic

A

decay rate for ey when ug € L>* N DSS. We do, however, pursue approzimate decay

rates for ¢ = 3 and in B_é: 7 in an upcoming paper with Z. Bradshaw.
The L result requires fine integral estimates on a bilinear operator that defines

u — FPy. We define mild solutions in Definition 2.10 in Section 2. For now, note that a mild

solution u satisfies
u(t) = e®ug — B(u,u)(t), (1.7)
where

B(u,v)(t) = /Ot e =IAPY; (u;v)(s) ds. (1.8)



Because local energy solutions are mild we use integral estimates to prove that
B(u,u) = —(u — Py) enjoys a squared decay compared to u.
For data with Holder regularity, we create a new scale of decay rates, depending on a.

To achieve this, note that u — Py satisfies the following expansion
u—Py=—-B(u—Py,u— Fy) — B(u— Py, Py) + B(Py,u— Py) — B(Py, ).

The first three terms have cubic decay by the result for ug € L. The term B(FPy, Fp) fully

determines our estimates for u — F,. This can be written explicitly as

t
B(Py, Py) = / e IAPY - (ePug @ ePug) ds.
0

Because g is in C¢, e®uq decays like |z|~! and Ve!?uq only decays like |x|~17.
Therefore, we find that V - (e'®uy ® e*?ug) decays like |#|727®. Attempting to integrate the
cubic kernel of the Oseen tensor introduces a logarithm. To avoid this, we define the
fractional Laplacian A = (—A)2 to take the finer estimate [AVe2ug| < |z]71~ for

a < v < 1. After navigating a commutator, this implies
AV (eBup @ ePug)| S 220, € [1, 0]
Re-writing B(Fy, Py) as

t
B(Py, Ry) = / A_'YVIP)e(t_S)AAV(etAuo ® ePug) ds,
0

|727 on the product

depletes the singularity of the Oseen kernel and maintains decay of |z
part. By an integral estimate (4.11) from [67], this has the advertised decay.
With any regularity higher than C1, i.e. CY 0 < a < 1, we avoid the logarithm in

(4.11), improving the results in [67] and in [56]. We do this by taking advantage of a



technique in [56] that uses mean-value theorem to introduce another gradient in the near
field of the B(P,, Py) integral. The same fractional Laplacian methods help us finish the

proof without a C*! assumption.

1.3.1 Picard improvements

Inspired by estimates for the ‘non-linear’ difference, u — Fy, in the literature and by
work done by Albritton and Barker in [1], we investigate the decay for the difference

between u and the k" Picard iterate P, which solves the iterated heat equation
0Py — AP, = =PV - (P, @ Py1),

with the same initial data uy. Due to Duhamel’s principle and the solvability of F, each
iterate is exactly solvable. Classically, Picard iterates converge to solutions of (1.1)
whenever the system can be considered a perturbation of the heat equation, i.e. when the
non-linear term v - Vu can be made small in an appropriate sense. This is not the case in
the local energy class, but we do demonstrate that Picard iterates capture some asymptotic

properties of DSS solutions near ¢ = 0 and away from x = 0.

Theorem 1.5 (Improved decay using Picard iterates). Let q € (3, 00] and

ug € LL_(R3\ {0}) be divergence free and DSS. Assume u is a DSS local energy solution

loc

with initial data ug. Define for k € Ny,

4
ak:(k‘—i-Q)(l—g):ak_l—i—l—g; ky = ’V_q_g-‘.

The following hold for |z| > Ryv/t

1. For k < kg,

Vit
Y V(] + Vi)

[u — Pel(2,t) Sk ro, (1.9)



where the dependence on ug is via the quantities |luo||z2, and |[uollLs s\ {op)-

2. For k > kg,

\/_t—?) 1.10
(] + Vo) o

‘u - Pkl(xa t) Sk»)\yROﬂLO

The essence of proof is to use the following bi-integral formula:

uZfo—B(P07P02)+B(P0,U—P0)+B(U—P0;P0)—B(U_POaU_P0)~ (1.11)
P

For ug € L2 (R*\ {0}) N DSS, we show Py is O(|z|™!) and u — Py is O(|z|™2). Then for

loc

t € [1,)?], as |z| — oo, we should have

B(Py,u — Py) + B(u — Py, Py) = O(|z| ™) and B(u — Py,u — Py) = O(|z|™).

This demonstrates an improvement, as v — P; heuristically decays faster than v — F,. This
improvement continues for higher iterates. This argument is an example of the
“Iimprovement property” of Picard iterates evident in the literature 30, 16, 1].

Furthermore, in Theorem 1.5, item 2 can be viewed as generalizing the small data
result of Brandolese [16, Theorem 2| in the sense that the solutions satisfy the asymptotic
formula u(z,t) = F(ug) + O(|z|™), for t € [1, \?], where F(ug) can be explicitly written as
a short time asymptotic expansion depending only on wuy.

Short-time asymptotic expansions have been examined in [16, 17| for both large and
small non-self-similar flows and for forced Navier-Stokes in [3]|. In [49], Kukavica and Ries
give an expansion for smooth solutions. A novelty in our result is, unlike all previous
papers, we do not work with data strong enough to generate smooth solutions or assume

solutions to be smooth and the terms in our expansion, save one, depend only on wug, not w.

10



1.3.2 Estimating non-uniqueness

We can use the uniqueness of Picard iterates to quantify how non-uniqueness of DSS

local energy solutions might unfold.

Theorem 1.6 (Separation rate). Let ¢ € (3,00] and up € L (R3\ {0}) be divergence free

and DSS. Assume u is a DSS local energy solution with initial data ug. Assume v is

another DSS local energy solution with data uy. Then for |x| > Rov/t,

L_ (1.12)
(Jo| + V)*

‘U - U|(‘T? t) Sq,%Ro,uo

Proof of Theorem 1.6. If two solutions u and v satisfy the hypothesis of Theorem 1.5, then

there exists a k, such that, for |z| > RoVt,

v
(ol + Vi)

u = v[(x, 1) = |u— Pr, (uo)| (2, 1) + [v = Py, (u0)[(£, ) Sqrrou0

This implies the following bound:
|U - U|(‘T7 t) f§$ t3/2~

We call the above an “estimation of non-uniqueness” and the right-hand side as the
“separation rate”.

While the work of Jia and Sverak [38] and the numerical evidence of Guillod and
Sverak [35] suggest non-uniqueness within the class of self-similar solutions, not much has
been done to quantify how this uniqueness might evolve over time. This separation rate is
an interesting perspective on how non-uniqueness for Navier-Stokes might unfold; it implies
solutions locally stay very close at short times, compared to rates t7, v < 1 that are implied

by current literature.

11



We would like to know what other classes this can be extended to, when the separation
rate can be recovered, and if we may relax the DSS assumption. To this end, we investigate

L3 weak solutions away from a singularity.

1.4 LOCALLY SUB-CRITICAL FLOWS

For the subsequent results, we impose no scaling assumptions and work with L?* weak
solutions, a subclass of local energy solutions, with data in the space L>* N LP(B) for some

ball B and p > 3.

Theorem 1.7 (Local asymptotic expansion). Assume ug € L>*° and is divergence free.
Fiz xy € R? and p € (3,00]. Assume further ug|p € LP(B) where B = By(xg). Then there
exists v = y(p) € (0,1) and T = T(p, ||uo|| 3., ||to||zr()) > 0 such that for any

o€ (0,3/2),t€(0,T) and k= 0,1,.... k,

||u - Pk||L°°(Bl/4(930))<t) §P7U07U,k £,

where ag = min{vy/2,1/2 —3/(2p)}, axs1 = min{o, k(1/2 —3/(2p)) + ao} and kq is the

smallest natural number such that

k L_3 +ap >
0 9 2p ag = 0.

In particular, ag, = o0 and ar, > ap—1 for k=1,... ko. For (z,t) in Bi (o) x (0,T) and

letting a_y = —3/(2p), it follows that

u(z,t) = By + OZ O@t™)+O(t?) = ZO O(t™),

where the O(t%) terms are exactly solvable for —1 < k < ky.

The rate t32 achieved for DSS solutions is not completely recovered due to limitations

12



of the exponents in the Gagliardo-Nirenberg-Sobolev inequality. For this reason, we expect
this is optimal for L3> weak solutions.

The short-time, space-local asymptotic expansion is of independent interest. Each term
except for the highest order is exactly solvable because the expansion arises from Picard
iterates. This expansion demonstrates the ability of the Picard iterates to locally capture
the short-time asymptotic properties of solutions.

The following estimation of non-uniqueness is a corollary to the preceding theorem.

Corollary 1.8 (Estimation of non-uniqueness). Assume ug € L>* and is divergence free.
Fiz o € R3. Assume ug|p € LP(B) where B = By(xo) and p € (3,00|. Let u and v be L>>
weak solutions with data ug. Then there exists T = T (p,up) > 0 such that for every

o€ (0,3/2) and t € (0,T),

o

= VIIL*(B1/4(0)) ~IP;0U0 Y
|u— vl Jatzo)) () Spouo t

where the dependence on ug is via the quantities ||uo||rr() and |ug| r3.o.

If ug € L? N L>*, then any L*>* weak solution is also a Leray weak solution |7];

therefore, this result estimates non-uniqueness in a subset of the Leray class.

Proof. Note for each ug the Picard iterates Py(ug) are unique. Therefore, by Theorem 1.7

and the triangle inequality,

[w = vz (B, 420y S N — Prllzeo(s,so)) + 1P — llLoo (B, 4(20)) Spoosork 75

for any chosen 0 < 0 < % ]
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2 Solution classes

In this section, we define the classes of the solutions referenced above and outline some

of their existence, uniqueness and regularity properties.

2.1 FUNCTION SPACES

To begin we define important function spaces that appear in related literature and the
results to follow.

The L? and LY _spaces are defined in the classical way. We also define uniform versions.

Definition 2.1 (Uniformly local Lebesgue space). The space L, is defined by finiteness

of the norm

[fllze,,. = sup [ fllrBi(o)-

$0€R3

We denote by EP the closure of C2° in L? . This class is characterized by the condition

uloc*
Jim | £llzs, @By = 0-

We also work with data in the critical Lorentz space L>> and prove estimates in L%/%1

Definition 2.2 (Lorentz Spaces). Let m denote Lebesgue measure. The Lorentz spaces on

(R®,m) are defined by finiteness of the quasinorm

o o do\
flzea = (o [~ oo o <10 %)
0 o
The endpoint Lorentz spaces LP**° are defined by
| fllpoe == SUp oPm{x o <|f(x)|}.
a>

We define Holder spaces as usual.
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Definition 2.3 (Holder spaces). For 0 < a < 1, we define the quasinorm

[f]CO,a(Q) = sup ‘f(l’) — f(y)’

xFYyeQ |:E - y|a
We make the abbreviation C® = C%* when there is no confusion. We say f € C2_(Q) if
f e C() for all compact subsets € of Q. Finally, we set

ooy = max sup |D? f|(z) + max[D? a(Q)-
£l €0 |ﬁ|§km€g| fl(x) |5\=k[ fleo Q)

We define C1°* in analogy with C

loc*

We also define a parabolic Holder space based on the scaling of (1.1). Note that the
subscript ¢ implies a norm in the time variable, and  a norm in the space variable. For
normed spaces X, Y, we write Y([0,T]; X (R?)) to denote a norm of Y in time, and X in

space.

Definition 2.4. Let v > 0. The space C?, .(R* x (0,T)) consists of f € C(R? x (0,T))

par

with finite semi-norm

[f]Cgar(R3><[0,T]) = [f]CZ/Q([O,T];LOO(R3)) + [f]LOO([UvT];C;(R3))'
This space arises in the local smoothing result of [40]. We also define the Kato classes

that appear in our estimates.

Definition 2.5 (Kato Spaces). Let IC, be the Kato class defined by the finiteness of the
norm

l|lul|k, := ess supt%(l_%) |w(t)|| Le-
>0

The Besov spaces relevant to DSS solutions can be defined using these Kato classes.

Let e/ f denote the heat evolution of f.
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Definition 2.6 (Besov Spaces). Assuming 3 < p < 00, f € Bpeaa /P(R3) if and only if
e fllx, < o0,

the above norm being equivalent to the norm classically defined using Littlewood-Paley.

2.2 WEAK SOLUTIONS

We outline the weak solution theory of (1.1). Define C2%(R? x (0,T)) to be the space

of divergence-free test functions, i.e.
C(R? % (0,T)) = {¢ € C(R* x (0,T); R?) : div ¢ = 0}.

Note that the subscript o denotes divergence free vector fields.

The weak form of (1.1) is given by

// —U - (8tC + AC) + Uz‘UjajCZ‘ — f . Cdl‘ dt = 0, \V/C - CZC;(Rg X (O,T))
(2.1)
/u(-,t) Vodr =0, VYoeCR?x (0,T)).

The following definition enumerates four types of weak solutions.

Definition 2.7 ([65]). Denote the homogeneous Sobolev space by V = H&U(Rzg). Let
0 <T < oco. Assume ug € L2(R3) and f € L*(0,T; V).

1. A vector field u(z,t) is a very weak solution of (1.1) in R3 x (0,7 if
ue L (R®x (0,7)) and satisfies the weak form (2.1).

loc

2. A very weak solution u is a weak solution if u € L>(0,T; L2(R3)) N L*(0,T; V),

u € Cor([0,T); L2(R?)) and u(t) — ug weakly in L? as t — 0.
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3. A weak solution u is a Leray-Hopf weak solution if it satisfies the energy inequality

t t
/|u|(-,t)2dx+2/ /|Vu|2dxdt§/|uo|2dx+/ /2u-fdxdt, vt (2.2)
0 0

and hmtﬂo_,_ HU(t) — Uo”LQ =0.

4. A Leray-Hopf weak solution is a suitable weak solution if there is some

3/2
loc

p€ Ly (R3x (0,T)) so that (u,p) satisfies (1.1) in the distributional sense (i.e. with

an extra term —pV - ¢ in the integrand for ¢ € C°(R? x (0,7))) and the local energy

inequality: for all ¢ > 0 € C°(R? x (0,T)), and for all ¢ € (0,7T)

/|u(-,t)]2¢dm+2/0t/\Vu\%dxdt

t (2.3)
< /\uoy2¢>daz+/0 /!u\Q(&qﬂ—Agb)—|—(]u\2—|—2p)u-V(b—|—2u-f¢dxdt.

A weak solution is global, i.e. a solution in R? x (0, 00), if it is a solution in R? x (0,T") for

any 0 < 7T < 0.

The notation u € Cyk(I, L?) denotes weak continuity in the dual sense, i.e.
/u(x,t) cw(z)dr — /u(x,to) cw(x)dz, ast — tgy, for t,tg € I,
for all w € L” and 1/p + 1/p’ = 1. A solution u is in the energy class if
we L®(0,T; LA(Q)) N L2(0,T; H(Q)).

We denote spaces such as this with the shorthand L°L? N L2H!. By Sobolev embedding
and Holder’s inequality, this implies

3
2

3 2
we LyL1 for — + - =
q s

, 2<q<6.
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Note also that in the first three definitions of weak solutions the pressure is not
mentioned. Once u is found p can be recovered as follows: for u € L°°(0,T; L4(R3)), ¢ > 2,

we can define p € L>®(0,T; L9?(R?)) via Riesz transforms. Note that p satisfies

This is equivalent to

£17P(€) = —&&;(uiuy) " (€).

Applying the inverse Fourier transform gives

N it wiug)" ’ T 1 g (ugug) (x
(o) = s (o)) (1) = i) o),

where the Riesz transforms are given by the Fourier multiplier (R f)"(§) = ZI% f (€).

The foundational treatment for the problem of existence of global weak solutions for
finite energy data is given by Leray [54]. Solutions with the properties of those constructed
by Leray are referred to as Leray weak solutions.

As stated, recent work suggests non-uniqueness in this class. This has been affirmed in
weaker classes [18] and within the Leray class for the forced Navier-Stokes equations [2].
For zero forcing, [40, 38, 35| support non-uniqueness, but there is not a clear picture of

non-uniqueness. We will demonstrate a bound on how non-uniqueness evolves for short

times.

2.2.1 Local energy solutions

We impose some assumptions that locally control the energy of solutions. These local
energy solutions, also called local Leray solutions, were introduced by Lemarié-Rieusset [52]

and played an important role in the proof of local smoothing in [40].
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Definition 2.8 (Local energy solutions). A vector field u € L2 (R? x [0,7T)), 0 < T < oo,

is a local energy solution to (1.1) with divergence free initial data ug € L% (R?), if:

3
1. for some p € L?

loc

(R® x [0,7T)), the pair (u,p) is a distributional solution to (1.1),

2. for any R > 0, u satisfies

1 R2AT
esssup sup —l|u(x,t T + sup u(x,t T dt < 00,
2d \Y 2dxd
Br(zo) 2 0 Br(z0)

0<t<R2AT xzo€R3 zo€R3

3
3. for any R > 0, 7o € R3 and 0 < T" < T, there exists a function of time c,, p € L7, so

that for every 0 <t < T" and = € Bag(xy) ,

p(z,t) = oo r(t) — A7 divdiv](u @ u)xar(r — 20)]

(2.4)
- / (K (2 — ) — K (0 — 1)) (u ® u)(y, )(1 — yarly — 70)) dy,

in L3 (Bag(x) x (0,T")), where K (z) is the kernel of A~! div div, Kij(z) = 0;0; =

47|z|?

and y4r(x) is the characteristic function for Byg,
4. for all compact subsets K @ R?, u(t) — ug in L*(K) as t — 0T,

5. w is suitable in the sense of Caffarelli-Kohn-Nirenberg, i.e., for all cylinders
Q = B,(z0) x (to — 12, t9) C R® x (0,T) and all non-negative ¢ € C>°(Q), we have

the local energy inequality
2//|Vu|2gbdxdt§/ (816 + Ad) dxdt+//(|u|2+2p)(u-v¢) drdt. (2.5)
6. the function
t— /u(x,t) ~w(zx)de, (2.6)
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is continuous in ¢ € [0, T), for any compactly supported w € L?(R3).

Local energy solutions were shown to satisfy the following a priori bound in [40]: Let

up € B?, divug = 0 and assume u is a local energy solution with data uy. For all r > 0 we

have
2 or?

esssup sup / Jul® dx dt + sup / / |Vul? dr dt < CAy(r), (2.7)

0<t<or? z9o€R3 J B, (x0) 2 zo€R3 JO r(z0)
where

Ao(r) =rN? = sup / luo|? de,
zo€ER3 BT($0)

and

o =o(r) = ¢ min {(N;))7? 1}, (2.8)

for a small universal constant ¢y > 0.
The class of of DSS functions in L** can be identified with the critical weak Lebesgue

space L3 . This space embeds continuously in L?, .. This is a natural class to investigate

uloc*

self-similar and DSS solutions as the existence of DSS local energy solutions with large
data in L3 was proven in [10]. We define solutions with data in L3 introduced by Barker,

Seregin and Sverak in [7].

Definition 2.9 (L3* weak solution). ) Let 7' > 0 be finite. Assume ug € L>* is
divergence free. We say that v and an associated pressure p comprise a L>* weak solution

if
1. (u,p) satisfies (1.1) distributionally,
2. u satisfies the local energy inequality (2.5),

3. for every w € L?, the function
t— /u(m,t) ~w(x)de,
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is continuous on [0, 77,

4. @ = u — ePuyg satisfies, for all t € (0,7,

sup - (s)+ ([ vl ds)é <o, (29)

0<s<t

and
t t
a3 + 2/ / \Vii|* do ds < 2/ /(etAU(] ® U+ Py @ ePug) (Vi) deds  (2.10)
0 0

The fact that L3> weak solutions are a sub-class of local energy solutions is proven in
Appendix A.
2.3 MILD SOLUTIONS

To define mild solutions, we begin with some background from [65]. For a moment,

consider the nonstationary stokes system on R? x (0,T) given by

Ou — Au+ Vp = f, (211)

divu =0, U= = uo.

This system has a fundamental solution known as the Oseen tensor [60]

1 02 I'(t,y)

where I is the fundamental solution of the heat equation. Next, denote the Helmholtz
projection by P : L9 — L4, for 1 < ¢ < oo. This is a bounded operator which sends L?

functions to their divergence free counterparts. The Stokes operator A generates a
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contraction semigroup {e*4 : ¢t > 0}, so the solution to (2.11) is formally given by

¢
u(t) = e g — / e AP f(s) ds.
0

Because we work on R? with no boundary we adopt the notation A = —A. The

Navier-Stokes equations with zero forcing can be written as
Oru+ Au~+P(u - Vu) =0, u(0) = uo.
This is formally equivalent to
u(t) = e"®ug — B(u,u)(t),
where
t
B(u,v)(t) = / eU=IAPY, (ujv)(s) ds.
0

We now define mild solutions.

Definition 2.10 (|65]). Let 0 < T < co. Let X be a Banach space of vector valued

(2.12)

(2.13)

(2.14)

(2.15)

functions defined in R3 x (0, T)) such that Py(t) = e®ug € X for certain uy and the bilinear

map B(u,v) can be interpreted as a bounded bilinear map B : X x X — X. A mild

solution of (2.14) in X with initial data wug is some u € X such that u = Py — B(u,u) in X.

Mild solutions are known to exist on R? x (0,7 for L4 data with ¢ > 3 with T'

dependent on the initial data. These solutions have properties of regularity and uniqueness

outlined in [65]. We have a short-time unique existence result: for any uy € L%(R?), ¢ > 3,

22



there is a unique mild solution u of (2.14) satisfying

we BO(0,T):LY), T >Clluol, ™" (2.16)

For L? data, global existence holds because L>*L3 and L;L4 with 3/q+2/s =1 are
critical norms. Let 3 < go < oco. For any uy € L3(R?), there is a T' > 0 and a mild solution

u of (2.14) in the class

t'/°@y € BO([0,T); LL), @ % — % Vg € [3, qo). (2.17)
We also have as t — 0, tl/s(‘?)u(t) — 0 in L9 for ¢ > 3 and to ug for ¢ = 3. The solution is
unique in the class (2.17). There also exists a universal constant € > 0 such that if

|uo|| s < €, the solution u is global, i.e. we can take T' = 0.

The last result on mild solutions we cite pertains to properties inherited by weak
solutions that are also mild. For uy € L2 N L3, the mild solution above is a Leray-Hopf
weak solution satisfying the energy identity on [0, 7] [65].

All of the self-similar and DSS solutions constructed in [40, 67, 53, 10, 25, 1] are mild
due to sufficient conditions in |52, 15]. In fact, the local pressure expansion (2.4) in the
definition of local energy solutions is equivalent to being mild. Therefore, local energy and
L3> weak solutions are mild.

Lastly, we present the following lemma used to bound the heat evolution of L™ data for

r> 1.

Lemma 2.1 ([65]). Let 1 <r < ¢ <oo and o =o(q,r) = 3(: — é) > 0. We have

le™Pug|| 2o < Ctla]| -

Ve "2 Pug|| e < Ot~ ||a| .- (2.18)

sup ||€7tAPaij0||Lq < Ct™oY?|al -,
J
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for allt > 0.

This implies a standard mild solution estimate from [26, 42| and [65, Ch. 5],

1Bl S [

Tl1f @ gllza(s) ds. (2.19)

1
P
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3 Literature survey

We survey some literature essential to the results that follow.

3.1 A NEW PROOF OF THE CAFFARELLI-KOHN-NIRENBERG THEOREM

We begin by introducing the following regularity criteria of Lin [57]. This lemma states
that a suitable solution to (1.1) is regular given certain 0-dimensional weighted integrals

are small over a parabolic cylinder.

Lemma 3.1 (e-Regularity [57]). There exists a universal small constant e, > 0 such that if
the pair (u,p) is a suitable weak solution of (NS) in Q,(xg,to) = B.(xo) X (to — %, to),

B.(z9) C R, and

1 3
83:ﬁ/.(]u|3—|—|p|2)dmdt<6*, (3.1)

T

then u € L>*(Qx). Moreover,

IV ull L@y < Crer™, (3.2)

for universal constants Cy where k € Ny.

For DSS solutions with data in sub-critical spaces, we can control these 0 dimensional
integrals via interpolation. Then e-regularity gives a L* bound in an annulus which may
be extended to the sub-paraboloid region by scaling. If a flow is self-similar, globally

regular, or A ~ 1 as in [67], then this region is all of RY.

25



3.2 ON STABILITY OF WEAK NAVIER-STOKES SOLUTIONS WITH LARGE L% INITIAL

DATA

In [7], Barker, Seregin and Sverak develop the theory of L3> weak solutions. This
extends ideas in [63| and has since been extended to non-endpoint critical Besov spaces of
negative smoothness in [1], which is discussed below.

These solutions are shown to exist globally in time and are known to be mild. It is also

shown in [7] that L3> weak solutions satisfy the following dimensionless estimate

t
sup [lu— Poll2a(s) + / IV (= Po)2a(s) ds o 5, (3.3)
0

0<s<t

where the dependence on ug is in terms of ||ug||3.. This is established in [1] for higher
Picard iterates. We use this result to deplete a time singularity at ¢ = 0, as this energy
vanishes at ¢ = 0. We derive other dimensionless estimates in Theorem 4.12 which serve as
new a priori estimates for these solutions which we use to control the growth of solutions

in the far-field.

3.3 GLOBAL WEAK BESOV SOLUTIONS OF THE NAVIER-STOKES EQUATIONS AND

APPLICATIONS

Weak Besov solutions are a weaker class than local energy solutions which generalize
L3> weak solutions. In [1], it is shown that for ug € Bp_,éjg/p, p > 3, the weak Besov

solution u to (1.1) and the Picard iterate P, = Py (ug) satisfy

t
1
sup [[u = Pella(s) +2 [ 900 = POIa()ds Su 1 (3.4)
0<s<t 0
for k > [£] — 2. This is a consequence of [1, Lemma 2.2|.
These estimates are used as the basis of our Picard improvement techniques. It is also
Bp*’é::f/p

shown that Picard iterates belong to the Kato classes, i.e. if ug € for some p > 3,
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then for k > 0, P.(up) € K,. Because L>>® < By for all p > 3, when ug € L3 we
have Py (ug) € K, for all p > 3. It follows that (3.4) holds for local energy solutions for all
k> 0.

We also have the following bound by [1, (2.32)]

1Pillap == 1Pl + sup  sup BR[| Pl L2(B ey« (0.52)
z€R? Re(0,V/T) (35)

S C<k7p7 ||u0HBp—(1):—3/p>-

Thus, ug € Bpee>'? implies P, € (L2 ioc-
Note that both of (3.3) and (3.4) imply the following separation rate.
For two solutions, u, v in the local energy class evolving from the same data, we have

the following global bound
1
lu—=vlr2 S llu—Pollzz + | Po — vf[r2 < 15,
which allows rapid separation at small times.

3.4 LOCAL-IN-SPACE ESTIMATES NEAR INITIAL TIME FOR WEAK SOLUTIONS OF THE

NAVIER-STOKES EQUATIONS AND FORWARD SELF SIMILAR SOLUTIONS

Our foundation for the proof of the main results is local smoothing [40]. Since L**

2

weak solutions are local energy solutions and L>>* C L%

we may use the following

theorem.

Theorem 3.2 (Local smoothing [40, Theorem 3.1]). Let ug € E* be divergence free.
Suppose ug|p,0) € LP(B2(0)) for p > 3. Decompose ug = Uy + Uy with

divUp = 0, Uplp,,, = 1o, supp Uy € B2(0) and ||Up||rrrs) < C(p, [[uollLr(Ba(0)))- Let U be
the locally-in-time defined mild solution to (1.1) with initial data Uy. Then, there exists a

positive T' =T (p, |luol 12, . lwollLr(Ba(0))) such that any local energy solution w with data uo
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satisfies

Mol ze(sy0))) (3.6)

uloc

lu— UHCQM(E%X[O,T]) < C(p, [Juoll 2

for some v = v(p) € (0,1).

This gives us another preliminary perspective on separation rates. For any two local

energy solutions u, v satisfying the above,

ol
[|u — U||L°°(B%) S lu— U||L°°(B%) U = vl|zeo(B,) S t2-

=

This still allows a very large gap for separation at small times, and our goal is to increase

the exponent on t as large as possible by using Picard iteration to create finer estimates.

3.5 AN e-REGULARITY CRITERION AND ESTIMATES OF THE REGULAR SET FOR

NAVIER-STOKES FLOWS IN TERMS OF INITIAL DATA

The following theorem defines the radius of far-field regularity Ry. This appears

throughout our DSS results as a restriction on the domain where asymptotics hold.

Theorem 3.3 (Far-field regularity (43, Theorem 1.8|). Fiz A > 1. Let u be a A\-DSS local
energy solution of the Navier-Stokes equations in R? x (0,T) with divergence free, A-DSS

initial data ug € E*. Then there exists Ry = Ry(ug) > 0 so that u is smooth and bounded on
{(x,t) : |z] > Rovt; 1 <t < N2},
This implies smoothness on {(x,t) : |x| > Ro\/t}. Furthermore, there exists Ao(ug) > 1 so

that if 1 < X\ < \g, then u s globally smooth.

The proof of the theorem and our usage of Ry both arise from taking a DSS solution

far enough out (|x| > Ry) so that (u,p) become sufficiently small to apply e-regularity
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(Lemma 3.1). Then we can extend our asymptotics using using DSS scaling to the

sub-paraboloid region.

3.6 ESTIMATES FOR SOLUTIONS OF A NON-STATIONARY LINEARIZED SYSTEM OF

NAVIER-STOKES EQUATIONS

We prove an integral estimate (Lemma 4.1) which is an central tool in our work which
helps us demonstrate an improvement from the operator B. To use this estimate in our

Ll results, we need the following bounds on the derivatives of the Oseen kernel.

Lemma 3.4 (Bound for derivatives of the Oseen tensor,|64]). The operator e!*PV- (where

P is the Helmholtz projection) in R with kernel V.S (z,t) has the following bound:
IDLOMS, p(x, )| < C(t2 + |2) 272", VI, m € Z*.

3.7 FORWARD DISCRETELY SELF-SIMILAR SOLUTIONS OF THE NAVIER-STOKES

EQUATIONS

In [67], Tsai extends the work in [40] and proves the existence of large, forward DSS
solutions. He also quantifies decay rates for the solution and its non-linear part for data in

1
* and C,¢.

loc loc

Theorem 3.5 ([67], Theorem 1.1). For any 0 < o < 1 and Cy > 0 there is a

A = M, CL) € (1,2) such that the following hold. Suppose ug € CE (R?\ {0}),
[uollca@p\By) < Cs, divug =0, and ug is DSS with factor A € (1, \i]. There is a local
Leray solution w of (1.1) with initial data ug that is DSS with factor X, and for

v(-,t) == u(-, 1) — ePug

lu(z,t)] <

C
REEG ’ o0

in RY with C = C(a, Cy). It is also a mild solution in the class (3.7). If, furthermore, |jug
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CI’Q(E\Bl) S C*, then

Ct: 2| Ct:
o) < s o (1 ¥ %) Dal s o (Y

in RY with C = C(a, C,).

We improve these results by obtaining (3.7) for L (R?\ {0}) data and creating a scale

loc

of results depending on ¢ > 3 for L] _(R?®\ {0}) data. We also improve on (3.8) by

developing a scale of results depending on 0 < o < 1 for C¢ (R*\ {0}) data and drop the

loc

logarithm for C%(R?\ {0}) data without D,.

loc

3.8 OPTIMAL LOCAL SMOOTHING AND ANALYTICITY RATE ESTIMATES FOR THE

GENERALIZED NAVIER-STOKES EQUATIONS

In [24], pointwise bounds for the Oseen tensor involving fractional powers of the
Laplacian are established and we recall the details modified slightly to match our notation.

First, define the fractional Laplacian A = (—A)% by the singular integral operator

fla) = 1) ,

A f(z) = cq |z — y[3te

Y

where
ap (3t
Ca = 43F( 2 )
"iT(-3)

This is equivalent to the definition via Fourier multipliers, i.e.

NS

(A“F)M(E) = 1€1°F(©).

Proposition 3.6 ([24], Proposition 3.1). Let S; denote the Oseen kernel. For any integer
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m>0and —1 < a <1,

‘(|x! + 1)3+m+aDmAaSj,k‘ (2,1) Sma 1, Vo € RY. (3.9)

We use this estimate in the following form

IVAOS, 1| (2, 8) Sp (o] + VE) ™47, (3.10)

where 0 < 8 < 1. This allows us to apply a fractional power of the Laplacian to the kernel
and the ‘other half’ to F,. This is essential in avoiding a cubic power on the Oseen kernel

in the proof of decay for C%_ and C>% data.

loc loc

3.9 FORWARD SELF-SIMILAR SOLUTIONS OF THE FRACTIONAL NAVIER-STOKES

EQUATIONS

We also look to improve the results in the papers of Lai, Miao, and Zheng [55, 56] which

we presently state, omitting the details of the fractional Navier-Stokes considered therein.

Theorem 3.7 (|55, Theorem 1.1]). Let ug = % with o(x) = o(z/|x]) € L>=(S?) which

satisfies divug = 0 in R3\ {0}. Then (1.1) admits at least one forward self-similar solution

u € BC,([0,00), L*>*(R?)) such that
1. for each p € [2,6], ||u(t) — e ug||pr(rs) < Ct%(H%)*l,
2. u(x,t) is smooth in RY,
3. we have the following pointwise estimates

C Ct ||
u(x,t)] S ————, and u(z, t) — Pyl < ———— o (1 + —) , (3.11
lu(z,t)| Vi lu(z,t) ol R g /i (3.11)

for all (z,t) € RY.

31



3.10 GLOBAL REGULARITY OF WEAK SOLUTIONS TO THE GENERALIZED LERAY

EQUATIONS AND ITS APPLICATIONS

Theorem 3.7 is expanded in [56] with the following theorem.

Theorem 3.8 (|56, Corollary 1.1]). Let ug = % with o(x) = o(x/|z|) € C*(S?) which
satisfies divug = 0 in R? in the distribution sense. Then (1.1) admits at least one forward

self-similar solution u € BC,,([0,00), L*>*(R?)) such that

lu(z, )| < _¢ and lu(x,t) — ePug| < C—\/% (3.12)

(Jz] + V1) (Jz| +V1)?
for all (z,t) € RY. Moreover if o(z) = o(z/|z|) € CH(S?), we have

Ct
lu(x,t) — e up| < —— e (3.13)

(] + vt)?
for all (z,t) € RY.

The proofs of these results rely on the fact that a self-similar solution u is completely
determined by its profile U(x) = u(x,1). They investigate the decay properties of the
profile V(z) := U(x) — eBug(z).

We make specific use of their proof technique in the proof of [56, Proposition 4.4] in
which they decompose the integral form of V' into a near-, mid-, and far-field. The mid-
and far-field have cubic decay, and the near-field is treated separately. Here, we use mean
value theorem to introduce another gradient into the integral of B(Fy, Fy) to make full use
of the C*! assumption and obtain cubic decay.

We utilize this technique along with fractional powers of the Laplacian to obtain this
cubic decay with a C'b® assumption, as any space stronger than O is enough to avoid the

logarithm obtained by integrating the cubic power of the Oseen kernel.
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4 Preliminaries

In this section, we work through all estimates, Lemmas, and Corollaries needed to
prove our main results. This section constitutes joint work with Dr. Zachary Bradshaw.
4.1 INTEGRAL ESTIMATES

The following estimate is inspired by [67]. We use this to improve the exponent of the

decay at each iterative step up to a limit of a = 4.

Lemma 4.1. Fora € [0,5) and b € [0,2), where a +b <5

/ t/ : : L dyds < oyt
o Jrs (Jo —y| + vt —9)* (Jyl +/s5)* /5 = (Jz| + VE)min{a}

(4.1)

Proof. Fix t =1 and let R = |z| 4+ 2. Using partial fraction decomposition, we show the

above integral is bounded. Provided a + b < 5 and b < 2,

1 1
sup

/1/ 1 dy ds
resdo J (z—yl+VI—s) ([ + o) s

: /01/ <(|y| +\;m)4 T +1¢g)a> \/1517 dy ds
1 1 11

S + — ds
0 /1_8\/511 \/g 3\/56

(4.2)
L 1
N + ds +1
/o Vi—s /&

1

S1S ——F———-
~ 7~ Rmin{a,4}

Hence, we only need to verify the bound for R > 8. First, we consider the far-field,

ly| > 2R, where, for b < 2,

1 1 1 1 1 1 1
dy ds S —ds _ dy
I O v e v LR 2o .
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Next, we consider the region where |y| < R/2. Because R > 8 we find

// ! 1 dy ds
i<t (o —y| + VT —5)* <ry|+f> \/" Y

/ Af|<H R |y|+\/_) \/— 5 dy ds (4.4)

< [ — Ly,
R /0 NE /|y|<§ (lyl + v/s)

for a # 3. Passing to spherical coordinates yields

i L L 5 g v
— < (r ++/s)"*r*drds
R < B |3/|+\/_ R )y 3

R—/O% (@M) f) “

R1+a + R4>/0 \/E‘H'b 3

=

AN

AN

N Rl—l—a + 51 R4’

for a +b < 5. If a = 3, then, similarly, passing to spherical coordinates yields

' 1 1 1 Im(R+1) 1 _ 1 1
dyds S ————+ =S5+ =7, (46
/0/|y<’§(|$—y|+\/—1—3)4(|y|+\/§)3\/§b R RIS e T pe (46)

for b < 2 since a = 3 < 4.
We treat the final region, R/2 < |y| < 2R, with the substitution z = x — y where

|z| < |z|+ |y| < 3R. We find

/1/ 1 1 1
, - bdyds
0 JR/2<lyl<2R !w—yH\/l—S) (lyl+Vs)* /5

/ / L dzds (4.7)
: Re Sb lzj<ar (2] + V1 —s)* ’

<_ 1 1

1 1 1
< b(— + )ds§—+—1,
Re 0 /5 3R++vV1—5 1-—s Re ~ Rot
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where we passed to spherical coordinates to evaluate the spatial integral.

Then for all x,

I L SO - -
o J (I —yl+VI=s)(lyl + V) /5" = (2l +2)e (el + 2t

(4.8)

To conclude the proof we make the change of variables x = v/t&, y = v/t§ and s = t3. This

substitution and the above bound lead to

i — L (O

o J (Jo—yl+vt—s5*(yl+Vs)* /5 V(2 +2)  (j7]+2)1
< ¢ + Ct3 .
TVE |z Ve (xl+ V)

(4.9)

]

Note this resembles a result from [67, Lemma 2.1]. Let a,b € (0,5) and a + b > 3. Then

owat) = [ [ (e =yl VTZD (ol + VO dya (1.10)

is well defined for x € R3, and

¢(x,a,0) SR+ R+ R [l + (1,3 + 1p—3) log ], (4.11)
where R = |z| 4+ 2. We utilize this result, as well, re-scaled to all times.

4.2 ESTIMATES FOR THE HEAT EQUATION

In this subsection, we state and prove a variety of results on the decay of scaling

invariant solutions to the heat equation. These are foundational for the proof of the decay

of u— Py. Let A, = {x € R3: \F < |z| < \FF1} and A = {z: \F71 < || < AFF2Y,
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q

Lemma 4.2. Assume f € L _(R*\ {0}) where 3 < ¢ < oo and satisfies for some A > 1,

A (M) = f(@),

where o € (%, 00) (0 =1 corresponds to being DSS). Then

3_o
sup [l flle(se) Sa llf|Lacan R (4.12)

te(1,72]

We allow different scaling factors in order to apply this theorem to derivatives of DSS

data. This conclusion is discussed without proof in [10] where it is shown for ¢ = 3, there is
no algebraic decay rate available.

Proof. By the assumed scaling property, we only need to show, for ¢ € [1, \?],

3_g
€ fll oo (ay S NG,

where the suppressed constants are independent of k. Fix x € A, and decompose the heat

evolution into a near-, mid-, and far-field

C _le—yl?
€tAf:t37/€ © f(y)dy

T—y 2 T—y 2
< / 5 f(y) dy + / 5 (y) dy
[pl<At=1 veA; (4.13)

~Y

+/ S f(y) dy
ly|>Ak+2

:Ijl —|— [2 + [3.
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To bound I, we use Hélder’s inequality and |z — y| > A\¥ — A\¥~1 to find

_\:c—yl2
||11’|L°°(Ak) < ||€ 422 |‘L°°(|y\<>\’“*1)||fHL1(\y|<)\k*1)

_Fako1y2
<e 7 [[fllnyen- (4.14)
_\2k—4
Sae? Z 1Nl zra,)-
k' €Z:k' <k—2

By the scaling for f € L1(A;),

1/q
_ 1 _1 3k
1l < m(A)™H Loy < mlAn) A% ( [ |f<Akz>rqdz)
1

(4.15)
1 (3,
< (A" A fllzaay.
This implies
_\2k— _1 3 _ )k
ey Se™ " > m(Ap)! G £l acany
K €Z:k! <k—2
ey A O=D NG il oy (4.16)
K €Z:k! <k—2
e g A=) (k=2)
Sae? WHJCHLQ(Al)a
by taking the limit of the geometric series. As k — oo, the Gaussian dominates any
algebraic growth. Hence,
k(2—c
T2l any S A fllagay-
For I,, by Young’s inequality and DSS scaling,
_L2 k(3—o
1ol e qan) < lem ooy | fxagllos Sa A Fllzaan, (4.17)

via a similar scaling computation as in (4.15). This determines the power of R in the

lemma’s statement.
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Finally, for I3, we sum over the annuli A/, k' > k + 2, and find

22 _1
Msllmian < Y e T m(Ae) 5 erag)

k'>k4-2

a2 "1-H K (E—0
S e XD f (4.18)

k' >k+2

EPCL
Salfllzoqay Y e nzAB

k' >k+2

using (4.15). Again, the Gaussian dominates any algebraic growth, and we conclude

k( 7—0
sl (a) S A7 £l agan-
Therefore,
€ Flloe () S A,
with the suppressed constants independent of k. This implies (4.12). H

Our next lemma states fractional derivatives of Holder space data are bounded up to,

but not including, the Holder exponent.

Lemma 4.3. Let 0 < a < 1 and m € (Ny)? be a multi-index with |m| < 1. If

ug € CI™(R3\ {0}) is DSS, then for all B € (0, ),

loc
APD™uy € L2 (R3\ {0}).

Proof. By scaling, it suffices to show A°D™uy € L>®(A;). To begin, we fix z € A; and

decompose the integral operator into near- and far-fields

1
ALl SJ(/ +/ >—Dmu z) — D™u(y)) dy
O( ) |z—y|<A—1 |z—y|>A—1 \x—y\3+ﬁ( 0( ) 0( ))

=:Ji(z,t) + Jo(z, t).

(4.19)
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For the near-field, Jp, for f < a,

1
= D) D () dy
z—y|<A~L

1

< Jluollimienca / L4 (4.20)
C (A%) o yl<r-t |I _ y|3+5_a
S)x,uo,oc,ﬁ 1.

Next, because ug € ™ is DSS it decays like ||~I™=1. This allows us to bound J; by

loc

lz—y|>A~1

|z — y[>+7
S /|| g A /|| rEk
1 1
St </ﬂc—y>)\1,|y|>>\1 +/|3/S/\1> |z — y [ Jy|mi+ Wl (421)
1 1
S| s Y [
Cun L,

for 8> 0 and |m| € {0,1}. Hence, D™APuy(z) € L°(A;), and our proof is complete by

scaling. O]

Now, we may prove the following corollary to Lemma 4.2. These decay rates are central

to our proof of Ct* decay.
Corollary 4.4. Fiz a multi-indez m € (No)?, |m| <1, and B € (0,2). If

APD™ug € L2 (R3\ {0}), then

1
sup [A’D™ePug(x, 1)) <puoa .
i, | o®: D Rt Ty

(4.22)

Proof. By Lemma 4.3, we have A’ D™y € L (R3\ {0}). We show A? D™ug has scaling

loc

factor o = 1+ |m| + 3, and apply Lemma 4.2 with ¢ = oo and f = A° D™ug. This scaling is
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clear from the calculation

)\(1+\m\)k(Dmu )()\ka:) _ )\(1+\m\)k(Dmu )()\k )
B ym _ \3k+Bk 0 0 Y
A" D"ug(z) = A / [ Nez: — Nk [3+5

m k m
_ )\(H—m—i—ﬁ)k/ (D™ug) (A ) — D™uo(y) dy (4.23)
|)\kx _ y!3+5

dy

_ )\(1+\m\+ﬁ)k<AﬁDmu0)()\kx>‘

Then we rewrite A® D™e'?uy = e AP D™y by the boundedness of these derivatives.

Applying Lemma 4.2 leads us to

1
A’BDm tA t < ug, o :
tes[lll,l;]l € uo(x, )‘ AU, (|x| + 1)1+\m\+ﬂ

m
The next lemma states that derivatives of the heat evolution enjoy improved decay
when the initial data is Holder continuous.
Lemma 4.5. Assume f € C (R3\ {0}) where 0 < o < 1 and satisfies, for some X\ > 1,
AEfF(Nea) = fla),
where o < 3. Then
sup [[Ve' fllz(zg) Sa I fleaan B+,
te[1,22]
Proof. Tt suffices to prove, for t € [1, \?],
sup [|Ve'® fl| ey S AT flloaa,
te[1,72]
where the suppressed constants are independent of k. Let x € A,. Note that
tA C _ |zfy\2
die” f(z) = . t—g(%’ —y)e” * f(y)dy. (4.24)
R



. _le—yl? .
Since (x; — y;)e” 2  is mean zero on spheres centered at x,

0ie'™ f () 5/ (wi —yi)e” w2 (f(y) — f(x))dy

lz—y|<Ak—1

_lz—y|?

T / (s — yi)e "B f(y) dy
T—yE€A;},

(4.25)

_lz—y|?

+/ (s —yi)e” % f(y)dy
|z —y|>X\F+2

=:1(z) + L(x) + I3(z).

For I, because x,y € Byk-1,

AT (A R) — f(A TRy o 1 o
= /\ko‘|/\_kl’ — /\‘ky!a |‘T - y| SJ [f]CO‘(Ao)W|x - y| :

Therefore,

[flee(ao) / Je—y)?
T < 20 — it 32 du.
| 1|<J}) ~ )\k’(O'-i-Ot) ‘x7y|<)\k—1 |x y| e 4 y

By the growth of the Gaussian, the integral above is bounded independently of k for

t € [1,)?]. So, we have

[floe(an)
H[1||L°°(Ak)(t> S,a,/\ )\k(a-I—a()) ’

This determines the power of R in the lemma’s statement.

For I, because © € Ay and x — y € A, |y| < AFF2 4 AL

 aZk—2
||]2||Lg°(Ak) S )\If+26 A2 ||f||L1(|y|<)\k+1()\+1))' (426)
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Because |f(y)] <a WH\L;#

1 —0
1 urere sy 5 Ilecan | e dy A e,

k1) Y17

for ¢ < 3. Therefore,

_A2k72
112] zoean) Sx A4 R fll poe(agye” 22

As k — oo, the Gaussian dominates any algebraic growth. Hence,

o+

1121l (a0 Sa AT fll o (an)-

Finally, for I3, we sum over the annuli A/, k' > k + 2, and find

;a2
Esllzoe ay (1) < > Aem o7 || fllrar,)
K >k42

P
< Z e 4’ >‘(4 ok Hf||L°°(A0)7
B> k42

(4.27)

(4.28)

(4.29)

where we used the o-scaling. Again, the Gaussian dominates any algebraic growth so the

preceding series is summable. We conclude

130l oo () Sa AT Fll oo a0)-

Lemma 4.5 suggests a similar result should hold for fractional derivatives of order

between o and 1.
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Lemma 4.6. Assume f € C (R3\ {0}) where 0 < a < 1 and satisfies, for some X > 1,

A f(Nex) = f(x),
where 0 < 3. Fizy € (a,1). Then

sup [[A7e" f| e (mg) Sx [1f loaag B OH.
te[1,)2]

Proof. Tt suffices to prove for ¢ € [1, \?],

sup (AT f e (4 S AT f e (a0),
te[1,0?]

where the suppressed constants are independent of k. Let x € A;. Note that

N fa) = [ SATe R fy)dy. (4.30)

R3 12

AN 2
: _lz—y? _lz—y?
Since (Ale at ) (0) =0, AJe” #  is mean zero on R*. Hence,

W@ s [ e ) - s dy

n / N5 (f(y) — f(x) dy (4.31)
|z—y|>\F

For I, because x,y € Bk

AT f(A ) — (AT o 1 a
= /\ko‘|/\_kl’ — /\_’“y!"‘ |‘T - y| SJ [f]CO‘(Ao)W|x - y| :
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Therefore,

[f]ca(AO) _lz—y|?
Ll S S [ e ylage S ay
N\k(o+a) ey <A

We claim that

_l=? 1
Ale 422 f)\ —|$|3+7. (4'32>

This implies that

[f]e(a0) [f]ce(a0)
. < oy 0 - - W IvTRA0)
||Il||L (Ax) ~SaA \k(o+a) /|x—y</\k |:L‘ — y|3+7‘°‘ dy ~SaA k(o ta)

which determines the power of R in the lemma’s statement.

For I, by the scaling of f and claim (4.32),

_lz—yl? lz—y]|?

Mﬂ&/ Ak4ﬂﬂ@@+/ Al f(y) dy
|z—y| >Nk |z—y| >Nk Jy|> Ak

lz—y|2
+f A5 1(y) dy
lz—y|>AF [y <P

1 1 (4.33)
SAA—]CO'/ —Mdy_{_ )\_k(?)‘i")/)\/ _Udy
je—yl2xk 2 =y =yl 2\ Jyl <% Y]
g/\/\—IC(chrw)7

for o < 3. Because 7 > a we conclude that

JA7€ o) Sa AT Fllon(an.
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To show the claim (4.32), for x € A, we write

g e 1 _lv? _l=?
ANe oz < — e —e 0 ) dy
™ Jgs [z —y[Ft
1 y|? ||
< T e a2 — e anZ dy
|z—y|<Ak—1 ‘LU— ‘ u

/ 2
T—y€A}

o |3+7 (efﬂ — €4>\2) dy (434)

1 _\yg _\zij d
- 4 — 4
+ e e e Y

jo—yl> 42 [T —

= Jl(l’) + Jg(l‘) + J3<l’)

For Ji, since x and y are close, we can write

2
Ji(z) S/Ix e mdyllve&I\Lw<Ak>

) A(l_i;:_lw%_ﬁ; o (4.35)

For the mid-field, Js, we find
CHDS H‘Z|737’YHL1(A;;)€7% Sae ™ (4.36)

Lastly, for Js,
Js(x) < /| - m (6—5&5 — 6—4’1'5) dy <y AEFDEH), (4.37)
T—y

Because A1 < |z| < A**2 we can rewrite these bounds in terms of decay in z to get

(4.32). 0

Remark 1. We expect o < v is necessary in Lemma 4.6. If this were true for o =+, this
result would imply for DSS function f, that f € C2 (R?\ {0}) which is equivalent to

A f e L° (R \ {0}) because f would have decay as in (4.22) with |m| = 0.

45



This should not be true for general elements of C}2.

to B (R?\ {0}), i.e. f decays like 2-°% in annuli 2¥ < & < 2*+! on the Fourier side. It

(R3\ {0}) because C* is equivalent

follows that A®f is locally bounded on the Fourier side, i.e. in (B2, . )ioc(R*\ {0}). This is
strictly weaker than L° (R3\ {0}).

loc

4.3 A COMMUTATOR ESTIMATE

The following section is dedicated to proving estimates for A°(Py ® Fy). The following
lemmas allow us to navigate a commutator to obtain better decay for solutions with C'*
data and eliminate logarithms in our decay results for solutions with C1* data.

First, we show the heat evolution of locally Hélder data remains in the same Holder

space, locally.

Lemma 4.7. Fiz a multi-index m € (No), |m| < 1. If ug € C/™"*(R3\ {0}) is DSS, then

loc

| Poll gmaxtimt.ar (ay) (8) S ||ttol] gmaxtimiod 4,y (4.38)

fort > 0.

Proof. For ug € C/™"*(R3\ {0}) it follows that e"®uy € C/™"*(R3\ {0}). In fact, choosing a

loc loc
cutoff ¢, a smooth function such that supp ¢ C B,-2, ¢|B)\,3 =1 and

supp Vo C {x : A73 < |z| < A2}, we see that

Hem(UO(l - ¢))chaxﬂml’a}(,41) S HuOHCmaX{\an}(Al)a

for t > 0, by Lemma 2.1. For the remaining part, ' (uo¢), fix x € A;. We bound e'*(ug¢)
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in C'(A;) for t >0

0ie"* (uo9) (x) < / (o), bt (w09)(y) dy

R3 tg
A+ A2 _oma2)?
S A0 [ o) dy
t2 R3
A4+A"2 o2 1
< Nl e 22— e~ / Loy (4.39)
B>\72 |y|
AFA2 o2
S luollpe ———e= 7 A
t2
S [Juollzes -

loc

Hence,

Ve (ugd) | oo (ay) () < |luollzoe

loc

for ¢ > 0. Thus ' (ugp) € C'(A;) C C*(4,) for t > 0, with

IV (o) | gmatimt s (a,) (8) S [0 || mastimi.c (ay)-

This implies the conclusion(4.38). O
Now we may prove an estimate to navigate the commutator A®(- ® -).

Lemma 4.8 (Commutator decay). Fiz a € (0,1) and a multi-index m € (Ny)3, |m| < 1. If

up € CIMH(R3\ {0}) is DSS, then for t € [1,72] and § € (0, (2 — |m|)a),

loc

m m m 1
ABD . (PO ® PO)(ZU,t) 5“07)\,a7ﬁ POiAﬁD Poj(l',t) + POjABD POi(LE,t> + O(W>,

or 1 <1i,5 <3, where Py; is the it component of P,.
J

We use this in the proof of decay for flows with C, data with |m| =0 and § < a and
the C’ﬁ)’o‘ proof with |m| =1 and f = v > «, but we combine the two results here due to the

C

similarity.
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Proof. For |m| = 0, we can rewrite each term as

N (Buyayt) = [ P = ()

_ / Poi(y) Poj(y) — Poi(w) Po;(y) + Poi(2) Poj(y) — Poi(w) Poj(x)
[z —y[>+7

_ (o Poj(y) — Poj(z)  Poj(y)(Poi(y) — Poi(z))

- [ o T

dy

dy

= Rulw )N Boat) + [ Py(o) =)

N / (Foi(y) = Poi()) (FPo; (y) = Foj () dy

|z — y|3+P

= Py, A’ Py;(x,t) + Po; A’ Poy(x,1t)
n / (Poi(w) — Poi(y)) (Foj(z) — Poy(y))

|z —y[3+F

dy,

where we have suppressed the dependence of Fy on t in the integrals for readability.
For |m| = 1, because the operator A?d), Py(z) integrates Py(z) — Py(y) against the
kernel % we find, similarly, that
ANPO(Po; Poj)(,t) = Po; N0y Poj(,t) + Po;A° Oy Poi(,1)
(zr — k)
W(Pm(x) — Po;(y)) (Fo;(x) — Poj(y)) dy.

Hence, the asymptotics of the final term follow from bounding an integral of the form

/ W(Poi(x) — Po;(y))(Po;(x) — Po;(y)) dy, Im| < 1.

We break the above integral into three domains: |z —y| < %, |z —y| > %‘ and |y| > %,

l=|
2

. First, we consider |x — y| < lz2l e,

and |y| < 5

/_ <l W(HM(@ = Foi(y)) (Fo; (2) — Fo;(y)) dy. (4.40)

2
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By Lemma 4.7,

HPOHCmaxﬂm\,a}(Al)(t) 5 H/U/O”Cmax{\m\,a}(Al), (441)

for t > 0. By DSS scaling, we have

|P0($,t)—P0(y,t)| 1
5)\ |ZE|1+a [PO]CQ(A1)7

sup -
YEB|¢|2() |I‘ - y|

and for |m| =1,

Py(x,t) — Py(y,t 1
‘ 0( ) O(y )| SA ‘x|2[PO]Cl(A1),

sup
YEB|z)/2(z) |z =yl

uniformly in ¢. Hence,

/ <zl W(Bﬁ(l’) = Foi()) (Po;(x) = Po;(y)) dy
< 1 |P0Z(ZL‘) — POz‘(y)| ’P()j(fﬂ) — Poj(y)‘
/Iff»‘—y<

% |I _ y|3+\m\+ﬂ—2max{\m\,a} |(L’ _ ylmax{\m\,a} |ZE _ y|max{|m|,a} (442)

1 1
SJA,UO | |2+2max{|m|,a} || | _ |3+|m|+ﬁ—2max{|m|7a} dy
z lz—y| <5 r—y
1
A0 2+ m]6

provided < max{|m|,2a — |m|}.

l=|
2

|z|

Next, we consider the region where |z —y| > 5 and [y| > 5. Because

Po(y, )| Sauwy o by Lemma 4.2 for |y| > |x|/2, we find
A0y

/_ L2l Lol WUDM(@ = FPoi()) (Poj(x) — Po;(y)) dy

1 1 1
S P
|z — y[3TimiTs 4y Sxuo |z [2Hml+6

(4.43)

~SAuo 2
] |z—y|> 12151y > 120
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for > 0. The final region is |y| < % By the same decay for F,, we find

‘/|<z W<PW(I) — Poi(y))(Poj(z) — Pos(y)) dy

1 1
[,

~7h - _ o|3+m|+8 2
|y|<‘—2| |*T y| Himl+ |y| (444)

1 / 1
< — —d
A, Y
uo |x|3+\m\+ﬁ \y|<|”"2”—‘ |y|2
1
5)\,11/() 2 m bl
‘.’L” +m|+8

and our proof is complete. n

This lemma applies to both § < « and § > «. For clarity, we use ~ for fractional

derivatives greater than «, as is done in Lemma 4.6.

4.4 PROPERTIES OF PICARD ITERATES

q

In the follow subsection, we prove properties for higher Picard iterates of data in L}

or L3> N L(B), for some ball B C R3. We begin by showing the pointwise decay of P,

evolving from sub-critical data is inherited by higher Picard iterates.

Lemma 4.9. Fiz 3 < ¢ < co. Assume, for all (z,t) € R3 x (0, 00),

1
Po(l', t) S

RGO

Then for all k € N and all (z,t) € R? x (0, 00),

Proof. Note that

t
P, — Py=B(Py_1,Ps1) = / eU=APY . (Pyy @ Po_y)(-, 5) ds,
0
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decays algebraically faster than P,_; by Lemma 4.1. Namely, using Lemma 4.1,
| P, — Po| < /t/ ! ! dy ds
k— Lol Jk,P
Vo e (lr =yl VE= 9 iy + )2
] (4.45)
SkHPO 6_1 9_6 .
VI (] + VA

O

This implies P, and Py have the same decay.

Now, we show an estimate of the heat kernel in Lorentz space which will be used later
in the proof of local sub-critical inclusion of Picard iterates.

Lemma 4.10. Let B = Bgr(zo) and B’ := B,(zg) where 0 <r < R < co. Then for

0<t<oo,

—(R—1)2
. (4.46)

_le—y?
e (1= xo)l 3.
Y

Proof. First, assume without loss of generality that o = 0. Then letting = € B,

(4.47)

3 [ _la—yl? 3
/ m{yze 2 (1—XB(3/))28} ds,
0

|z —yl?

e (1 = xw)l 3 =

where m is Lebesgue measure. The above set can be written as
Az, t) ={y : |xr —y| < /—4tln(s), ly| > R} = B(x, (—4tln(s))?) \ Bg(0).

This is well-defined because ¢ > 0 and s < 1.
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We, therefore, conclude

z—yl|?

lem == (1 =xz@)I 3.
Yy

Lz (B")

<

~Y

/Ooo m(A(z, 1) ds

—(R—r)?

Lz (B)

e 4t
< —4t1 d
s I-amee e
—r-m? (R — 2 —(R—m?2
54t<6 (R;i) %—F@(R‘“))
(B2
Spe
]

This leads to a local a prior: inclusion for Picard iterates.

Lemma 4.11. Let B = Bg(zy) and B' = B,(xy) where 0 <r < R < co. Let ug € L>>

with uo|p € LY(B), for some 3 < q < oo. It follows that P, € L>(0,00; LY(B")) with

HPkoHL‘x‘(O,OO;Lq(BO)) < C<k07 R’ ||u0||L3’°°)'

Proof. Because P, € K, when ¢ > 3 for 7 > 0,

sup || Pellza(s) Sk lluollps.e
TI8<o0

So, we need only prove the estimate for a short time. Let {Bk}iozo be a collection of

concentric balls about zg of shrinking radii o**! R for some « € (0,1). Fix kg € Ny. Choose

a such that r = oft1R.
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tA

We can estimate Py = e*~uq as a near-field and a far-field term by decompising

_ == y\2

1 Poll o H woly) dy
3 t2 q(BO)

(L )i

< llwol ot ™2

Le(Bo) (4.49)
e~ 5 (1—XB(y))I|Lg,1

Yy

LE(Bo)

+ HetA(XB(y)UO>HLq(R3) .

We apply Lemma 4.10 to find

_ _lz—yl?
e 0=l 3| Sl 0= xn 5
v L (Bo) v lLge (Bo) (4.50)
<ha 6_(R<ZQ))2
For the near field term, by [65, Lemma 5.1,
€ (UoXB)IllLaR3) ~ [|UWoXB||La(R3) Uo||La(B :
e (wox )| S lluoxs| S lluol| (4.51)

Because these estimates are uniform in time for ¢ < 7 it follows that

||P0||L°°(0,t;LQ(B')) SR,a ||U0||L3’°° + HU0||Lq(B)- (4'52)

If kg = 0, we are done. Otherwise, for kg > 0, we continue by induction. Observe

B(Py—1, Pr—1) = B(Py—1XB,_,» Pe-1) + B(Pe—1(1 — xB,,_, ), Pi-1)-

53



In the near-field, by (2.19),

t
1
[ B(Pe-1XBy 1+ Pe1) || La(5,) (1) Sq ||Pk||1coo/ ——— < [[Pellraem,_p)(s) ds
0o (t—s)2s2
Sk ol 300 | Po—tll Lo, 1) (8)-

For far-field, by the pointwise estimate for the kernel K of the Oseen tensor in Lemma 3.4

and P,_; € K4, we have

|B(Pe-1(1 = XB,_1), Pe-1)ll Lo (1) S

t P._ P._
// 1 X klt(y’S)z;dyds
o Jae (o —ult vis) o
t
s I 7 (s riat -k / | P2 ds
0

t
143 3
SRk / s ds Spapg th.
0

This shows B(Py_1, Px—1) € L*(0,00; LY(By)) whenever Py_q is in L>(0,T; L(Bg_1).
Hence,

Pk = P{) — B(Pk,b Pkfl) c LOO(O,OO; Lq(Bk)>

This extends up to kg so Py, € L>(0,00; LY(B’)), with

HPkoHL‘x‘(O,OO;Lq(BO)) < C<k07 R’ ||u0||L3’°°)'

Remark 2. Together, (4.49) and (4.50) imply

_3
le*® (uo(1 = X))z (8) S fluol ot ™21, (4.53)

provided ¢t < T', for any given time 7. Combining this with the classical estimates for the

heat evolution of ug € L? (Lemma 2.1) we also have ||e"®ugxp]| 1) S f%HUoHLq(B)-
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Hence,

_3
lle" 0| Lo (57 (1) Sugur t 20

We use this fact in the asymptotic expansion in Theorem 1.7.

4.5 A-PRIORI ESTIMATE FOR L**° WEAK SOLUTIONS

In this subsection, we prove Proposition 4.12 which we use to control u — P in the

far-field in the proof of Theorem 1.7.

Proposition 4.12. Fizq € (3/2,3), T > 0 and k € N. Assume ug € L>> and is divergence

free. Let u be an L>*° weak solution with initial data ug. It follows that, for r = %,

N

lu = PellzrorsLe) Shquo T2
Proof. First, we decompose
U—Pk = —B(U—P]f,h'u,—Pk,1> —B(Pk,u—Pk,l) —B(U—Pkfl,P]Q)7

for k > 1. We show this estimate holds for each term. By Yamazaki [66, Theorem 2.2 each

of these terms has the bound

S
(t—s)2

t
1
< U — Pyl|?202(5) ds,
S [ Gl Plaats

t
WW—Hw—HMMﬁ/ (1 — P2 o () ds
0

(4.54)
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and

1
(t—s)?

t 1
5 / 1 (HP’CH%Q%OO + HU - PkH%m;,l) ds
o (t—s)2

b
< (IR + T = Pl ) s
o (t—s)

| Pi(u — Py)||Lar(s) ds

t
HB(Pk,U — Pkfl) + B(U — Pkfl, Pk)HLq,l ,S /
0

D=

(4.55)
We first consider Py in L??. Because Py, € Koy,
t 1 ) t 1 )
— | Bllieds S | ——— = Pllk,, ds
0 (t—s)2 0 (t—s)2s 2 (4.56)
31
gk,qmo 120 2.

Then

1
" 3

T 3 _1\" 3 _ 1.1
| B(Pr, u — Pl Lro,001) Skguo (/ (tzq z) dt) St T2 777 g T2,
0

N

— 2%
for r = 53

To bound ||u — Pgl| ;245 we use the extension of the Gagliardo-Nirenberg inequality to

the Lorentz scale |23, Corollary 2.2|. For § > 0 and

1 0 1 1
SIS T/
2= >(2 3),

we have

1£lre Spas I 1Lase IV AR, (4.57)

56



for1<g<p<ooand3/2—3/p<1. Fixp=29<6andg=2. Then @ is given by

3
2

L)
N | —

Because 1 < ¢ < 3 the other conditions above are met. Also note L? C L?* embeds

continuously. This gives

1 -0
<t_s>%”“ PRIV (u = P " ds

t

6

S 14 / IV G — PO ds,
0o (t—s)2

t
1B(u— Po— Pl () <, /
° (4.58)

where we used (3.4). For t € (0,7T),

fo
| IV = P s = [ = PO (50 (5) s
o (t=s): = sl:

and the right-hand side can be viewed as [ %(HV(U — Pk)”ig_e) X(0,7)) Where [ 1 is a Riesz

potential in 1D. The Hardy-Littlewood-Sobolev inequality states

I _ P29 H (1— 9) H
22196 = PO x0m |, ) S [I90= PO x|,
where
1 1 1
rooF 2
The selection
.1 2
"TiZe TT 10w

is valid for the Hardy-Littlewood-Sobolev inequality provided 3/2 < ¢q. The choice ¢ = 3/2,

0 =1/2 and r = oo is not permitted in the Hardy-Littlewood-Sobolev inequality. Letting
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r= % and putting the above observations together leads to

0 —0
1B(u — Py,u — Pi)|loro.001) Skawo T2 || 1V (@ = POIZS ™" x (01|

L7(R)
[ 2
Sk,q,uo T2 ||V(U - Pk)||£2(O,T;L2) (459>

Skauo THT# = T3,
by (3.4). The result follows. O

4.6 DECAY FOR LOCALLY SUB-CRITICAL (u,p)

The following lemma achieves the desired decay in Theorem 1.1 assuming v and p are

locally sub-critical.

Lemma 4.13. Let € > 0 be given and q > 3. Suppose u is a A\-DSS local energy solution to

(1.1) with divergence free, DSS data in E*. Assume u satisfies

max{ sup ||lullze(ag), sup ||pllrazaz}t <e,
0<s<T 0<s<T

for some T > 0. Then

€
’vlu’(x7t> SJ)\J,UO 3 3 for |£C‘ > RO\/¥

Vi (e + VBT

Proof. Let xq € A, then
! 3 3(3-1) 31-3) 3
L] wPsdyds Sl S sup [ qufrdy € a0
0 Bl(:vo) 0<8§>\‘x0‘_2 B%(%)
A

and, likewise, for p,

1
/ / pP?(y, ) dyds S foo*o ™) sup / Pl dy S oD,
0 B (o) B (

< -2 o
0<sSalzol 5 %)
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Then by Lemma 3.1 we have

3_
V' (z0, 1) Sa |moe e,

for ¢ € [0, 1], by taking z, sufficiently large so that |x0|3(1_%)53 < &,. We may repeat this
over parabolic cylinders of the form B (zg) x [3, 5 + 02] to cover all of ¢ € [2,2 + X\?], a full
period of t. Then

3_
V'l (zo,) Sx (2ol + 1) e,

for |xg| >> 1. Now let ¢t > 0 and |z| > Rov/t, and t = A\=2Ft € [1,\?] and & = A%z By DSS

scaling, we conclude

N 5)\1:(1—[)
[Viul(z,t) = NV |(2,1) S ————

(Iz[+ 1)
<

e(\F)a!
~A 1 3
(] + ¥y s

3

q
< eVt

NCE =

(4.60)
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5 Results

We now prove the main results introduced in Section 1. This section constitutes joint

work with Dr. Zachary Bradshaw.

5.1 PROPERTIES OF DSS LOCAL ENERGY SOLUTIONS

5.1.1 Decay when ug € LL (R*\ {0}), ¢ >3

loc

Proof. We will show the assumptions of Theorem 4.13 hold for DSS local energy solutions
with data ug € L _(R*\ {0}), ¢ > 3.

Fix z¢g € Ag. By Theorem 3.2 we can find U, a local-in-time mild solution on

Bsy(z9) x (0,7"), with data Uy, such that v — U € C?, (B

par

1(x0) % (0,7")) and
u—U e L>(0,T" Lq(B%(xo)).

Because U is mild with data in L9(Bs(xg)) by sub-critical local well-posedness [26],
U e L>(0,T Lq(B%(xo)). This implies that v € L*(0,7"; Lq(B% (x0)). We repeat this
process of local smoothing to cover Ay and find u € L>(0,7"; LY(Ay)).

Next, we show the associated pressure p is in L=(0,7"; L9?(A)). To achieve this, we

decompose

p(o.t) = [(=A) " divdiv]; (uu;) = pi +p2 + ps,

where

pi(x,t) == [(=A) "t div div]y (wuxs, , @0),
pa(,t) := [(=A)~" div div];; (usujxaz), and (5.1)
pa(x,t) = [(=A) 7" div div]y (usa (1 = X8, (x0)))-

By a priori estimates for local energy solutions [15, Theorem 1.4|, we have

P11l Lo (a0x(0.1)) S ||“0||2iﬁloc'
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Next, [(—A)~! divdiv];; is bounded on L92(R?) because it is a Calderon Zygmund
operator. Therefore u € L>=(0,T; L9(Ay)) implies py € L=(0,T; L2 (Ay)).

For the term p3, we write explicitly

pal. 1) = / K () (g (1 — x5, 0000)) (& — )y,

where K;; decays like |x|7. This is bounded by the sum

1/2
i < S0 ([ )
A

k>2

To bound this using v € L>(0,T; LY(Ayp)), we apply DSS scaling to scale the integral into

Ap and use Holder’s inequality introduce the L?-norm to find

1/2 2/q
|p3| < Z)\%}k ([4 ‘u|2 dy) < Z)\73k)\3k(172/f1) </A ’u‘q dy)
K k

k>2 k>2
2/q
< Z A ~Ok/a (A(gq)k / |u|?(y, \7Ft) dy> < Z A% sup HuH%q(AO) (5.2)
k>2 Ao k>2 t
S 1 _ )\,2 Sl;p ||u‘||%q(A0)

This shows p3 € L>(Ag x (0,T)). Thus p € L>=(0,T; LY?(Ay)). The decay (1.3) follows

from Lemma 4.13. O
Next, we prove an asymptotic improvement for the ‘non-linear’ part of the flow.

Proof of Theorem 1.2. Fix t € [1,\?] and |z| > Ry/t. For the improved decay of u — Py,

first note u — Py = —B(u, u). We decompose

t
B(u,u):/ (/ —|—/ )VS(:c—y,t—s)~1P’(u®u)dyd3:fl(:c,t)+[2(:C,t).
0 \Jy>Rovt Jly|<RoVt

For the sub-parabolioid region, using the local boundedness of u in L?, the decay for the
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Oseen kernel(Lemma 3.4), and Holder’s inequality we find

t 1 1
oz [ f =il ) dyds Sy gllullia,,,) (63
0 Jly[>Rovt (|Jz =yl + vt —s)* |2 |* L2(Bxgy) (5.3)

For the region above the paraboloid, we use the decay for u (1.3), the bound for derivatives

of the Oseen kernel (Lemma 3.4) and the product structure of B to find

_6
eVt ¢ < €

' 1
NS ] (1l + 375 ™ (il + 17

| Lo| (2, ¢ (5.4)

Together (5.3),(5.4) imply
€

ju—Pol(z,1) Sy ——— %
(2] + 1)
for t € [1,\?], |z| > Rov/t.
Now, let ¢ > 0 and |z| > Rov/t, and t = A=2t € [1,A\?] and & = A"*z. By DSS scaling,

we conclude

eNF

(17 + 1)

ey

AT e

(Jz] + AF)*
6_1

< eVt?

lu— Pol(z,t) = N|u — By|(3,1) <y

5.1.2  Picard improvement for ug € L (R3\ {0}), ¢ >3

loc

Next, we develop decay rates for the difference with the Picard iterates, u — Py, using

techniques similar to those above, and the inherited decay of P, (Lemma 4.9).
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Proof of Theorem 1.5. Denote by a; the following

3 3
ak:(k+2)(1——) :ak_1+1——.
q q

Note ap < 4 precisely when k < q4_—q3 — 2. This limits our improvement. Our base case is

6

NG
V(] + Vi

|u - P0|<J}, t) §A7R07u0

which follows by Theorem 1.2. For induction, assume for |z| > Ryv/t,

Vit

u— Pyl(z,t) < u : 5.6
’ k|( ) k,X\,Ro,uo0 \/I_f(‘x| i \/z_f)ak ( )
Now, fix ¢t € [1,\?]. We can expand u — Py as
u— Py = Py — B(u,u) — Py
= —B(u,u) + B(Py, P:)
(5.7)

= —B(u — Py,u— P,) — B(Py,u — P,) — B(u — Py, P),

where we used the bilinearity of B and the definition of Py,;. Next, using the bound for
the Oseen kernel in Lemma 3.4, we estimate each term by breaking each integral into

near-field and far-field terms as follows

lu— Py|* + |u— Py||Py]) dy ds

t
1
u-Pals [ [
A S Py v

u— Py + |[u— Py||Py]) dy ds (5.8)

+/ot/;w TR

=l (x,t) + Sy (2, ).
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Using the decay for Py in Lemma 4.9 and Lemma 4.1 we find

t 1 min{2ay,4}—2
Jk+1($7t) ,S/ / 4 \/_ min{2ay,4}
o S, o Qe =gl Vi)t (gl + vyt

t 1 ak—l—%
+// " Vs dy ds
o o Qo= yT+ V=5 (ul + Vo)
S ! . + ! :
Sl + e (o] + 1

Because the second term decays more slowly we conclude

1

J, <, —
k+1(x7 )Nk (|x|_’_1)ak+17

in the sub-paraboloid region.

For I;.1, by a priori estimates for local energy solutions, we have

[l oo 0,02:22 (Br g )) SARo (0]l 22

uloc

By [58], we also have

[ Poll e 03222 (Bagy)) SARo |t 22

uloc

Then by Holder’s inequality,

¢
1
I l(x,t)// lu — Pp|* + | P|?) dy ds
i 0 BRO\/;(‘SU_TJ“"Vt_S)AL( )

1 2 2
N W(HUHLQ(B)\RO) + ”PkHL?(B)\RO))'

This presents a limitation on ag. Together, these estimates imply

1
|x| + 1)min{ak+1:4}7

| — Pey1| SkoxRouo (
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for |x| > Rov/t.

Hence, by DSS scaling,

\/gmin{ak_,_l A4}-1

[ — Pry1| Sk Rouo

for |z| > Rov/t.

For k > k, := %—3,Weﬁndthatak24andso
q q—3

oV
(el + Vi)

U — Pr| Sk Roouo

5.1.3 Decay when ug € C&(R3\ {0}), 0 <a <1

(’g;| + \/%)min{akJrlA}’

(5.12)

(5.13)

In this subsection, we pursue improved decay rates for solutions with more regular data

in Holder spaces.

Proof of Theorem 1.3. We begin by expanding

U—P[):—B(U,U):—B<U,U—P0)—B(u—Po,Po)—B<P0,P0).

(5.14)

Note F, decays algebraically slower than u — Fp, so the last term is expected to decay the

slowest. We begin by showing B(u,u — Fy) and B(u — Py, Py) have cubic decay.

Fix ¢t € [1,\?] and |z| > 2Ryv/t. Using Lemma 3.4 to bound the kernel and breaking

the integrals into near- and far-field, we find

=: I1(x,t) + Ir(x,t).
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By Theorems 1.1 and 1.2, with ¢ = oo

! 1 NG 1
W03 | | o Sy 69

We extend this from ¢ € [1,\?] to all ¢ by scaling. On the other hand, by the a priori

bounds of v and Py in LZ . and noting |z| ~ |z — y| due to our choice of z and y, we have

1 2
I(z,t) S WHU0||L310C~

Since |z| > 1 when ¢ € [1, A\?], by re-scaling we obtain

t3/2
|B(u,u — Ry)| S ——.
(2] + VE)*

2

“loc, the same bound follows

Since Py and u have the same decay properties and bound in L
for B(u — Py, Py) using Lemma 4.2 alongside Theorem 1.2 in the far-field integral.
To treat the last term B(Py, Fy), we consider two cases: o < 1 and o = 1. First, we let

a < 1 and fix v € (a, min(1, 2a)) to apply Lemma 4.8. We rewrite B(Fy, Fy) using the

fractional Laplacian A = (—A)% and properties of Fourier multipliers as

B(Py, Py)(x,t) = / / S(x—y,t—s)V-(FPy® Fy)(y,s)dyds
0 /RS (5.17)

t
= / VAT S(z —y,t — )N (Py ® Py)(y, s) dy ds.
o Jr3
We bound the fractional derivative of the Oseen Kernel using Theorem 3.6 by

s)| < ! :
StV

IVAT'S(z —y,t —

We navigate the commutator using Lemma 4.8 applied with |m| = 0, which states, for
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0<v<2a,

1
A (P @ By)(y, s) = Po; N Poj(y, s) + Fo; A oy, ) + O (W) :

By scaling and using the decay for fractional derivatives of F, in Lemma 4.6, and taking

v > «, we find

1
AN Py(y,s) < —— 5.18
0 S Qo vare o1
and using |Po|(y, ) S (|y| + v/5) " gives
AV(P0®P0)(y,8),§( ! —+ ! 5 )5 ! —. (5.19)
(lyl+vs)Pre (yl++vs)* ) ™ (lyl + Vs)**e
Therefore,
BRI s [ | ! C s
VRS o Jas (o =y + VE—s) (lyl + V)
Lia (5.20)
L —
(| + VE)2+e

using a re-scaled version of (4.11).
Next, for a« = 1, we apply Lemma 4.5 in place of Lemma 4.6. We cannot deplete the
singularity of the Oseen kernel by moving derivatives over to I as before. This yields a

logarithm when applying (4.11), and we obtain

|B(Po, Po)|(w, 1) S > log(|Jz| + V). (5.21)

ot
(lz] + V)
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5.1.4  Decay when ug € CL*(R*\ {0}), 0 < a <1

loc

Proof of Theorem 1.4. Let t € [1,\%], |x| > 2Ryv/t and decompose u — Py as in (5.14). In
the proof of Theorem 1.3, we showed the first three terms have cubic decay for C* data.
We currently establish cubic decay for B(Fy, Py). To accomplish this, we rewrite the

integral for B(FPy, Fy) as

t t
/ VS(x—y,t—s)(Po@ Po)(y, 5) dy = / APV (@ —y, t—s)AP(Py@ Py)(y, s) dy ds,
0 R3 0

R3

where € (0, 1) will be specified momentarily. Note

VA PSdr =0,

R3
since (VA795)"(0) = 0 for 8 < 1. Using this, we re-write the above integral as

B(Py, Py) = Ji(z,t) + Jo(z,t) + J5(z, 1), (5.22)

where
¢
ey = [ APOSE = ) (M(R S Rs) - AR R) ) ) duds.
0 Jz—yl<F
¢
Jo(z,t) = —/ / . APVS(x —y,t — s)A?(Py @ Py)(x, s) dyds, and
0 Jz—y/>3F

t
J3(x,t) = / / . APVS(z —y,t — s)N*(Py @ Py)(y, s) dy ds.
0 J—y[>3F

We first bound .J;. Using the mean value theorem and Theorem 3.6, we have

t
|z — 9|
oz [ f IVAP(By @ Fo)llm(ay o (6) d s
0 Jjo—yi<tel (2 =yl + vV —s)+7 (Bt ()
(5.23)
Slel? sup [VAY(Py ® Po)ll (5, (0)(o)
0<s<t 2
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We further assume 3 € (0, a). Since uy € Civ*(R?\ {0}), by Corollary 4.4 we have

loc

sup |VA’8P0(ZL‘,S)| < (=] + 1)_2_6 and sup |A5P0(x,s)| < (Jz] + 1)_1_6.
s€[1,A?] SE€[1,A2]

(5.24)

By Lemma 4.8, (5.24) and the decay for B,

1
VAP ® Rl(0,0) < [ RVA P ) + 1R 94 Pl (o1) + 05 )
2] (5.25)
o (2] +1)72 77
Therefore, (5.23) is bounded by
2| (J] +1)7°77 < (Jl2] + 1)
Likewise, using (5.18),
1
[AP(Py @ Po)l(x,t) < |PosA" Poyl(w, t) + | PoyA” Py (2, ) + O(w)
(5.26)

S (lo] +1)777.

So, for .J5, by using Theorem 3.6,

t
1
JS// AP (Py @ Py)(z, s)dyds
. 0 Jp—y>tal (|2 =yl + VE—5)478 (Po® Po)(z, ) dy

t
1
< (2] +1 —2—/3/ / dyd (5.27)
~ (|$| ) 0 |m_y‘>% (|:L, _y| + /t _ 3)47’3 y S

S (o] + D)7 P2 Sy (J2] + 1)
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Lastly, for J3, we need to handle the near- and far-field separately. We break J3 into

t
1
JS// AN (Py® Py)(y, s) dyds
. 0 Jo—y> 2l (|2 =yl + VT —s)1F (P ® Po)(y, s) dy

1 o
s/ s sl 62)
eyl> 2 yslel2 Jyi<iaz) 12— Yl

= J31 + J32.

For the near-field,

1 o
b i [ ol dyas
ly|<|z|/2 (529)
S imalel + 0 S (el +1)°
because § < 1. Also,
1
a5 | (ol + 1) dy
lz—y|> 2L |y|>|2| /2 (Jv =yl + vVt —s)+=F
1
< (|lz|+1 —H/ —dyds 5.30
b0 [ (5.30)
S (o] + 1)*27ﬁ|x‘1_3 < (Ja +1)7%
We, therefore, find that
lu — Py|(z,t) < (o] +1)7°. (5.31)
To extend to all £ > 0 and |x| > Ryv/t, we appeal to DSS scaling. ]

5.2 LOCAL SEPARATION RATES FOR WEAK L% SOLUTIONS

Lastly, we prove Theorem 1.7. The separation rates for L3> weak solutions are a
corollary to this result.

Before we begin, we introduce O’Neil’s inequality which extends Holder’s inequality for
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convolutions to Lorentz spaces.

Proposition 5.1 (O’'Neil’s inequality, [59]). Let k and f be measurable function on a given
set Q, and let D C Q. Define Af(y) = [, k(y —x)f(z)de. For1 <p<gq<r <oo and
0 < hy, ho, hg < 00, 1—1—%:1—1—% andhilzh%%—h%, one has

p

IASf W)l Lam @) < cllfllLrra oy 1Kl s @by (5.32)

where Q — D ={x—y:x€Q,ye€ D}.
We may now proceed with the proof.

Proof of Theorem 1.7. Without loss of generality, assume B := Bs(x¢) is centered at

xo = 0. Assume wugy|p € LP(B). Let Uy be a localization of the data to B such that ug = Uy
in By/3(0) C B, supp Uy € B. This is done as per the decomposition in Theorem 3.2. Let
U be the locally-in-time defined mild solution to (1.1) with data Uy. Define { By}, to be
a collection of nested balls centered at 0 with radii o*/2 for some « € (0,1) to be specified

A

later. Recalling Py = e'®ug, we find

lu — Bol(z,t) <|lu—Ul(x,t) + |U — etAUO|(:E,t) + |6tA(U0 — up)|(z, 1) (5.3

=:I(x,t) + Isy(z,t) + I3(x, t).

In the definition of C) (E% x [0,T), the exponent in the time-variable modulus of

par

continuity is /2. By Theorem 3.2, there exists 1" = T'(p, ug) > 0 such that
ol
2

Il(ﬂf,t> Sp,uo t 5

for some v =7(p) € (0,1), z € Byand 0 <t < T.
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For I, by (2.19), for any p € (3,00] and 0 <t < T,

Iy(z,t) < ||[B(U, U)o (t) (5.34)

3 1.3
2 UL oriry S 272 [ Uoll 7,

(ST

St

where we possibly re-define T' to make it smaller than the timescale of existence for the
strong solution to (1.1), Le. T < ||Up|| .27/, and the time-scale coming from Theorem

3.2.
Noting Uy — up = 0 in B3, the last part, I3, is broken into integrals over a shell and a

far-field region
(5.35)

3 _la—y?
/ +/ t_%e_ 4t ’UO—U(]’(:I/) dy = 131<33’,t)+[32(l’,t).
3<lyl<2 ly|>2

3

I3(£7t) S./ (
For I3, because ||Upl| o3y S ||wol|r(m), we have for all 0 <t < T and x € By that

(5.36)

w2

2

3 _(3-%)
ze” " a ||Ug — U0||Lp(§g|y\<2)(t) Suop T

I(z,t) St

For I35, by Lemma 4.10, Uy(y) = 0 for |y| > 2, and taking x € By, 0 <t < T, we have

syl
rew uo| (y) dy

Igg(l‘,t) §/|>2
(5.37)

_lz—yl?
lem (1 =xsW)I 3.
LZU

_3
St 2 |uol e
Lge(Bo)
L3 —(2-3)? 2
t 2 @ Suo t2,

~oUuoQ
by the growth of the Gaussian. Therefore,

inf2 1_3
“u - PO”LOO(BO)(t) Sp,uo tmm{272 2p}7

where the dependence on v is via the quantities ||ug||rr() and ||uo]|z3.0c.
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We inductively extend this estimate to higher Picard iterates. Fix o as in the statement
of the theorem. Recursively define the sequence {ay} by agy1 = min{o,1/2 — 3/(2p) + ax}

and ag = min{v/2,1/2 —3/(2p)}. Assume for induction that

1w = Pell = (B,) Shapuo 1

for 0 < t < T and the dependence on ug is via the same quantities as above. Note that

[u— Pra|(z,t) <[B(u— Py, u— By)| + |B(u — P, Pe)| + [B(B, u — By)|

(5.38)
=:J(z,t) + K(x,t) + L(x,t).
We split J further as
J(z,t) < [B((u— Po)xp,,u— Fu)| + [B((u— Pe)(1 = xB,), u — By
(5.39)
=: Ji(z,t) + Jo(z,1).
For the near-field, J;, we use the inductive hypothesis to obtain, for 0 <t < T,
t 1 )
Il ) S [ pllu = Pl ds
0 (t—s)2 (5.40)
S,k,a,p,uo t%+2ak §k,a,p,u0 t%_%—i_ak?
by using (2.19). Considering J, for 0 < ¢ < T', we have by (3.4),
t 1 )
1l ® 5 [ [ = PP dy s
0 Jlz—y|>4ak—Laktl |ZE - y| (5 41)
t 3
S e = Pelfa () oo 2,

~ (Oék _ Ofk+1)4

where we used the version of (3.3) for higher Picard iterates [1].

The terms K and L are treated identically, and we only consider K. We begin by
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further splitting K as
K(x,t) < [B((u = Pr)xs,, Be)l + [B((u = Pr)(1 = xb,), Pi)| = Ki(2,t) + Ky(z,1).

For the near-field K7 and for 0 < ¢ < T', we have, using (2.19),

P

t
1
K 2o By () S / —— 5 [ = Prllee (s ()| Pell o, (5) ds.
0o (t—s)z'2

By Lemma 4.11, supg., .o || Pxl/zr(B,) < 00. Note 1/2 +3/(2p) < 1 for 3 < p. Hence,

1.3,
1K || oo (Bry) () Shapauo £27 207, (5.42)

for 0 <t < T, by the inductive hypothesis.
For the far-field K5, note that (1 — xp,(y))|z — y|™* is bounded for x € By ,. Using
Proposition 4.12, taking x € Byy1, 0 <t < T and ¢ € (3/2,3), we have, by (3.4) and

O’Neil’s inequality (5.32),

t
1
K2(x,t)5//c |x_y|+m)4]u—Pk||Pk\dyds

XB
(OTLq/ q//)
S
quuo T, 27
where
1,11 11 11
1:—+_+_; l=-4+— and 1=-+—.
¢ ¢ 3 ¢ ¢ S~
_2q 1

By our choice of r = in Proposition 4.12, we have - %. Then for any o < 3/2, by

2q—3

taking ¢ > 3/2 sufficiently close to 3/2, we have

Ko(,1) Shouog 17 (5.44)
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Altogether, (5.40),(5.41),(5.42) and (5.44) imply, for 0 <t < T,

”u - Pk+1||L°O(Bk+1)(t) Sk,a,pﬂtmq takHv

for £ > 0 and any o < 3/2. Choosing ky sufficiently large so that

k 1 3 +ag >
S o
o\ 2 2p %0 =9

i.e. for ay, = o and « such that 1/4 = o /2, we arrive at
[w = Pro |l 2o (B, 4 (20)) (1) Sprouo 17
To prove the asymptotic expansion, note
| Py — Pi1|(z,t) < |u— Pgl(z,t) + |u— Pe_q|(x,t) = O™ 1).
Then we can expand u as

u(z,t) = Py + zo:(Pk — Ppq)(z,t) +O(t7)

[\ k=1 J
"y (5.45)
s ko—1 ko
=0t )+ Y _ Ot™)+0(t7) = Y _ O(t),
k=0 k=—1

for short time t € (0,7"). We let a_; = —3/(2p) using Remark 2 to justify the asymptotics
for P(). ]
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6 Appendix A

6.1 L3 WEAK SOLUTIONS ARE LOCAL ENERGY SOLUTIONS

Proof. We start by assuming (u, q) is a L3° weak solution to (1.1) with data ug € L>*.
First, by [14, Lemma 6.3], L3> < L2, . so ug € L% .(R?).

Next, (u,p) constitutes a distributional solution to (1.1), so Item 1 in the definition of
local energy solutions is satisfied.

Item 2 is clearly satisfied for u — e'®uy € L>(0,T; L?) N L?(0, T} Hl), and we just need

to show it is satisfied for e"®uy.

By |7, Proposition 2.4], for ¢ > 3

CHUOHLS,OO
k_tA
VPP ul|La(t) S 1h/2+3/2(1/3-1/q) "

Therefore, for ¢ < 6

R2
sup / / Vet ug|? da ds
zo€R3 JO Bgr(=o)
R2

< sup / NIV o |2 X atanylorie-o ds
0

zo€ER3

2
< TN (6.1)
~ Sup Ve UOHLQHXBR(Io)HLq/(q*?) ds
0

zo€R3

R2
< R3(q—2)/q/ g 216/a g
0

< R3(q—2)/q<R2)—1+6/q < R1+6/q < o0,

and

|zo|—00

R2
lim / le*Aug|*(x, s) da ds = 0,
0 BR(x())

for any R < o0.
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Item 4 is satisfied as it is shown in |7, Proposition 2.4| that

lim ||u(-,t) — e ugl|2 = 0
t—0

and

: tA, _
}1_{%”6 uo — uo|| s 0,

unif

for s < 3. Therefore u(t) — ug in L*(K) for and K € R>.

Item 5 and Item 6 are common to both definitions.

Therefore any L3 weak solution is also a local Leray solution. It remains to show
Item 3, the local pressure expansion, to prove (u,p) is a local energy solution. By [7], weak
L3 weak solutions are mild, which by [15, Theorem 1.4, implies the local pressure

expansion. O
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